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PREFACE. 



In the preparation of the New UnivcrBity Algebra, care has been taken 
lo preserye every feature of the original work; on which rested, in any 
degree, its claims to superiority. The aim has been to make that which 
was good^ decidedly hetter. Hence the changes that have been made, con- 
sisf, for the most part, in more apt arrangement, in large additions of orig- 
inal matter, and in presenting the whole in more attractive form. 

The treatise, as now submitted to the public, is, indeed, far more com- 
plete than the former, not only in the range of topics, but also in gen- 
eral discussions and practical applications. In many parts the methods 
of investigation are essentially different, — ^the object being, in some m- 
Btances, to secure simplicity in logical arrangement, and in others, to es- 
tablish principles and rules by more general and rigorous demonstrations. 

The artteles on Inequalities, Differential Method of Series, and Interpo- 
lation, which, in the old treatise, appear as an appendix, have been elabo* 
rated, and made to take their appropriate place in the body of the work. 

The section on Radical Quantities is quite full, embracing the more 
important properties of Imaginary Quantities and Quadratic Surds, be- 
sides a cx)mplete logical development of the Theory of Exponents. 

As, In the amhor^s New Elementary Algebra, the Binomial Theorem 
has been fiilly investigated with reference to integral exponents, it has 
been deemed unnecessary to repeat here the particular demonstmtion. 
Accordingly, the whole; fiubiect is clefer?:ed -tiU the/ section on Series is 
reached, where a general duitionstration of ^jtis^ theorem is given in a con- 
dse way, and a full variety of *piiljc^(on& attded. The whole subject^ 
as presented in this connection, witn the accompanying illustrations, can 
not fail to interest the lov»irs orA'gCbi^a. 

The Greneral Tlieoiy of Equations is treated in two sections, the one 

embracing the general projierties of eqimtions, and the other the solution 

(iii) 
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of numerical equations of all degrees. The whole subject is here pre- 
sented, however, in a condensed form, the student being conducted, in a 
manner dh'cct as possible, from the theoretical to the practicaL The 
scctioH on the Properties of 'Equations, it is proper to say, owes its im- 
proved character to the able hand of Prof L'P. Quinbt, of the Uuiversitj 
of Rochester, whose services in perfecting other books of this Series de- 
serves especial mention. 

The effort which has been made in this treatise, to combine the best 
practiccU with the highest theoretical character, is specially commended to 
the notice of the true educator. Great care has been taken everywhere 
to set forth in distinct form the jtrindples of the science, their exact log- 
ical relations being noted by proper references ; while due prominence haa 
been given to those numerous precepts and expedients which are so i?ec- 
essary to the constitution of an expert Algebraist 

The design tliroughout has been, not to conceal^ but fully to reteal the 
difficulties of the science, and to encourage the learner, not to avoid, but 
to grapple with, and overcome them ; smce, to the student of Mathemat- 
ics, labor rightly directed, is discipline, — and discipline, after all, is the true 
end of education. 

It is but just to state, that J. C. Porter, A. M., has had the constant 
cai'e and supervision of the present work, having also renderednmportant 
assistance in the preparation of some other works of the Series, — a fact 
which, considering his long and distinguished success as a teacher of 
Mathematics, and his acknowledged ability as a mathematical scholar, 
ought to afford a sufficient guarantee for the utmost accuracy and class- 
room fitness on every page. 

Thus distinguished for fullness of matter ; for scientific arrangement ; 
for ample discussion and rigid demonstration; for clear statement and 
close definition ; for rules brief and of easy application ; for examples 
numerous, apt and fltsii)tVy i>r£^tjcsei ; ifot *tifi^ picest adaptation to the 
pui-poses of teaching; fori^dlliAesd meftlidtfiioal^ecutlon ; for whatever, in 
short, care, skill, science and taste t^&t^cdo^gDlish ; — ^the New Uiuversity 
Algebra is submitted to the palUvV 
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SECTION I. 
DEFINITIONS AND NOTATION. 

1. Quantity is anything that can be increased^ diminished, o-. 
measured ; as distance, space, weight, motion, time. 

A quantity is measured by finding how many times it contains a 
certain other quantity of the same kind, regarded as a standards 
The conventional standard ' ttius *used- is called the unit of measure 

3. Mathematicei i^ tjie science'. w^icji> treats of the properties 
and relations of ' quantaii^ea. ' It empTaji' a, 'peculiar language, con- 
sisting of syriibals,:' to' express the vtjt^as of quantities, and thu 
operations to- which, these values are subjected.* The symbols are 
^f three kinds, as follows : — 

1st. Symhoh*9f Quantiti/j consisting of.figttrefj or numerals used 
in arithmetical. computations, letters an4' oiti^f 'characters used in 
general analysis,* "and' graphic represecttkticin^ ' or drawings osed in 
geometrical inv8btig!^tioii&. , ,•*»•*'•!'•• 

2d. Sf/mbols o/*OpBrdiionj cottsi^ibgof the signs or characters 
employed to indicate tbpse mathematlpal processes by which quanti- 
ties are made to undergo changes of value, such as addition, sub- 
traction, multiplication and division. 

3d. Symbols of Relation, consisting of the signs used in com- 
paring quantities with respect to their relative magnitudes, and 
certain abbreviations employed in the process of reasoning. 

3* Algebra is that branch of mathematics in which quantities 
are represented by letters, and the operations and relations are 
indicated by signs. The object of algebraic notation is to abridge 
and generalize the analysis of mathematical problems. Algebra is 
therefore a species of universal arithmetic. 



10 ALOEBRAIC QUANTITIES 

SYMBOLS OF QUANTITY. 

4:. An Algebraic Quantity is a quantity expressed in algebraio 
language. There are two kinds of algebraic quantities — knoton and 
unkjiovm, 

S* Known Quantities are those whose yalues are giyen; when 
these are not expressed by figures they are represented by the 
leading letters of the alphabet^ as a, b, c, d, 

6» Unknown Quantities are those whose yalues are to be deter- 
mined ; they are represented by the final letters of the alphabet; aa 
tt, X, y, z. 

T, The small italic letters just giyen are the more common sym- 
bols of quantity. In addition to these^ capital letters are sometimes 
employed, as A, B, C, 2>, Xj T^ Z, etc. 

Quantities which haye like relations to a scries of quantities in 
any inyestigation, are sometimes represented by a single letter 
repeated with different accenjs> *sA a/cr',^'', o'" o"", read, a, a 
prime, a second, a third, .etc.^- at 5)y a letfcei^ repeated with different 
subscript figures, as a, ^J'd^'€t^^,\axy' etc»^ tead, a;^ a sub one, a sub 
two, a sub three, etc* '"'\^-'' - ' , 

In certain inyestigations^it is conyenient to Irepresent quantities 
by the initial lettei^ of their names. Thus, S or $ miy represent 
mtm; D or c?, diffefrefitde^^t diameter; R or r, rcUiQ, .r^i^iainder or ra- 
dms.^ In some caseB*t&4''<capital and the small lettet may be used to- 
gether to distinguish.bel; «^ een two quantities of the ]sam^ «kind. Thus, 
in a problem relating to two circles, r may repte^iett« the radius of 
the smaller, and R the irad^.tfi' of the larger ^irc}e. ^ 

SYMBOLS OP OPEKATIOW. 

8» The Sign of Addition is the perpendicular cross, +, called 

I 

plus. It indicates that the quantity written after it is to be added 
to the other quantity or quantities in the expression. Thus, in 
a+h, the sign indicates that the quantity 5 is to be added to the 
quantity a ; and the expression is read, a plus h, 

9. The Sign of Subtraction is a short horizontal line, - , 
called mintia. It indicates that the quantity written after it is to be 
subtracted from the other quantity or quantities in the expression. 
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Thus, in a — h, or —16 -f-aythe minus sign indicates that the quantity 
^ is to be subtracted from the quantity a ; and the expression is 
read, a minus h, or m^nus h phis a. 

The sign ^ may be written between two quantities to indie&te 
that their arithmetical difference is to be taken, when it is not known 
which is the greater. 

10. The Double Sign, ±, is written before a quantity to indi. 
imte that it is to be both added and subtracted ; it serves to unite 
in a single expressiou two combinations of the same quantities. 
Thus, ai6 is equivalent to a-\-h and a — 6, and is read a plus oi 
minus h. 

11, The Sign of Multiplication is the oblique cross, x. It in- 
dicate that the quantity before it is to be multiplied by the quantity 
after it. Thus, in ax by the sign indicates that a is to be multiplied 
by h. Instead pf the sign, x , a point is sometimes used to denote 
multiplication ; as Sa-y, which signifies the same as 3 x a: xy. 

The multiplication of .g[u an titles which are represented by letters, 
is generally indicated' by writing the fa'jtoi'S one after anoiher with- 
out any intervening- 'sign. Thus^ 3c5&u* signifies the same as 
3 xa X & X c, ot B'O'b'c' It is evident thaC this notation CiCnot be 
employed whon the several factors are represented by figures. "We 
cannot represent 3 times 4 by simply writing the , factors together, 
thus, 3 4 ; fof €iiVi .})roduct thus indicated could pot be distinguished 
from tjie numbcKSA. 

Notes. 1. The rvsivM ot any multiplicatib^'is^ called a produdy and the 
quantities multiplied V^ cMlexi factors. .*"' . ' 
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2. When the quantities to be multiplied are represented by letterSi 
tliey are called literal factors / when they are represented by figures, 
tliey are called numerical factors, 

13. The Sign of Division is a short horizontal line with a 
point above and one below, ~. It indicates that the quantity 
before it is to be divided by the quantity after it. Thus, in a-f-&, 
the sign indicates that a is to be divided by b. 

Division is also expressed by writing the dividend above, and the 

divisor below, a short horizontal line : as _. ^ 

b 

13. The Sign of Involution is a number written above and to 
the right of a quantity, to indicate how many times the quantity is 
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to be takcu as a factx)r. Thus, in a*, the number 5 indicates that 
a is to be taken 5 times as a factor; and the expression is equivalent 
to aaaaa, 

A factor repeated to form a product is called a root j the product 
itself is called a poicer ; and the figure which indicates how many 
times the root or factor is taken, is called the exponent of the pow- 
er. Thus, in the indicated product a*, a is the root, a* is the power, 
called the 5th power of a, and 5 is the exponent of this power. 
When no exponent is written over a quantity, the exponent 1 
may always be understood. 

Note, — ^For the sake of brevity, the exponent of the power may be 
called the exponent of the letter or quantity over which it is placed. 
Thus in a*, 5 may be called tlie exponent of a. 

14. The Sign of Evolution, or Eadical Sign, is the character 
]/. It indicates that some root of the quantity after it is to be ex- 
tracted. The name or index of^ tJiQ required root is the number 
written above the radical ^gn. •^ Thus, \/|t denotes the cube root of 
Q] Va depletes the 4th.rg<5t,\)f 105 and s^tjnr -.When no index is 

written over the siffn,-t]j6»ift5ex'^ is understOoSVlbus, y/a denotes 

• . * • ' .J. *•• • 

the squ'ue root of a. *^* *.*••*' • 

FrcLctlonal Exponents are also used as the si^n of eyolution, the 

denominator being «tib&' index of the required foot, ^hus, in a^, 
the denominator, ^,.i5d4cates that the cube root J*of*a*is required, 
and the expression W^Miiitalent to \/a, .*.•••]*• * 

Fractional exponents •SIkT ased to denqj^^.E^^K involution and 
evolution in the same ^lexprecsiqif; the Jxibief|itor indicating the 
power to which the quadtily'^'^Jto be rai${Sl,*a2iH the denominator 

t^e required root of this power. " ThuS,*tte expression a* signifies 
the 4th root of the 3d power of a, and is equivalent to Va'» 



SYMBOLS OF RELATION. 

\S. The Sign of Equality is two short horizontal lines, =. 
It indicates that the two quantities between which it is placed are 
equal. Thus, in a=5-|-c, the sign, =, indicates that a is equal to 
b plus c. An expression of equality between two quantities is 
eailed an equation. 
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16. The Sign of Inequality, is the aDgle^ >. It indicates tliat 
the quantities between which it is written are unequal, the opening 
being always turned toward the greater. When the opening is 
toward the left, it is read greater than ; wher the point or vertex 
is toward the left, it is read less than. Thus, a>5 signifies that a 
is greater than b ; ir+y <2 signifies that x plus y is less than z, 

17, The Signs of Aggregation are the parenthesis, (), brackets, 

[ ], brace, | |, vinculum, , and bar, | . They indicate that 

the quantities included within, or connected by them, are to be ta- 
ken collectively and subjected to the same operation. Thus, 

(^a+h—c) X, [a-\-h—^'] X, {a+b — cja?, a+h — c x x, 

+a I X 
and +b are expressions signifying that the whole quantity, 

— c 
a+6 — c, is to be multiplied by x. Two or more of these signs 

may be used correlatively in the same expression, in which case the 

bri\ckets should include the parenthesis or vinculum, and the brace 

Bhc\.>ld include the brackets; thus, 

/ m — a[c — b(m-\-d)']-\-z \ . 

IS. The Sign of Continuation is a succession of points, indicating 
that a series of quantities may be continued indefinitely according to 

the same law. Thus, in theexprcssion, a +a^+a 3+ a'* + , 

the points indicate that the series has an infinite nuniber of terms, 
all formed according to the same law. 

lO. Tho Sign of Eatio is two points like the colon, : , placed 
between the quantities compared. Thus, the expression, a : b, sig- 
nifies the ratio of a to 6. 

30. The Sign of Proportion is a combination of the sign of 
ratio and the sign of equality, : = : ; or a combination of points 
only, : :: : . Thus, a : b=^c : d, signifies that the ratio of a to 6 
is equal to the ratio of c to d; and the expression a : b::c ', d 
sign^^es the same, and may be read, a is to b as c is to d. 

21. The Sign of Variation is the character oc . It signifies 
that the two qua^^llties between which it is placed, whether equal or 
unequal. Increase or diminish together, so as to preserve constantly 
the same latio. 

Note. — Tlie signt .f ratio, proportion, and variation, will be more ftd* 
ly explained hete.i.'^.ar. 

2 
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COMPOSITION OF ALQEBRAIO QUANTITIES. 

23, An algebraic quantity may consist of a single letter or 
element, or a combination of symbols as factors, or several combina- 
tions or parts. The parts are called terms ; hence, 

33* The Terms of an algebraic quantity are the parts or divis- 
ions made by the signs -|- ^°^ — • Thus, in the quantity 
5a +2^' — cxy there are three terms, of which 5a is the first, +2b^ 
the second, and — ex the third. 

34:* When a quantity consists of a single term, it is said to be 
iirnple ; when it is composed of two or more terms, it is said to be 
compound. 

39. Positive Terms are those which have the plus sign ; as 
-f-a?, or -|-2cV. The first term of an algebraic quantity, if written 
without any sign, is positive, the plus sign being understood. 

36, Negative Terms are those which have the minus sign ; as 
— 3a, or — 2mx^. The sign of a negative quantity is never omitted, 

27» A Coefficient is a number or quantity prefixed to another 
quantity, to denote Jiow many times the latter is taken. Thus, in 
Zxj the number 3 is the coefficient of or, and indicates that x is 
taken 3 times; hence, the expression 3a7 is equivalent to x-\-x-\-x. 
In 4aar, 4 may be regarded as the coefficient of ax, or 4a as the 
coefficient of a;. In 5(a+x), 5 is the coefficient of a+x. When 
no coefficient is written, the unit 1 is understood. 

38. It should be observed that in a term having the plus sign, 
the coefficient shows how many times the quantity is taken additive- 
ly ; and in a term having the minus sign, the coefficient shows how 
many times the quantity is taken subtrdctiveli/. Thus, 

— 3a rr — a — a — a 

39. Similar Terms are terms containing the same letters, 
affected with the same exponents ; the signs and coefficients may 
differ, and the terms still be similar. Thus, 3x' and 7a;' are similar 
terms ; also, 2md^ and — t>md^ are similar terms. 

30* Dissimilar Terms are those which have different letters or 
exponents. Thus, axy and ayz are dissimilar; also Sar'y and-Sary. 

31. A Monomial is an algebraic quantity consisting of only one 
term; as 3x, or^ — Txy, 
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33. A Polynomial is an algebraic quantity consisting of more 
than one term; as ir+y, or 4a* — Sx+m, 

33. A Binomial is a polynomial of two terms ; as a+b, or 
Sx—z. 

34l« A Residual is a binomial^ the two tcrms^f which are con- 
nected by the minus sign ; as a— 5, or 4x — 3y. 

3«S« A Trinomial is a polynomial of three terms; as x+y+Zj 
or 7ar^b*+d. 

36. The Degree of a term is the number of its literal factors. 
Since the exponents show how many times the different letters are 
taken as factors, the degree of a term is always found by adding 
the exponents of all the letters. Thus, x and 5y are terms of the 
first degree ; a* and 4ab are terms of the second degree ; x*, 3j7*y, 
Sxt/*, and 4ary« are terms of the third degree. 

37. A Homogeneous Quantity is one whose terms are all of 
the same degree ; as x* — bx*i/-\-3xt/z. 

38« A Function of a quantity is any expression containing 
that quantity. Thus ax* is a function of x; 3y'-|-2y— 4 is a iuno- 
tion of y. 

AXIOMS. 

39* An Axiom is a self-evident truth. The following axioms 
underlie the principles of all algebraic operations : 

1. If the same quantity or equal quantities^ be added to equal 
quantities, the sums will be equal. 

2. If the same quantity or equal quantities be subtracted from 
equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied by the same, or equal quanti- 
ties, the products will be equal. 

4. K equal quantities be divided by Uie same, or equal quantities, 
the quotients will be equal. 

5. If a quantity be both increased and diminished by another, its 
value will not be changed. 

6. K a quantity be both multiplied and divided by another, its 
value will not be changed. 

7. Qoantities which are respectively equal to the same quantity , 
are equal to each other 
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8 . Like powers of equal quantities are equal. 

9. Like roots of equal quantities are equal. 

10. The whole of a quantity is greater than any of its paits. 

11. The whole of a quantity is equal to the sum of all its parte 



EXERCISES IN ALGEBRAIC NOTATION. 

4.0. In the examples which follow, it is required of the pupil 
simply to express given relations in algebraic limguage. 

1. Give the algebraic expression for the square of a increased by 
by 4 times b. Ans. a'+4i>. 

2. Give the algebraic expression for 7 times the product of x and 
y, diminished by 6 times the cube of «. 

3. Indicate the quotient of 12 times the square of a minus 5 times 
the cube of 5, divided by the sum of a and c. 

4. If cZ represent a person's daily wages, what will represent hia 
wages for 6 days ] Ans. 6d, 

5. An army drawn up in rectangular form, has b men in rank^ 
and a men in file ; of how many men is the army composed ? 

6. If a man labor m days in a week at c dollars per day, what 
will his earnings amount to in 7 weeks ? 

7. The length of a prism is a, the breadth c, and the altitude 
a—c ; required the solid contents. Ans, ac{a — c). 

8. A has 4m dollars, B has m times as many dollars as A, and C 
has ^3 times as many dollars as B wanting d dollars; how many 
dollars has C ? ' * ' 

9. A dealer sells h sheep and c calves, at an average price of m 
dollars per head ; how much does he receive for all ? 

10. A man has 3 square lots measuring m rods on a side ; how 

many acres in the 3 lots ? ^ 3m' 

^ Ans, — . 

160 

11. From a rectangular piece of land whose length was a rods 
and whose width was h rods, there were sold c acres ; how many 
acres remained unsold ? 

12. A ship laden with a barrels of fiour, valued at m dollars per 
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barrel^ met with a disaster by 'wliich h barrels were lost; and the 
remainder damaged to the amount of d dollars per barrel ; what waa 
the worth of the remainder ? Atis. (a — 6)(m — d), 

18. A man having c acres of land worth h dollars per acre, divi- 
ded its value equally between m sons and one daughter ; how many 
dollars did each receive ? 

14. A company of n persons began business with a joint capital 
of c dollars. The first year they gained h dollars, the second year 
they lost d dollars, the third year they doubled the capital with 
which they began that year, and then dissolved partnership, sharing 
equally their accumulated capital ; what was each man's share 7 



COMPUTATION OF NUMERICAL VALUES. 

4.1* The Numerical Value of an algebraic quantity is the num- 
ber obtained by assigning numerical values to all the letters, and 
performing the operations indicated. 

1. What is the numerical value of (a*— 5c)a, when a=30, 
5=25, and c=28 ? 

OPERATION. 

(a«_^c)a=(3p.x 30-25 X28)x30=200x30=6000, Ans. 

Find the numerical values of the following expressions, in which 
a=12; ^.=10; c=i=8] m=6; n=5j €?=2. 

• r 

2. a' — he. . Am, 64. 

3. (a+icQw^ <** Ans, 192. 
4^ a7n-\-c* — md^. Arts. 40. 

^ 0. (a+b)m — (c+d)n. Ans. 82. 

f ^. |;4a«-(3&«— 2c)]c/. Ans. 584. 

Jft («•—&) (6'— «). Am. 11792. 



§ : Ans. 8, 



X 



n 
2ft»+c« 



^' "W'"^(^--^)- 



Ans. 44. 



8«^-(ft'+2c) g'-d- ^„ 24. 

'"* 2J+M ^3»— c 

2* B 
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Find tlie numerical values of tbe following ezpreaoions, in wluok 
a=8 ; 6=6 ; c=4 ; d=z2 ; m=3 } n=l. 

a-)- 6 -)-c 4-a 
IS. (6aV— 4m*e0 (»»•— 7n). -inf. 886. 

13 (^"^+26K ^^.11. 

«. (^-^> ^-». 

15. {2c(a«c^-m«) — 2(56«+4iii)+c}<f. ^nf. 8424. 

m"— c(n+l)+l 



^M. 71. 
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19. (j+'?+l)j. ^«. 16J. 

20 ''^"'^+''+^+"+^. • ^«. 101. 

m-\-n 
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6rt«— 22a+18 . IP 

'^'^- a«~6a»+lla— 6 "' 

1.28 ^18 

23. ,-=3+^2+^- ^"'•'-«^- 



SIQNiriCATION or THE PLUS AND MINUS SIGNS. 

4.2. The signs, 4* ^^^ — > Imre been defined as symbols of 
operation, the former indicating addition, and the latter subtraction. 
Now when wo meet with detiched or single terms affected with the 
plus or minus signs, as for instance in the examples of addition, 
subtraction, multiplication or diyision, we are to consider the positive 
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terms as qnantities taken additiveJi/y and the negative terms as 
quantities taken suLtractively ; and this is the only signification that 
need be attached to these signs, at present. 

It is' obvious that positive and negative terms, as just explained, 
are in an important sense opposites. And it will be shown in a 
future section (183 ) that quantities sustaining to each other various 
other relations of opposition or contrariety, are distinguished by the 
plus and minus signs. 

4.3* In order to establish general rules for algebraic operations, 
it will be necessary in this place to recognize the following principles, 
consequent upon the peculiar manner of considering quantities in 
Algebra : 

1. — ^A quantity may be considered as having two kinds of 
value, — an absolute or numerical value determined simply by the 
number of units it contains, and an algebraic value depending on 
the sign. 

2. — Two quantities having the same absolute value, but affected 
with unlike signs, are not algebraically equal. Thus, 5a is not 
equal to — 5a, for the former expression signifies that a is taken^ 
additively five times, and the latter signifies that a is taken subtract- 
ively five times. .• 

3. — Two quantities having the same absolute value, but affected 
with unlike signs, are together equal to zero. Thus if a denote the 
absolute value of any quantity, then 

-f-« — a=0 
-|-2a— 2a=0 
+3a «^=0, ete. 
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ADDITION, 

44:* Addition, in Algebra, is tlio process of uniting two or more 
quantities into one equivalent expression called tlieir mm, 

4.t>« The term, addition, has a more general meaning in Algebra 
than in Arithmetic, because the quantities to be added may be either 
positive or negative. 

46* The Arithmetical Sum of two or more quantities is the 
sum of their absolute values, and has reference simply to the num- 
ber of units in the quantities added. 

47. The Algebraic Sum of two or more quantities is a quantity, 
which, taken with reference to its sign, is equivalent to the given 
quantities, each taken with reference to its particular sign. 

48. To deduce a rule for addition, which will conform to the 
nature of positive and negative quantities, let us consider the fol- 
lowing examples : 

1. Add 4a, 3a, and 5a. 

Since in these quantities a is taken additivelf/, 4, 3, and 5 times, 
or 12 times, the algebraic sum required must be +12a; or simply, 
12a. That is, 

4rt_|_3a-|-5a=12a 

2. Add — 4a, — 3a, and — 5a. 

Since in these qan titles a is taken suhti-actweh/f 4, 3, and 5 times, 
or 12 times, the algebraic sum required must be — 12a. That is, 

— ia — 3a — 5a= — 12a 

Hence, 

The algehraic sum of two or more similar term^ having like signs, 
is the snm o/ their absolute values taken with tJieir common sign. 

3. Add 7a and — 3a. 
From Ax. 11 we have 

7a=4a+3a 
Tlie sum of 7a and — 3a is therefore the same as the sum of 
4a, 3a, and — 3a. But since 3a and — 3a taken together are equal 
to nothing, (43. 3), the required sura must be the remainiLg term, 
4a. That is 

7a-f( — aa)=4a+3a— 3a=4a, Ans, 
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4. Add — 7a and 3a, 

From Ax, 11, 

— 7a= — 4a — 3a 

The sum of — 7a and 3a is thcrefbre the same as the sum oi 
— 4a, — 3a, and 3a. But, since — 3a and -{-3a taken together are 
equal to nothing, (43^ 3), the required sum must he the remaining 
term, — 4a. That is, 

— 7a-)-3a= — 4a — 3a-|-3a= — 4a, Am. 

Hence, 

The algelraic sum of two similar terms having unlike signSy is the 
^difference of their ahsohUe values taken with tJie sign ofthegreaier 
term. 

It may further Ibe ohscrvod, 

1st. That three or more similar terms, having different signs, may 

he added, hj first finding the sum of the positive terms, and the sum 

of the negative tonus, separately, and then adding these results. 

Thus, 

3a — 6a — 4a-j-2a-|-8a=13a — ^9a=4a 

2d. Dissimilar terms cannot he united into one term hy addition, 
hecause the quantities have not a common unit We can there- 
fore only indicate the addition of dissimilar terms, hy connecting 
them by their respective signs. Thus, the sum of a, 6, and — c is 

a-\-h — c 

3d. It is indifferent in Tdiat order the terms of an algcbraio 
quantity are written, the value being the same so long as the signs 
of the terms remain unchanged. Thus, 

a-]-b^^c=zh-\-a — cz:za — c-)-5=: — c-f-a-f-J 

For, each of these expressions denotes the sum of the three terms^ 
a, &, and — c. 

4.O. From these principles and illustrations we deduce the 
following 

KuLE. To add similar terms : 

I. When the signs are ali/ce, add the coefficients^ and prefix the 
8um^ with the given sign, to the common literal part, 

II. When the signs are unlike^ find the sfwm of the positive and 
of the negative coefficients separately, and prefix the difference of 
the two svanSf with the sign of the greater, to the common literal 
part 
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To add poljnomiab : 

I. Write the quantitie$ to he addedf placing (he nmilar termi 
together m separcUe columns, 

II. Add each column, and connect the several results h^ their 
respective signs. 



EXAMPLES FOB PBACTIOE. 



(1.) 

Say 

ay 

4ay 

Gay 

14ay 



(2.) 
— 6a«6 

—2a*h 

— a*b 
la»6 



(8.) 
+ a*cx 
— 4a'ca5 



a*cx 



—17a*b 



-|-2a*ca5 



«"4-2ay 
2x' — ay 

6a^ — 4ay 
ISx* — ay 

(8.) 

4(c— 2a)— m+ 4 

8(c— 2a)+4w— 8 

~ 8(c— 2a)— 3m+12 

12(o— 2a)+ m— .16 



(6.) 
— 7a*c-\- m 
-|-4aV — 8m 
— 8a'o-}-5fii 
-f- a'c — 2m 
-f-9aV-|-4m 
4a'c-|-5«i 



— 9x*yz 

Ax*^z 

--3xVf 
— 7x*j/z 

(7.) 
8a— 2\/c 

4a4-8v^c 

a— 7v^c 

5a+3v^c 

2a — y/c 

15a— 4v^c 



5(a^a:*)+3V'a— «+ 5 

4(q^-a;«)_2|/a— a;+ 8 

2(a.-a;«)— 8|/ar— X— 12 

_ (rt_a;*)+2l/a— a>— 1 



ll(c— 2a)-|- wi — 8 10(a — x') — 5l/a— «; 

10. Add 12a*a;, 6a*a;, — 4a'a*, 6'.fc*d:, and — lOa'x, 

Ans. 9a*x, 

11. Add 4a&cZ*, — ^2a5(^, 7a^, a6(^, — 5aZ>cZ*, — 13a5cP, and 
Tahd^, Am. — ahd^. 

12. Add 2ay— 2a', 3a'4-2ay, ci^+xy, 4a'— 3ay, and 2ay— 2a\ 

-4?M. 4a*+4ay. 
18. Add 8a'x*- — 8.ry, Soaj — 5ay, 9a^ — 5arc, 2a'a;'-|-^» •'^^ 
6ox — 3zy. Ans, lOa'a;' — xy'\^^aai. 
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/ ^ 

14. Add a*— 2ac-}.crf+ft, 3a*— Sac— ^cc^2i^, 2a*+ac— 6c(Z-f 
6i, and a* — ^ac'\-2cd — Bb. j Am. 7a* — 8ac-T-5a?-4-25. 

15. Add 2a*x* — ^7nx-\-Am*d, ^m*d'\-ba*x* — fymxy 6wm5 — 4wV />/ 
— ^a'a5*^ and 2mx — 3a*x* — 3mV. ^?w. aV. 

16. Add 2bx~-l2, 3x*— 26x, 6x*— V'a;, 8v/a;+12, and a;*+3 

Ans. 9x*4-3. 

17. Add 106«— 36x% 2i»V— ^•, 10— 2ix«, tV— 20, and Shx*+ 
b\ Am. 10i«— 26x*+36V— 10. 

18. Add 96c*— 18ac*, 16ic*+ac, 9ac*— 24tc*, and 9ac«— 2. 

Ans. Of — 2. 

19. Add 6m*+2am+l, 6am— 2m*+4, 2m*— 8am+7, and 3m* 
—1. Am. 9m*+ll. 

20. Add 5x*— 3x*+4x*— 2ic+10,^ 7x*+2x*4-2x*+5x+2, and 
ir*— 3x. * . Am. 12«*+6x*+12. 

21. Add 3x*y*— 5x*y— x*^— xy*+6ay, 7x*y— 4x*y+2x*y*-[ 
2xy*-f xy, and x'y* — xy*— 2x*y*+5x*y-f 2xy. 

.4««. 6x*y*-(-8xy. 

22. Add 5a+3l/m*— 1+4, 7a— l/m*— 1— 5, Sor^Vm*—! 
—8, and 2a+2l/m*— 1+2. . uins. 17a— l/m*— 1—7. 

23. What is the sum of 3a*c^— 2c*tti+a^ci, 2a*c2+3c*a^— . 

Sa^c^, and a*c^— 5c*tt^+8a2c* f Am. 6a*c^— 4c*a^+4a^ck 

24. What is the sum of 9a(a — b) — imvm — c, 7mV^m c ■ 
6a(a — 6), and 12 ml^wi — c — 8a(a — Z>) ? 

Am. Ibmvm — c — 5a(a — b). 

25. What is the sum of a+Z»+c+ef+wi, a+6+c+(^^ — m, a+ 
b-^-c—d — m, a+6 — c — d — m, and a — 6— c — dJ — m ? 

-4?w. 5a+3&+c — d — 3m. 

ffO. The TTnit of Addition is the letter or quantity whose co- 
efficients are added, in the operation of finding the sum of two of 
more quantities. Thus, in the example, 

3x+2x+4x=9x 

the letter x is the unit of addition. Also, in the example, 

5i/;^+4i/h^— 3l/^=:6l/^Hhc 
tibo quantity, Va-\-c^ is the unit of addition 
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SI* Wlien dissimilar terms have a common literal part, this may 
be taken b& the unit of addition. The sum of the terms will then h% 
expressed by inclosing the sum o^ the coefficients in a parenthesis, 
and prefixing it to the common unit 



EXAMPLES FOB 


PRAOTIOS. 


(1) 


(2.) 




(3.) 


oas* 
ha* 

— caf 


— 5aay" 
2wixy" 

(12a-f2m)ay» 




(6a — h)i/x 
(2c — a)i/x 
( t— c) j/aj 


(o-|.6-_c)a* 


(4a+c)y^a5 


(4) 






(5.) 






( 
( 

( 


a*— 36) (m*— 1) 
J«-_3a) (m«— 1) 
a +37>) (m«— 1) 
a* 4-i^*) (m*— 1) 


6. Add axy 2cx, and Adx. 




J.w«. (a+2c-j-4c2)'e 



7. Add a^-\-cXf 3ay+2ca:, and 4y+6a5. 

Ans. (4a+4)y+(3c+6)a;. 

8. Add Sx'\-2Qcyy hx-\'COcy, and (a-j-5)a;-(-2cc?j:y. 

^n«. (a+2b+3)x+(2cd-\-c+2)xy. 

9. Add aaj-fTy, Too; — 3y, and — 2j5-f4y. 

Ans, (8a — 2)a5+8y. 

10. Add (h — d)i/x, and (c-}-2a — 6)y^a;. -47w. (c+a)|/aj. 

11. Add (a -f- 2i) m — cy/m, (2a — 6c) m — SaV'm, (5c — 4a) iw- 
Wnty and (2a — 3i)m+4a\/m. J.n«. (a — 6—^) (m-}-\/wi). 

12. Add ajX-\'y-\-Zf a;+«^+«^> aw^ x-\-y-\-az, 

Ans. (a+2) (aj+y4-«). 
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SUBTEACTION. 

ff3. Subtraction, in Algebra^ is tbc process of finding ibc differ* 
ence between two quantities. 

S3* It is evident tbat 5 units of any kind or quality subtracted 
from 8 unite of the same kind or quality^ must leave 3 unite of tlie 
same kind or quality. That is, 

+8a— (+5a)=+3a 

AkOj —So — (. — 6a) = — 3a 

But tiiese remainders are the same as we shall obtain by changing 
the signs of the subtrahends and then adding the resulted algebra- 
ically^ to the minuends. Thus, 

4"^^^^ — (-|-5a)=-}-8a — 5a=-j-3a 
— 8a — ( — 5a)= — 8a-f-5a= — 3a 

Hence, in Algebra, 

Subtracting any guantity conmts in adding the same quantity with 
its sign changed, 

S4L, This principle may be established in a more general manner 
as follows : 

Let it be required to subtract the quantity h — e firom a. 

OPERATION. We first subtract h from a, indicating the 

Hinaend, a Operation, and obtain for a result, a — h, 

BubtnOieiid, b—c ' But the true subtrahend is not &• but h — c; 

and, as we have subtracted a quantity too 

iMffennoe, a — &4^ great by c, the remainder thus obtained 

must be too small by c ; wo therefore add 
c to the first result, and obtain the true remainder, a^h'\-c. Bix* 
this result is the same as would be obtained by adding — 5-|-c to a. 
ff«S, It follows from the principle enunciated above, that any 
quantity is subtracted from nothing or zero, by simply changing i<g 
sign or signs. Thus, 

— (4-a)= — « 
0_(-:<i)=+a 
0— (a— ^)=— a+6 
8 
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ff 6.« From these principles and illustration3 we deditbe the fol* 
lowing 

Rule. I. Write the guhtrahend undemeaA the minuend^ jpla/cmg 
ike mrnlcMr terms together in the same column. 

II. Conceive the signs of the subtrahend to he changed^ unite the 
wimHar terms <zs in addition^ and bring down aU the remaining terms 
with their proper signs. 



XXAMPLS8 FOB PBAOTIOl. 



(1.) 

18xV 



6«*y 



(2.) 
5mc* 

9mc* 
— 4mc" 



(8.) 

8a*io 

-\2a*be 



ba'he 



— 6xy« 

— 7a5y« 



(5.) 
Aa-\-2x — 3c 
a-{'^x — 6c 

8a— 2x+3c 



(6.) 
^ax+2y 
(MX — 2y 

2aa:^4^ 



(8.) 
4a*x-\-c*d-^4md^ 
a*X'\-cd^ — dmd^ 

Sa*x+c*d^--€d^+7nur 



7aV— 4 V ax—Sx^y 
Mx* — 5k ox — 4a;*y 

(9.) 
2m+h 



Sm — b* — i+c*-}-c 



10. From 2x* — Sx-f-y* subtract a — cc* — 4a:. 

Ans, 3x*+«4"y*" 

11. From 7a — 5c+2 subtract — a+c4-2. Ane. 8a — 6c 

12. From 8x*— 3ay+2/+c subtract x*— 603^+3/— 2c. 

Am. 7x*+ai3^— ^•+3c. 

13. From a-fft subtract a — 6. Ans. 2b. 

14. From Jx+^y subtract Jx — ^. Ans. y. 

15. From a-|-ft+^ subtract — a — b — c. Ans. 2a+26+2c. 

16. From 3a-6— 2x+7 take 8— 3i+a+4x. 

Ans. 2a+26— 6x— 1. 

17. From 6/— 2y— 5 take —8/— 5y+12. 

Ans. 14y+3y— 17. 
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18. From Sp+gr+r— 8« take g^— 8r+2«— 8. - 

Ans. 3p+9r— 6« 1-8. 

19. From 13a* — 2ax-f 9x* take 5a* — 7ax^x\ 

Ans. 8a*-j-6aa5-|-10aj*. 

20. From a;*— 3x*-f 6aj*— 7aj+12 take x*— 4x*+2a;*— 6x-fl5. 

Ans, a;*-|-3x* — x — 3. 

21. From a*— 3a*c+6aV— 2aV*4-4ac*— c* take a*-Aa*c+ 
2a»c*— 5aV+3ac*— c\ Ans. a*c+3a*c*-f 3aV+ac*. 

V22. From ^aj*+28x*+134x*— 252aj+144 take 2a;*+21a;«+ 
G7x«— 63x+84. Ans. 7a;*+67x*— 189a?+60. 

23. From x*+5x*y+10xy+10xy+bxi/*+tf* take «•— 6xV+ 
lOxy— 10xy+5xy*— y*. Ans. 10xV+20xy+2y» 

24. From the sum of 6x*y — ^llox* and Sx^tz-^-Sax*, take \7^y-^ 
4ax'+a. -4n«. lOx*^ — 4aa5* — a. 

25. From the sum of 8ccfo;+16a'2> — 3 and 2cc?x— 8a*2»+24 
take the sum of 12a*i — Zcdx — 8 and cdx — 4a'i-f-16. 

Ans. 12ccfo>— a*&+13. 

S7m The difference of two dissimilar terms may oflen be conven- 
iently expressed in a single term, as in («S1); by taking some com- 
mon letter or letters as the unit of subtraction. 





EXAMPLES. 




(1.) 

2cx 


(2.) 


(8.) 
ax+6y 


mx 


--AxY 


ex — y 



{^cr~m)x ^ (m-f4)xy (a— c)aJ+(ft+l)y 

4. From c*crm+4ax* take d^m-^r^cuj^ . 

Ans. (c* — l)crm+(zx\ 

5. From ax+hy+cz take mx+ny+pz. 

Ans. (a — m)x + (h — n)y+(c~~joi)z. 

6. From ax+hx'\'cx take X'\-ax-\-hx. Ans. (0 — V)x. 

7. From (a+26-f-c) l/^ take (2&— c)t/^. 

Ans. (a-f 2c)k xy. 

8. From (3a— 2m)x*+(5a+2m)a5*-f(4a— wi)x take (a— m)x* 

-i<2a +Ti)x*+(2a— 3m)a5. 

^n«. (2a— m)a;*+(7a+3m)x*+(2a+2m>. 
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9. From l+2a2*+3aV4-4oV+5aV take «»^-2a«*^-8aV+ 
Am. l+(2a— iy+(3a«— 2a>*+(4a*— 3a")«*+(5a*—4a>*- 



UBS OF THE PABENTHE8I8. 

ff 8« The term, parenihesu, will be employed hereafter as a gen- 
eral name to designate the various edgns of aggregation employed in 
algebraic operations. The following rules respecting the use of the 
parenthesis should be thoroughly considered by the learner, if he 
would acquire facility in algebraic transformations. ' 

SO. From the definition of the signs of aggregation, (17), wo 
understand that if the plus sign occurs before a parenthesis, all the 
terms inclosed are to be added, which does not require that the signs 
of the terms be changed ; but if tiie minus sign occurs before- a 
parenthesis, all the terms inclosed are to be subtracted, which t^ 
quires that the signs of all t]^e terms be changed. Hence, 

1. A parenthesis preceded hy the phis sign may he removed^ avid 
the inclosed terms written vxith their ^oper signs. Thus, 

a — &+(c — d-\-e)z=,a — &-f-c — cf+e 

2. Conversely : Any nwmher of terms^ with their proper signs, piay 
he inclosed hy a parenthesis, and the plus sign written hefore ike 
whole. Thus, 

a — h-\-c — (i-|-c=a-j-( — h-^-c — d-^-e) 

3. A parenthesis preceded hy the minus sign may he removed^ 
provided the signs of aM the inclosed terms he cha/nged. Thus, 

a — Q)-^-c-\-d — e)=a — h-^-c — d-\-e 
4' Conversely: Any numher of terms may he inclosed hy apew^ 
thesis^ preceded hy the minus sign, provided the signs ofaM the given 
terms he changed. Thus, 

ar-^-\-c — d-\-ez=, a — &-j-c — (d — c) 
60. When two or more parentheses are used in the same express 
ion, they may be removed successively by the above rules. Thus, 
a — 1 6— c — (d — e) \ =a — | h — c — d-^eXzrza — h'\'C'\-d — e 

Or, in a different order, 

a — I h — c — {d — c) \=a — 5+c-f (c? — e)=a — h-^-c-^-d — e 
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EXAMPLES FOB PBACTIOE. 

61* Remove the parentheses from the following expressions, and 
reduce the results : 

1. 3a+(2i>*— flt— c?-fm). .. Ans. 2a+2t«— <^+m. 

2. 4ic* — y — (3a>---7y+6)-f 2a5. Ans, 4a;*-f"% — ^ — ^' 

3. a4-2c— (4c— 3a+2m*). Ans, 4a— 2o— 2»i'- 

4. 4a;»— 2x«— [x*— (2x*+5x— 7)— Gx+l]. 

• ^/w. 8x'+llaj— 8. 

5. a-j-2m — /c-|-a5 — [a — m — (c — 2x)]j. 

Ans, 2a+m — 2c+a;, 
^^6. 3x*--4jD--amr---/x*--a>--[aawir--(2x+2am)+2a;"]— 6am}. 

-4««. 4x* — bx'\-5am, 
^7. 3ar— /2m*+[6o— 9a— (3a+m*)]+6a— (m*+5c)}. 

j1;z«. 9a. 
f8 x*— /5mc«— [x*— (3c— 3mc*)+3c— (x*— 2mc'— c)][. 

X9. m*---«ir--l— /w^— 2??i— 2— [m*— 3wir--3— (w*-^7Wr-4)]}. 

^TW. 2w+2. 
^O, 6;5*—3«*+4i»—l—[22'—(32;*—2;5+l)— «•+«]. 

Ans. 4«*-|-». 
Jl 4c«— 2c«+c+l— (3c"— c«— o— 7)— (c"-^c*+2c+8). 

^7W. 3c*. 
'!fl2. 3a'6 — 4c<? — (Scd— %i%) —[a^J^c— (bed + Za^h) + (3a' 
+2cef)+a»]. Ans. 8a"^— 4cci!— 5a"— c. 

13. — ^4a*m+3wV— (7m"c^9a«m— ^)— {5?i-7-[m'ii— (2n+ 

'a*m) -|-3a»*] — 6a* w | — 12a*m J . 

Ans. 3m*rf+6/i — 6a*7w — 3aw*. 

63. In Algebra, addition does not necessarily imply augmenta- 
tion, nor does subtraction always imply diminution, in an aritlimet- 
ical sense. • 

We have seen that one quantity is added to another by annexing 
it with its proper sign ; but a quantity is subtracted from another 
by annexing it with its sign changed Hence, 
8* I 
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1st Adding a positiYe quantity has the same effect as subtracting 
a negative quantity ; and adding a negative quantity has the same 
effect as subtracting a positive quantity. ' 

2d. If to any ^ven quantity a positive quantity be added, the 
result will be greater than the given quantity; but if a negative quan- 
tity be added, the result will be* less than the ^ven quantity. 

8d. If from any given quantity a positive quantity be subtracted, 
the result will be less than the given quantity; but if a negative 
quantity be subtracted, the result will be greater than the giveu 
quantity. ^ 

63. Let — a denote any negative quantity. Add — h to this 
quantity, and subtract -f-^ ^^ it ; and we have 

'+(-t)=-«-6 

Eut according to the last two propositions, the result, —a — h% 
should be less than the given quantity^ — a. That is 

— a — h < — a 

Now, the quantity, — Vi — &, contains a greater number of units 
than — a. These cases, however, are not exceptions to the laws 
enunciated above ; for in an cdgehraic sensCy the less of two nega- 
tive quantities is that one which contains the greater number of 
units. (SeelOT). 

64. If a represent the greater of the two numbers, and h the 
less, then a+h is their sum and a — b their difference ; and the 
sum and difference may be combined in two ways, as follows : 

1st; To a+b 2d; From a+b 

Add a — b Subtract o^— 5 

V 

2a 26 

HencCy 

h If the diffei'ence of two numbers be added to their mm, the 
result vnU be tvnce the greater number, 

2* If the difference of two nwmhen ? be tubtracUd from their 
tu^f the result wiU be twice the less number. 
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MULTIPLICATION. 

OS Vnltiplioation. in Algebra, is the process of taking one 
quantity $a many times as there are units in another. 

66. Tb order to establish general rules for multiplication, we 
must firs^. consider the simple case of multiplying one monomial by 
another; «nd we will investigate, first, ^^ ^^ of coefficients; 
second, The law of components ; third, The law of signs* 

Ist The law of coefficients. 

Let it be required to multiply 5a by 35. Since it is immaterial 
in what order the factors are taken, we may proceed thus : 5x3=15; 
aX^=o^; and 15Xa^=15a5. Or 5aX36=15a6. Hence, 

The coefficient o/ the product is equal to thejproduct of the coeffir 
eients of the multiplicand and multiplier, 

2d. The law of exponents. 

Let it be required to multiply a*b* by a'i*. Since a*h*sB^ 
a<iaahbhf and a*h*=:aaa hh, we have 

a*b* X a*5* = aaaahhhaaahh = a'6*. Hence, 

The eaponent of any letter in the product is equal to the sum of 
the esiponenis of this letter in the multiplicand and multiplier, 

8d. The law of signs. 

In Arithmetic, multiplication is restricted to the simple process of 
repealing a niunber; and the only idea attached to a multiplier is, 
that it shows how many times the mnldplicand is to be taken. In 
Algebra, however, a multiplier may be affected by either the plus or 
the minus sign ; and it is necessaiy to consider how the sign of the 
multiplier modifies its signification. 

For this purpose, suppose it were required to multiply any quantity, 
as a, by c — d. Now it is evident that a taken c minus d times, is 
the same as a taken c times, diminished by a taken d times ; or 
aX(p — d)=ac^-^. In the first term of this result, a is taken c 
times additivelyy or a+a+a+a ^tc., to c repetitions ; and this is 
the product of a by -{-c. In the second term, a is taken^ times 
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mbtractivelyj or — a — a — a — etc., to d repetitions; and this is the 
product of a by — d. Hence we conclude that the signs, + and 
— , when prefixed to a multiplier, must be interpreted as follows : 
The phis sign before a multiplier shows that the multiplicand is to 
he mccessively added ; and the minus sign he/ore a multiplier shows 
that the multiplicand is to he successively subtracted. 

To exhibit the law which governs the sign of a product, ac- 
cording to this principle, we present the four cases which involve all 
the variations of signs. It will be observed that according to the 
above interpretation, the multiplicand is to be repeated with its 
proper sign when the multiplier is positive, but with its sign changed 
when the multiplier is negative. We shall therefore have th6 fol- 
lowing results : 

1. +^X(+2>)=+a+o+a-|-etc.=:+a5. 

2. +aX(---^)=— a— o--ar-etc.==--a6. 

3. — aX(+^)= — O'—zfl' — « — etc.= — ah. 

4. — aX(— 2>) = +a-f-a4"<*+®^•=^~^^• 
Comparing the first result with the fourth,, and the second with 

the third, we observe that 

When the two /ax:tors have like signs , the product is positive ; and 
when the two factors have unlike signs, the product is negative. 

. 67. This law applied in the case of three or more negative factors 
gives the following results : 

(— «)X(— &) =+«^ 

(-«)X(-^)X(— o) =(+a6 )x(-c)=— «5c 

(— «)X(— &)X(— <5)X(— <0 =C— a2>c)X(— a)=.+ttft«i 

(— a)X(— &)X(— e)X(— ^X(— c)=(+akef)X(— c)=--«6ce& 

Hence the general truth : 

The product of an even number of negative factor^ is positive j 
and (he joroduct of an odd number of negative factors is negative, 

OASE I. 

68. When both factors are monomials. 

From the principles already established we derive the following 
Rule. I. Multiply the coefficients of the two terms together for 
tlie coeffi^dent of the product 
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H. Write clU the letters of both terms for the literal party gioing 
each an exponent eqtuxl to the sum of its eaponents in the two terms. 

ni. If the' signs of the two t^rms are oMkey prefix the plus sign to 
the product; if unlike, prefix the minus sign. 
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(2) 



(1.) 

bxy* — Qac*d 



a*cm* 



(3.) 



(4.) 
— 4rya^ 
— 2x*yz 



8a;VV 



Ans. 110a"6'V*- 

Ans. — .28xy«», 

Ans. — 120c»cPm\ 

Ans. 4:6a*b*x*t/*. 

Ans. a"*^. 

Ans. aj*+y+S 

Ans. — 24a-^«Z>*+V. 

Ans. 6aj**y**, 



86xy — 6a*c»m«e? — 16c*m'^ 

5. Multiply 17aW by 7ac. 

6. Multiply lla'b'c by 10a*b'c\ 

7. Multiply 117ab*c*x by 2a"5*c 

8. Multiply lx*yz* by — 4xy«. 

9. Multiply — 12c(rm* by 10c*. 

10. Multiply — 16a*5xV by — Sa^V- 

11. Multiply a"* by a*. 

12. Multiply af*y by xy^. 
' 13. Multiply 4a«^»*c by — 6aWc. 

14. Multiply 3x*y"» by 2x*y^. 

15. Wbat is the continued product of 3a;, 2x*y, and 7x*y*z ? 

^ii». 42xy«. 

16. What is tlie continued product of 5a*5, ah*, 3a'c, and — 5aZrt ? 

^n«. — 75a«6V. 

17. Wbat is the continued product of 7xy, — 2x*y 3x*y, — xy*^ 
ftnd xy* ? 

18. Wbat is the continued product of -^Sc*dm, — 2cd^m, and 
~6cdm*? • Ans. — 30c*cfW. 

19. What is the continued product of -^a, — ab, — alcy — abcd^ 
' — abcdh, and -r'-abcdhmJ Ans. al^b*c*(Ph*m. 

" 20. Multiply 2(x+y) by 4a*(x+y). ^ns. Sa\x+ y)\ 

" 21. Multiply 4wi'(x — ^2)' by — {z — x). Ans. — Am^x — zy. 

" 22. Multiply (a— c)"»+* by (a— c)"^*. Ans. (<^— c)'*. 
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CASE n. 

69« When one or both of the factors are polynoiniala 
1. Multiplj X — y+* ^J o+^--c. 

OPERATION. 

■ 

a+ h 



PMduetbj 0^ hx — hy-^-hz 

Prodnetbj— c^ ^•'CX'\'Cy — C% 



Entire Product, . <IX — ay'\-(lZ'\'hx — ^-|-6«— COT+^y— C» 

Hence the following general 

Rule. Midtvpli/ all the terms of the multiplicand hy eauck term of 
l&e mvHtlplikT^ and add the partial products. 



EXAMPLES FOB PBAOTIOE. 



(1.) (2.) (3.) 

So — 2hc 6a;*y+2ay* 4a*m — Scd" 

2a* 8xy — Sac* 



Qa^^^a^hc 15xy+^y — 12aVm+9ac*cr 

(4.) (6.) 

3x+ 2y 2a;*+a;y— 2/ 

4:X — 6y 8a5— 8y 



12x*+ Sxy 6a;*+3xV— 6xy* 

. — ^15a^— IQy* — 6x*y— 8a;y*+6/ 



12x*— Ta^r— lOy* 6x*— 8x*y— 9xy*+6/ 

6. Multiply 3aV— y^^+is* by 2a2*. 

Am. 6aV«*— 2flg^+2a«^. 
7 Multiply X*— 3x»+2x*— 5x+3 by 3x*. 

Ans. 3«*— 9x*+6x*— 16x*+9a^, 
8. Multiply a*c*— 8aV+a*c — a^^^a — c+1 by ac^ 
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9. Multiply 2ax — 3x by 2x-}-4y. 

Ans. 4(M:*+8aay — Ga* — 122|y. 

10. Multiply 3a»— 2a«»— 5« by 2ar— 45. 

Am. 6a*— 16a*6+6ai«4-46« 

11. Multiply a;* — ay+y* 1^7 ^+y' -^**. ix^-\-s^ 

^2. Multiply a* — 3ac+c* by a — c. Am, a* — 4a*c-f4ac* — c*. 

h3. Multiply 2ic*-^a;+2 by x—S. 

jln«. 2x*— 19x*+26a5— 16. 
^14. Multiply a*+2a*6+2a&«+2»' by a«— 2a«6+2at«— &*. 

-4«». a* — 6*. 
♦l5. Multiply a" +6" by a* +5*. 

•16. Multiply 4x»+8iB*+16x+32 by 3x-6. An*. 12x*— 192. 
*17. Multiply a*-\-a*b+ah*+h* by a— 6. -4»w. a*—b\ 

Note. — ^The product of two or more polynomials may be ini^cated, by 
indofiiiig each in a parenthesis, and writing them one i^r another, wilii 
or without the sign, x , between Uie parentheses. Such an expression is 
said to be ea^ndedy when the indicated multiplication has been actually 
performed. 

^18. Expand (a-^-m) (a+c£). Am, a*+<**^+^H"^^- 

•l9. Expand (a+2w— 1) (a+1). Am. a*+2am+2m—l. 

'20. Expand (z*+^*+bz^2^) («■— 45+11). 

Am. «»+151»— 264, 

21. Expand (a*— 4a*+lla— 24) (a*+4a+6). 

Am. a*— 41a— 120. 

22. Expand (m— 3) (m^l) (w+1) (w+3). 

Am. m*— 10m'+9. 
• 23. Expand (x«^2x*+3«— 4) (4x*+8x*+2x+l). 
^ Am. 4a;*-— 5x»+8x*— lOx*— 8x*— {)aj--4. 

^24. Expand (/+2y*+y«-4y— 11) (y«— 2y+3). ^-7^?f— 

-471*. /+10yii33. 
^b. Expand (c*— <;+!) (c*+c4-l) (c*— c*+l). 

Am. c*+c*+l. 
x26. Expand (x*— 5aj*+13x*— <r*— x-f 2) (x»— 2x— 2). 

Am. x'-7x*+21x*— 17x*— 25x«+6x*— 2x— 4. 
V27. Expand (16x*— 8x*+4x*— 2x+l) (2x+l). jwl 



Ai$. 32«*+l. 



m 
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FORMUTtA.S AND GENERAL PRIN0IPLE8. 

70. A Formula is the algebraic expression of a gencraj trnib 

or principle. 

The following formulas are useful, as furnishing rules for obtain^ 
ing the products of certain binomial factors. 

If a and h represent any two quantities whatever, then 

a-f-^= their sum, and 

a— 6=their difference; 

and we have, after performing the indicated operations, the results 
which follow: 

I. (aJ^hyz=(a-\-h) (a+&)=a*+2a5+6* 

Or, expressing the result in words, 

The square of the sum of two quantities is equal to the square of 
the first, plus twice the product of the first and second^ plus ^ie 
square of the second, 

n. (a— i)»=(a— i) (a— 6)=a*--2a6+y 

Or, in words. 

The square of the differervce of two quantities is equal to the 
square of the first, minus twice the product of the first and secorMt^ 
plus the square of the second, 

in. (a+0 (a— Z>)=:a*— «»■ 

Or, in words, . ' , 

The product of the sum and difference of two quantities if equal 

to the difference of their squares, ■■'■": 

By the aid of these formulas we are enabled to write the square 
of any binomial, or the product of the sum and difference of aiij 
two quantities, without formal multiplication. v' 

a. 

EXAMPLES FOR PRACTIOE. 

1. What is the square of Sa-\'2ah? 

The square of the first term is 9a*, twice the product of the two 
terms is 12a'6, and the square of the second term is 4a* fc*; hencei 
by the first formula, 

(3a+2at)«=9a«+12a«i+4a«&«, Avj. 
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2. TV hat is the square of 2x* — 6 ? 

The square of the first term is 4a5*, twice the product of the two 
terms is 20x', and the square of the second term is 25 ; hence by 
the second formula^ 

(2x*— 5)«=4x*— 20x«+26, An$. 

3. What is the product of 5x-f-y* and 6x — y* ? 

The square of 6x is 26x*, and the square of y* is y* ; hence by 
the third formula, 

(px+t/*) (5a>— 2,r«)=25aj*-^*, Arts. 

4. What is the square of c-^m? Jns. c*-\-2cm-\-m*, 

5. What is the square of x — y ? Ans, as* — 2x^4"^** 

6. What is the product of x-\-y and x — ^ f Ans. x* — y*. 

7. What is the square of 3x*+4y ? Am, 9x*+24xV+16/. 

8. What is the square of 5c* — 2cd ? 

Ans. 25c*— 20c*c?+4cV. 

9. What is the product of ^s*-!-^^^ and 4«* — Zyz f 

Ans. 16-2;*— V«*. 
to. What is the square of Ba*x-\'2ay ? ^ 

Ans. 9a*x*+l2a*x2/+4:aY. 

11. What is the square of x+1 f Ans. a5*-|-2x+l. 

12. What is the square of 2z* — 1 ? Ans. 4«* — 4aj*-|-l. 

13. What is ihe product of m-\-l and m — 1 f Ans. m* — 1. 

14. What is the square of «*--30 7^ Ans. «*— 602;*+900. 

15. What is the product of '3a*&+cf and Sa*h—<r f 

Am. 9a*h* — d^ 

16. What is the square of x — }y ? Am. a* — x^+ii/*. 

17. What is the square of 2c+} ? Am. 4c*+2c+t. 

18. What is the square of af -f-^*? Am. a;***-f-2a;*y*-f"y'"' 

19. What is the product of a^+y** ^^^ ^"* — y*^ •^"*' ^^ — I/*^- 
yi. The binomial square occurs so frequently in algebraic ope- 
rations, that it is important for the student to be perfectly familiar 
with its form. The higher powers of any binomial may be obtained 
by actual multiplication." The 3d, 4th, and 5d*«^wers, however, 
may sometimes be easily written, without actual multiplication, b^ 
means of tlie formulas which follow : 

4 ^ 
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1. (a+by=a*+Sa'b+Sah^+h\ 

2. (a— 6)"=a"— 3a*6+3a5«— 6\ 

4. (a— 6)*=a*— 4a"5+6a'6'-4a5"+&*. 

5. {a+by=a'+ba'b+10a'h'+10a'h^+bah*+b\ 

6. (a--i)»=a»— 6a*6+10a"6*--10a'6"+5ai»*— &•. 

Let the pupil verify the above by actual moltiplieatioii. 

73* A polynomial is said to be arran^ee^ according to the descend- 
ing powers of any letter^ when the terms are so placed that the 
exponents of this letter diminish from left to right throughout all 
the terms that contain it. Thus, the polynomial 

a'— 4a;*-f2x»— a;-f7 
b arranged according to the descending powers of x. 

73* A polynomial is said to be arranged according to the ascend- 
ing powers of any letter, wheb the terms are 'so placed that the 
exponents of this letter increase firom left to right throughout the 
terms that contain it. Thus, the polynomial « 

d — aX'\-cx* — bx^ 
is arranged according to the ascending powers of x. 

74:* A term or quantity is said to be independetU of any letter^ 
when it does not contain that letter. 

7Sm The product of two polynomials has certain special proper- 
ties, which may be stated as follows : 

L — If both polynomials are arranged according to the descending 
powers of the same letter, then the first term obtained in the partial 
products will contain a higher power of this letter than any of the 
other terms ; and as this term can not be reduced with any of the 
others, it will form the first term of 'the entire product. 

8. — ^If both polynomials are arranged according to the ascending 
powers of the same letter, then the last term obtained in the partial 
products will contain a higher power of this letter than any of the 
other terms ; and as this term can not be reduced with any of the 
others, it will form the last term of the entire product. 

3. — ^If both polynomials are homogeneous, then the product will 
he l&omogeneous ; and the degree of any term will be expressed bj 
the sum of the indices denoting the degrees of its two factors. 
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DIVISION, 

76. Division, in Algebra, is the process of finding how many 
times one quantity, called the divisor , is contained in another quantity, 
called the dividend; the result of division is called the guotieiU. 

It follows, therefore, that the quotient must be a quantity which 
multiplied by the divisor, will produce the dividend. Thus, revers- 
ing the process of multiplication, we have, 

a5c-T-a=&c, because hcY^a:=zahc 

77* It was shown in the multiplication of monomials, (66), that 
the coefficient of the product is found by multiplying together the 
coefficients of the factors ; and that the exponent of any letter in 
the product is found by adding together the exponents of this letter 
in the factors. Hence, in division, 

1. — The coefficient of the quotient must he /ound hy dividing the 
coefficient of the dividend hy that of the divisor ; and 

2. — The exponent of any letter in the quotient must be found hy 
subtracting tJie component of this letter in the divisor from its exponent 
in the dividend. Thus, 

• It was shown in multiplication, (66^, that when two factors have 
like signs, their product is positive ; and that when two factors have 
unlike signs, their product is negative. In division, therefore, when 
the dividend is positive^ the quotient must hav& the same sign as the 
divisor; and when the dividend is negative, the quotient must have 
the sign unlike that of the divisor. And there will be four cases, 
with results as follows : 

1. +a6-f.(+a)=+6 

2. +a^>-^(— a)=— 6 
8. _ai»-^(-|-a)=:— 6 

4. — a6^( — a) =+6 Hence, 

3. — If the dividend and divisor have like signs^ the quotient wiR 
he positive ; but if the dividend and divisor have unlike signSf the 
quotient unU be negative. 
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I 

OASE I. 

78. When the divisor is a monomial. 

From the principles already given we have the following 
EuLE. To divide one monomial by another; — 
I. Divide the coefficient of the dividend hy the coefficient »/ tht 
divisoVy for a new coefficient. 

I r. To this remit annex the letters of tJie dividend, with the expO' 
nent of each diminished hy. the eocponent of the same letter in the 
divisor, suppressing all letters whose exponents become zero. 

in.' If the signs of terms are alike, prefix the plus sign to the 
gjuotient ; if they are unlike, prefix the minus sign. 

To divide a polynomial by a monomial ; — 

Divide each term of the dividend separately, and connect the qtuh 
tients hy tJieir proper signs. 

Note. — ^It may happen that the dividend will not exactly contain the di^ 
visor ; in this case the division may be indicated^ by writing the dividend 
above a horizontal line, and the divisor below, in the form of a fhictioD. 
The result thus obtained may be simplified, by suppressing all the &ctoiB 
common to the two terms; thus. 

But as this process is essentially a case of reduction of fi*actlons, we shall 
omit such examples till the subject of fractions is reached. 

EXAMPLES FOR PRACTICE. 

1. Divide IQab by 4a. Ans, 46. 

2. Divide 21aW by 7ac\ Ans. Ha^d. . 

3. Divide — 42x*y«* by 6x"«". Ans, — ^t7?yz. 

4. Divide 2a* by a*. An^- 2a\ 



5. Divide — a^ by a*. Anf. 

6. Divide IGx* by 4a;. Aus, 4.c*. 

7. Divide \haxy* by — Zay. Ans, — 5a;^, 

8. Divide 117a»&V by 3a»6c\ Ans. J96*c. 

9. Divide 63a"&V? by 21alcd. Ans. ^a^h'd. 
10. Divide GSa* by Ta^. Ans. C<i"^. 
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11. Divide 34a:'"y'» by — ITo-y. Am. — 2af^^y*-», 

U. Divide (g^— c)* by (a— c)". Am (ar^\ 

13. Divide 35(x-fj^)« by 5(a:+^). ^tw. 7(x+y)«. 

14. Divide 12mV7(c— x*)» by 3mc?(c— x*)\ 

.16. DiYide dhcd+12hcx—9h*c by 35c. ^/w. c?+4.i>-.36. 

16. Divide 15a*5c — 15aca;*-[-^«<^c by — bac, 

17. Divide- 10x*—15-c'— 25a; by 5x. Am. 2a;'— 3a;— 5. 

18. Divide 15x»— 45a;*+10x"— 105x' by 5a;'. 

1 19. Divide oTc — a"^V'-j-a"^V— a"^V-|-a'"^c* by ac. 

A71S, a"*^* — a"^*c-f-a"^V — a"'^c*-fa*~V. 

20. Divide 3m*(a-5)*—3m(a— 5) by 3(a^5). 

An», am* — hm* — m, 

21. Divide 7a(3m— 2a)— (3/71— 2a)' by (37Wr— 2a). 

Ans, 9a — 3w, 

CASE II. 

T9. When the divisor is a polynomial. 

Suppose both dividend and divisor to be arranged according to the 
descending powers of some letter. Then it follows, from (75. 1), 
that the first term of the dividend must be the product of the first 
term of the- divisor by the first term of the quotient similarly ar- 
ranged. We can therefore obtain this term of the quotient, by 
Bimply dividing the first term of the dividend by the first term of 
the divisor, thus arranged. The operation may then be continued 
in the manner of long division in Arithmetic; each remainder 
being treated as a new dividend, and arranged a« the first, 

1 Divide 6a*+a"5— 20a*i»'+17a6'— 46* by 2a*— 3a6+6*. 



OPERATION. 

M+ a*h^ 200^1* +17 ah*— ih* 

6a*—9a*h+ 3a*6* 

10a"6— 23a''i*+17a6' 
10a»5— 15a'&'+ 5a5' 

—Sa*l* + 12ah*-^ih* 
^8a*6'+12aZ«'— 4&* 

4* 



2a*— 3a6+ h*, Dirteor. 



3a*-|-5a6— 46*, Quotieni 
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Hence we liave the following 

Rule. I. Arrange both dividend and divisor according to ikt 
descending powers of one of the letters. 

II. Divide the first term of thd dividend by the first term of ihs 
divisor J and write the result in the quotient, 

m. Multiply the whole divisor by the quotient thus found, and 
subtract ^product from the dividend. 

TV, Arrange the remaind!er for a new dividend, with which pro- 
ceed as before, tUl the first term of the divisor is no longer contained 
in the first term of the remainder, 

Y, Write the final remainder , if there be any^ over the divisor in 
the form of a fraction, and the entire resuU wiU be the guotiefU 
sought. 

SXAHPLES FOB PBAOTIOE. 

1. Divide a"-|-3a*a;4-3aa;*+** ^1 «+«• -^w«« a*-|-2aa5-|-aj". 

2. Divide a" — 4a*c-|-4ac* — c" by a — c. Ans, a* — 3ac-f-c* 

8. Divide a"— 6a*+12fl^— 8 by a*— 4a+4. Ans, a— 2 
4. Divide 3x*— 2x*+x*— x"— 2a>— 15 by x"— 5-4x. 

Ans. X* — ^2x-|-8* 
/ 6. Divide 26x*-<c*— 2x*— 8x* by 6x«— 4xV 

Ans. 6x*+4x*+3x+2. y 
6. Divide 6a*+9a*— 15a by 3a*— 3a. Ans. 2a*+2a+5. 

^7. Divide x«— y* by x"+2xV+2xy*+y. 

Ans. X* — 2x*y-f-2ay*— yA.- 
^. Divide ox* — (a*4-^)**+^* by ax — b, Ans. x* — ox — b 

9. Divide a*+46* by a*—2ah+2b\ 'Ans.iii*+2ab+2b* 

}. Divide x* — x*+x* — ^x*+2x — 1 by x'^x — 1. ^ 

Ans. X* — x'+aj* — ^x-j-l. 

11. Divide l+3x by 1— 5x. Ans. l+8x+40x*+200x*+eto. 

12. Divide 1— x— «■ by l+x+xV . 
Ans. 1— 2x+2a?"— 2x*+2x«— 2x"+2«»— 2x"+eto. 

\13 . Divide x«— 2x"+l by x*— 2x+l. 
^^ Ans. x*+2x"+8x*+2a;+l 



¥ 
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14. Divide a*+6"+c»— 3a^c by a=M»+€, 

Ans. a*+h*+c* — he — cic — ab. 
16. Divide 2a;V— 5xy— lla;y+6a;y— 26a;y+7ajy— 12;ry 
by a-*— 4a;V+a5y— 3a^". Ans, 2x"y+3xy.7<cy"+4y*. 

16. Divide a^+c*+a^^c*—a*o-'-ac''—2a*c* by a"+c*— a'c— ac\ 

Ans, a*-fc*-f a-f c. 

17. Divide 4a;«— 5x»4-8«*— 10a?"— 8«*— 6x— 4 by 4a;"+3a;*+2« 
+1. ^ Ans. «•— 2x*+3a^— 4. 

18. Divider* — a*bya3 — a. -4n«. aj*+aJ*a+a:V+a:a"-|-a*. 

19. Divide a*+x* by a.— a. Ans. a*+aa;+a;«+_?fL. 

20. Divide af — or/^* — a::""*y-f ^ V ^— y- -^^- a:""'— y^*. 

21. Divide a*+*— a«6*— a*6*+&"+* by oT— 5*. -iiw. a*— I*. 

22. Divide a?** — ^2x*y — ^2x*^**+y** ^^7 ^+y*« 

^n«. a** — Sxy+y*** 

80. division is said to be exact when the quotient contains no 
fractional part; the quotient in this case is said to be entire. 

81. It follows from the rule of division, (78), that the exact 
division of one monomial by another will be impossible under the 
following conditions : 

1. — ^When the coefficic^nt of the divisor is not exactly contained 
in the coefficient of the dividend. 

2. — ^When a literal factor has a greater exponent in the divisor 
than in the dividend. 

3. — ^When a literal factor of the divisor is not fpund in the divi- 
dend. 

83* It is also evident, from (70), that the exact division of 
one polynomial by another will be impossible, 

1. — When the first term of the divisor arranged with reference 
to any one of its letters, is not exactly contained in the first term of 
the dividend arranged with reference to the same letter. 

2. — ^When a remainder occurs, having no term which will exactly 
contain the first term of the divisor • 



44 ENTIRE QUANTITIES. 

GENEIiAL RELATIONS IN DIVISION. 

83« The algebraic value of a quotient depends upon tHe coinpaiw 
» ative values and relative signs of the dividend and divisor. Now 
if either the dividend or the divisor be changed with respect to its 
value or sign, the quotient will undergo a change, according to a 
certain law. As these mutual relations are frequently concerned in 
algebraic investigatfons, we present them in this place, considering 
first the law of change with respect to absolute value ; and second, 
the law of change with respect to algebraic signs. 

1st Change of value, 

84. In any case of exact division, the quotient is composed of 
-those factors of the dividend which are not included among the 
factors of the divisor. It is evident,' therefore, that if we introduce 
a new factor into the dividend, the divisor reuiaining the same, we 
shall introduce the same factor into the quotient ; and if we exclude 
a factor from the dividend, the divisor remaining the same, we shall 
exclude this factor from the quotient. 

Again, if we introduce a factor into the divisor, we shall exclude 
it from the quotient ; and if we exclude a factor from the divisor, 
we shall introduce it into the quotient, — ^the dividend remaining the 
same in both cases. 

Hence we have the following general principles : 

I. Multiplying the dividend multiplies the quotient^ and dividing 

the dividend divides the quotient, 

■ II. Multiplf/ing the divisor divides the quotient, and dividing Ae 
divisor multiplies the quotient, 

III. Multiplf/ing or dividing both dividend and divisor hy ike 

same quantity does not change the quotient, 

2d. Change of signs. 

83* To show in what manner the sign of the quotient is affected 
by changing the sign of dividend or divisor, we observe that two 
signs can have only three relations, as follows : 

+ + 
+ - 



DIVISION. 45 

Now if (me of the signs, only, in any of these couplets, be changed^ 
the relation of the signs in that couplet will be changed, either from 
like to unlike, or from ijnlike to like; but if both of the signs in 
any couplet be changed, their relation will not be altered. Hence, 

I. (ykanging the sign of either dividend or divisor ^ changes the 
sign of the quotient 

n. Cfhauging the signs of loth dividerid and divisor, does not 
alter the si^ of the Quotient, 

RECIPROCALS, ZERO POWERS, AND NEGATIVE EXPONENTS 

86* The Eeciprbcal of a quantity is the quotient obtained by di- 
viding unity by that quantity. Thus, — is the reciprocal of x j 

X 

1 

is the reciprocal of a — c. 

a — c 

87. In dividing any power of a quantity by any other power of 
the same quantity, we subtract the exponent, of the divisor from 
the exponent of the dividend, to obtain the exponent of the quo^ 
tient Thus, 

a*'^a*=ia^^=za^ ] d'-i-a*=d''*=za* 
And in general, we have 

If in this expression 7i=m, the exponent of the quotient will be 
; and if w>m, the exponent of the quotient will be negative. 
Thus, 

--=a : — =a ==a""* : -'=a ==a , etc. 
a a a 

88. It has been found useful for certain purposes in Algebra, 

* 

to employ the notation, a*, a"*, a"*, a~*, etc. We will therefore 
proceed to interpret the meaning of zero and negative exponents, 
in general. 

Let a represent any quantity, and m the exponent of any power 
whatever. Then by the rule of division, 

a"- 

a' 



.z=za'''^^=a* 
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Bui the qnoticnt obtained by dividing any quantity by itoelf 
must be equal to 1. That is 

a* 
Therefore, by Ax. 7, we have 

Hence, 

1. Any quantify having a ciplier for iU eocponeni u equal I0 
unity. 

Again, by the role of division we have 

a* .^ 

— =ar^=^ar^ 

a* 
But we have already shown that a*=l. Substituting this value 
for the dividend, we obtain the quotient in another form; ihus^ 

a* a* 

Therefore, by Ax. 7, we have v 

— . 1 

a* 
Hence, 

2. Any quantity "having a negative exponent ts equal to the ree^ 
vocal of that quantity with an equal jpositive eapmienL 



DiyiSIBnilTY OF QUANTITIES IN THE FORM OF a«±«^. 

89. There are certain cases of exact division of quantities in the 
form of a^-j-J* or a* — &*, which have important applicatioiLi 
These may be exhibited in four general problems, as follows : 

1. — ^Divide a^+ft* by a-{-h. 

Commencing the division, we have 



or +a"-*6 



a+5 



a" 



1st ran. — a"^*6 + 6* = — 6(a*"' — 6*^ 

2d ran. j^ar-V+ ir =+6*(a»-*+6"-*) 

Now if this operation be continued, it is evident from the form 
which the first and second remainders assume, that when the expo- 
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Aont; m^ is an odd number, the mtli remainder will be 

_&«(a-«— 6-*)=— i«(a*— 60=— Z^-Cl— 1)=0 

and tbe division will therefore be ezaet But if m be even^ the 971th 
remainder will be 

+&-(a-*+6— )=4-5-(a»+5*)=+5-(l+l)=+26» 

and the division will not be exact Hence, 

Jlie sum of the same powers of two quantities is algehraiedlly di' 
ifisible by the sum of the qtuintities, if the exponent is odd^ hut not 
otherwise. 

• 

2. — Divide a"4"^ by »^. 
Commencing the division, we have 

o" + &• • 



a- — a"^»6 



a — h 



a*-*-|-a"*^6 



Ist 






2d tern. +a-6*+ i- =+6*(a"^«+5«-0 

If this operation be conlinned, it is evident that whether m be 
odd or even, the mth remainder will be 

and the division can not, therefore, be exact Hence, 

The sum of the same powers of two quantities is never alyebre^ 

ieally divisible by the difference of the quantities. 
3. — Divide oT — &* by a+ft. 
Commencing the division, we have 

a* — 6* 



a+5 



a" 






2d rem. ^aT-^h*— 6* =+5«(a"^— 5"^) 

If this operation be continued, then it is evident that when m is 
odd^ the mth remainder will be 

_5«(a-^+5-*)=— 5«(a-+6*)=— 5-(l+l)=— 26'- 

and the division can not be exact But if m be even, the mth re« 

mainder will be 

+6*(a— — 6"-*) = +6-(a»— ^•)=+6'"(l— 1) =0 

and the division in this case will be exact Hence, 
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The difference of the same powers of two quantities is algehraictUly 
divisible by the sum of the quantities^ if the exponent is even^ but ifiot 
otherwise, 

4. — Divide a* — Z>"» by a— 5. 
Commencing the division^ we have 



a* 



— I' 



a — h 



a*~*-f-^*~*^ 



Ist rem. 






=+Z»Ca"^*— 2>— «) 



2d rem. ^a'^b*-^ J* =+Z»*(a"^«— ft— *) 

If this operation be continued, then it is evident that whether m 
be odd or even, the mth remainder will be . 

4-6-'(a-^—ft-^) = +6-'(a*— ft*) = +ft-'(l— 1) =0 

and the division will therefore be exact. Hence, 

The difference of the same powers of two quantities is always 
dii^isihle by the difference of the quantities, 

00« If we continue the division in the Ist, 8d, and 4th of the 
preceding* problems, then in the cases of exact division, the form 
of the quotients will be as follows : 
o'*+ft* 
a+ft 



=a"^*--ar-»ft+a*-*ft'— o"^ft* + --<ift»-»-|-ft«-« (i) 



-=a" 



a 



5^a"^"ft«— a-^ft'+ 4-aft*^— ft*-* (2.) 



a+ft 
"^^^^^zzza^-'+a-^ft+a-^ft'+a— *ft»+ +aft-^+ft— * (8) 

©!• By giving particular values to m in (1), (3) and (8), w« 
•btain the following results, which maybe useful for reference: 

' a"+ft" 



a+ft 
a'+ft" 



a 



a+ft 
• -ft* 



=a*-^+ft* 
=a*--a"ft+a'ft*— aft"+ft* 



(1) 






a+ft 
a'—b\ 
a f ft" 
a*~ft« 



=a — ft 



a+ft 



:a»— a'ft+aft*— ft« 



*i,+a«ft«— a*ft"+aft*— ft* 



(») 



J. 
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a«— 5* 



a-, 
a — h 






a — h 
a — 6 



III Hko Bftimer we may obtain 






x + 
a?— 



a*— 



as-|- 



x + 



X' 



0? 



«' 



a; 



,«_^4.aj«— aj+1 



=«■ 



=05* — O^+X* — 0^+05 — ^1 



=sa4-l 



9) 



W 






> 9} 



(«) 



FAOTORINa 

93. The Factors of a quantity are those quantities which, 
being multiplied together, will produce the giren quantity. 

93. A Prime Factor is one which can not be produced by 4ihe 
multiplication of two or more factors; it is therefore divisible only 
by itself and unity. 

5 ' » 
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04. An algebraic expression may be factored b} insicetion, 
Dy trial, c^T by its Jaw of formation. 

To express the prime factors of a monomial^ we nave only to 
fact^ the coefficient, and repeat each letter as many tines as thei« 
are units in its exponent. Thus, 

1 5a*a;'y = 3 X ^ X aaaxxi/ 

OSm The following remarks will aid in factoring poljaiohiiab: 

1st. If all the terms of a polynomial have a common factor, the 
quantity may be factored by writing the other factors of each term 
within a parenthesis, and the common factor without. Thus, 
2aV— 6aV+4a'ic— 10a'=2a*(x»— 3x*+2a;— r)a) 

2d. If two of the terms of a trinomial are perfect gquares, and 
the other term is twice the product of the square loots of the 
squares, the trinomial will be the square of the sum or difference of 
these roots, (70. 1 and II), and may be fiictored accordin{^ly. Thus, 
in the trinomial, 4a* — 20a*6-|-256*, the two terms, 4a' and 25^*, 
are the squares of 2a' and 55 respectively, add the iiyther term, 
20a'5 is equal to 2x2a'X56 ; and we have 

4a*— 20a*5+256»=(2a'— 65)(2a»— 55) ' 

3d. If a binomial consists of two squares connected hj the minus 
sign, it must be equal to the product of the sum ao^ 4^ff<»r9noe of 
the square roots of the terms, (70, III). Thus, 

9x*—f=(3x+i/) (3x— y) 

4th. Quantities in the form of aJ^±,lj^ may be factored by refer- 
ence to the principles and formulas relating to these qaantiues. 

Thus, 

a"-j-5'=(a+5) (a*— a5+5') 

Note. — ^It may happen that when there is no factor comm, >n to !^ tla 
terms, a portion of the polynomial may be factored. 

EXAMPLES FOR PRACTICE. 

^ 1. Factor a"6+a'5'+a*5c. Arts, a*5(a.f 6-|-cJ 

^ i. Factor 3a;y — 3x*y'-f 3xy— 6xy . 

Ans. 3xy(l— x«+3^—22y) ' 
^S. Factor 5a"5c*— 15a*5*c»— 5a'5cV. 

Ans, 5/iV>c'Ca — 85c — cQw 
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^4. Factor a'4 c*u;+cmaj. Ans. a*-fc(c+m\r. 

^. Factor x*-^'i/+x^'—y\ A n^ (^"^(^i^Vy 

6. Factor a*Z»'+2a"6'+a'6*. Ans. a«5«(a+6) (a+5). 

7. Arrange (x* — ^x)a-|--(a5'+a:)(35— c) — q according to the pow- 
ers of X. Ans. (a+3i — c)x^ — (a — 35+c)a: — q. 

8. Factor a'rw — 9am*. Ans, am(a^ — Sm) (a*+3wi). 

9. Factor Sa*—x\ Ans, (4a'+2aa;+a») (2a— a;). 

10. Factor ^•+243. Ans. (y— 3/+9/— 27j^+81) (y+3). 

11. Find the factors of x* — y*. 

Ans. (aj*+xy+y) (x*— a;y+y«) (ac+y) (a>— y). . 

12. Find the factors of a* — ab*-\-2ahc — ac\ 

Ans. a(a-|-6— c) (a — 6+c). 



SUBSTITUTION. 

06. Snbstitntion, in Algebra, is the process of putting one 
quantity for another, in any given expression. 

1. Substitute y — 1 for a;, in x*-\-x^ — 5x — 3. 

OPERATION. 

a:«= (y-l)'=y-3/+3y-l 

«•= (i2/-iy= ^•-2y+l 

— bx = — 5(y — 1) = — 5y+6 

—3 = --3 

aj*+a;«— .6x--3 =:y»_2/— 4y+2, Ans. 

Hence, for substitution we have the following 

Bulb. Perform the same operations upon the substituted guantvtjf 
as the expression requires to he performed upon the qwmJtity for 
which thi substitution is made^ 

EXAMPLES FOB PRAOTIOE. 

1. Substitute a — b for a in a^-\-ah -[-i*. Ans. a* — a6-f 6*. 

7" 2. Substitute aj-f-2 for a in a*— 2a-|-l. Ans. x*'\-2x-\-\, 

^3. Substitute x+3 for y in y*— 2y"4-y*— 6. 

Ans. a;*+10x»+37x*+60a;+3a 
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y 4. Substitute s+r for x, in a;*-|-aa:-|-i, and arrange the result ao 
eordiug to the descending powers of r. 

Ans. r*+(2«+a)r+«"-f cM+6. 
:JL5. What will a*.f a"6+a»6»+aZ»»+6* become, when h=a ? 

Ans, 5a*. 
^ 6. What will x'+^^-'^'+^'^H"^* become, when m-|-l is put for x 
and wi — 1 for a f -4.?w. 4i»(w*+l). 

"^ 7. What will x*-\-y* become^ when a-\-h is put for x and a — h 
fory? ^7w. 2(a*+6aV+&*). 

X 8. What is the value of (x-\'9-\-b-\-cy-\-(a>-^ — i""^}*i when 
a±b:i-j^=;:^? Ans, 2(x*+10x*s*+6x9*). 



^^. In X* — Ix — 6 substitute y — 2 for x. Ans. y* — 65r*-|-5y. 

10. In a;*--2a;*+3x"— 7jc*+8x— 3 substitute y +1 for x. 

Ans. y'+3y+5y\ 

11. If a — 6=05, h — o==y, and c — a-szZy prove that 2(a^-i)*(6— «)• 

+2(a— 6)*(c— a)*+2C6-^y(c— a)*=a*+y+a?\ 



THE GREATEST COMMON DIVISOR 

97. A Common Divisor of two or more quantities is a quantity 

which will exactly divide each of them. 

98. The Greatest Common Divisor of two or more quantities 
is the greate&t quantity that will exactly divide each of them ; it is 
composed of all the common prime factors of the quantities. 

The term, greatest^ in this connection, is used in a qualified sense, 
and has reference to the degree of a quantity, or of its leading term, 
not to its algebraic or its arithmetical value. Thus, if x — 3 and 
a;*-|-4a;4-2 are the prime factors common to two or more quantities, 
then according to the above definition, (x*-j-4a3-f-2)(a3 — 3)=a:*-|- 
a;' — 10a: — 6, is the greatest common divisor. But this product is 
not necessarily greater in value than one of the prime, factors* For, 
if x=4, then we have 

a;*4-4x+2=34, and x'+cc'-— lOx— 6=34. 

99. Several quantities are said to be prme to each o£%«r whei 
they have no common factor. 
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CASE I. 



100. When the given quantities can be factored by 
inspection. 

It is evident from (81. 2) that no factor of the greatest common 
divisor can have an exponent greater than the liBast with which it 
enters the given quantities. Hence the following obvious 

KuLE I. Find hy inspection^ or otherwise^ all the different prime 
factors that are common to the given quantities^ and affect each with 
the least exponent which it has in any of the quantities, 

II. Multiply together the factors thus obtained^ and the product 
wiU he the greatest common divisor required, 

EXAMPLES FOB PRACTICE. 

1. Find the greatest common divisor of a* — ^2a*a;*-|-ax*, and a*— 

Factoring, we have 

a»— 2aV+a a;*=:a (a*— 2aV+x*)=a(o— a;)'(a+iK)* 
a* — 2a*cc .-|-a*a;* = a^(a^ — 2ax +a;*) = a*(ji — x)' 

The lowest powers of the common factors are a and (a — x)* ; and 

we have 

a(a — xf = a* — 2a* x + ox* 

the greatest common divisor required. 

2. Find the greatest common divisor of 2a*6c*, 6a5*c*, and 
I0a"ic». Ans, 2a6c*. 

3. Find the greatest common divisor of 6x*yV, ^x^ys^y and 
J2a;'y«', Ans. x*yi^, 

4. Find the greatest common divisor of x* — y* and rr* — 2xy-\-y* 

Ans, X — y^ 

5. What is the greatest common divisor of a*m — h*m and 
2ac'm — 2c*bm? Ans. m(a — 5). 

6. What is t£e great'3st common divisor of a*x* — Sa*x*+a*x and 
3axz* — oxV — az* ? Ans, a(x* — 3aj+l). 

7. What is the greatest common divisor of 16x* — 1, x — 4x*, and 
l_8x+16x' ? Ans. 4a>— 1. 
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CASE H. 

101. When the given quantities can not be factored by 

inspection. 

103* The greatest common divisor is found in this case by a 
process of decomposing the quantities by division. But in order to 
deduce a rule for the method, it will be necessary first to establish 
certain principles relating to exact division. 

103* First, suppose J. to be a quantity which is exactly diyisibki 
by another quantity^ D^ and let q represent the quotient. Then, 

A 

ir^ 

K we now multiply the dividend by m, we shall have, from (84 I)t 

Am 

in which qm is entire. Thus wc have shown that if D divides Ay 
it will also divide Am, Hence, 

l»Ifa quantUy wM exactly* divide one of two quantiHeSf it wiU 
divide their product. 

Again, let A and B represent any two quantities, and S^ their sunu 

Now suppose both A and B are exactly divisible by D, and let 

A B 

— =2^, and j~q'* We shall have 

A+B^S 
And dividing each term by i>, 

s 

in which _ must be entire, because its equal, £-|-£^ is entire. Henoo, 

2»Ifa quantity wiU exactly divide each of two quantities, it wHl 
divide their sum. 

Finally, let d represent the difference of A and By and suppose 

A and ^ to be divisible by D, q and q' being the quotients, 

before. We shall have 

A^Bz=zd 

And dividing every term by D, 

f d 

d , . 

in which _ is entire, because q — q' is entire. Hence, 
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Z»Ifa quantity wiU exactly divide each of two quantitits^ it wiU 
divide their differeffiee, 

104. We may now show, by the aid of these principles, wl>^ 
relation the greatest common divisor of two quantities bears to tho 
parts of these quantities when decomposed by division. 

Suppose two polynomials to be arranged according to the powers 
of the same letter, and let A represent the greater and B the less. 
Then let us divide the greater by the less, the last divisor by the 
last remainder, and so on, till nothing remains. . If we represent the 
several quotients by q^ g^, ^*, etc.; and the remainders by R^ R\ J?", 
etc., the successive operations will appear as follows : 

(1.) (2.) (3.) 

B) A (a R) B {q' R) R (g" 
Bq Rq' R!q" 

R R 

To investigate the mutual relations of A, B, R, and i?', we ob- 
serve that in division the product of the divisor and quotient, plus 
the remainder, if any. is always equal to the dividend. Hence, from 
the operations above, we have the three following conditions ; 

RY =R 

R q' +R'=B 
Bq +R=A 

Now from the first equation it is evident that R' divides R with- 
out remainder; it will therefore divide Rq\ (103. 1). And since R' 
divides both Rq' and itself, it must divide their sum, Rq''\-R\ or 
B, (103, 2) ; consequently, it will divide Bq, (103, 1). Finally, 
since it divides both Bq and /?, it must divide their sum, Bq-^-R, 
or A, (103, 2). Hence, 

I. The last divisor^ R\ is a common divisor of R, B, and A, ut 
of all the dividends. 

Again, the dividend minus the product of the divisor and quo- 
tient, is always equal to the remainder. Tlierefore, from the first 
and second operations above, we have 

A—Bq z=R 
B—Rq'=R' 
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Now any expression which will divide By will divide Bq, (103« 1) ; 
hence, any expression which will divide both A and B, will also di- 
vide A — Bq, or R, (103, 3). Whence it follows that the greatest 
common divisor of A and B will divide B, and is therefore a common 
divisor of B and B, For like reasons, referring to the second equa- 
tion, the greatest conmion divisor of B and R will also divide R', and 
is therefore a oonmion divisor of R and R'. But the greatest common 
divisor of R and R' is R' itself. Consequently, R' is the greatest 
common divisor of R and B, and also of B and A^ Hence 

n. The last divisor J R', is the greatest common divisor of the 
given quantities^ and also of the dividend and divisor in each suhfe- 
quent operation, ^ 

1. TV hat is the greatest conmion divisor of 12x* — 23i^ — 7x — 8 
and 3x*— 2»— 1 ? 

FIBST OPERATION. 



12x«— ix«— 4« 



3x«— 2x— 1 



4x+2 



6x"— 3a:— 3 
6a5* — 4ic — 2 

X — 1 Igt Rem. 
SECOND OPERATION. 



3x«— 2x— 1 
3x'— 3x 



X 1 



3x+l 



X 1 

x—l 



Ans. a?— 1. 



The process here employed for finding the greatest common divi* 
Bor of two polynomials, is subject to two modifications, which we will 
now investigate in their order, 

let. Suppressing monomial factors. 

It is evident that any monomial factor common to the given poly- 
nomials, may be suppressed in both, and set aside as one faetor of 
their greatest common divisor. We may then apply the process of 
division to the resulting polynomials, and obtain the remaining Any 
tor or factors of the greatest common divisor required. 

Again, if either polynomial contains a factor which is not common 
to both, this factor can form no part of the greatest common divisof 
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required, and may therefore be suppressed. And since the greatest 
oommon divisor of the given polynomials is the same as that of the 
dividend and divisor in each operation following the first, (II), i( 
is evident that we may suppress the monomial faotors in every 
remainder that occurs. And it should be observed^ that If all the 
monomial factors of the given quantities have been previously sup- 
pressed, no monomial factor of any one of the remainders can belong 
to the greatest common divisor sought, or be common to any two suc- 
cessive remainders, (II). This modification of the process will be 
illustrated by the example which follows : 

2. What is the greatest common divisor of 12a:*-|-22a:*-|-6a; and 
6x»— 15x«— 36x ? 

The first polynomial contains' the monomial factor 2x^ and the 
second contains the monomial factor Zx, We therefore suppress 
these factors, setting aside x, which is common, as one factor of the 
greatest common divisor sought. We then apply the process of di-' 
vision to the resulting polynomials, as follows : 

FIRST OI-ERATION. 



6x*-f llic'-f 3 
6x*— 15x«— 86 



2a;*— 5x*— 12 



3 



26x*+C9 

Suppressing the factor 13 in this remainder, we have 2a;'-|-3 for 
ihe next divisor. 

SECOND OPERATION. 

2x*— 5x«— 12 2x*+3 



2aj*+3jc" 



— 8x*— 12 
— 8a;«— 12 



aj« 



Taking the last divisor, and the common factor, x^ which was set 
aside at the beginning, we have 

(2x*+3)Xa;=2a;*+3x. Ans. 

2d. Introducing monomial factors. 

It may happen at any stage jf the process, that after suppressing 
every monomial factor of the divisor, its first term will not be 
exactly contained in the first term of the dividend. In such cases, 
the dividend may be multipliei by such a factoi as will render its 
first term divisible by the first term of the divisor. No factor thus 
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introduced can be common to the dividend and divisor, «dnce by 
hypothesis all the monomial factors of the divisor have previously 
been suppressed. Consequently, if the process of division be con- 
tinued under this modification, the last divisor must be the greatest 
common divisor sought. This point will be illustrated by the fol- 
'lowmg example : 

3. What is the greatest common divisor of 2x* — 12a:*-4-17a5"+ 
6x— 9 and 4a;«— 18a;"+19x— 3 ? 

We first multiply the greater polynomial by 2, to render its first 
term divisible by the first term of the other polynomiaL 

FIRST OPERATION. 



4x*— 24x«+34x'+12a;-^18 
4a;*— 18x«+19x*— Sx 



4x*—lSa^+ldx—S 



X , — 1 



— 6x«+15x*+16a>-18 
_ 2ic"+ 6x'+ 6x— 6 

— 4x*-f 10a;*-f 10a; — 12 New prei>*red diTldend. 

— 4x'+18a;'— 19x+ 3 

— 8a;'+29a>— 15 

In the above operation, we suppress the factor 3 in the first 
remainder, and multiply the result by 2, to render the first term 
divisible by the first term of the divisor. We thus obtain — 4a* -J- 
lOx'+lOa;— 12 for the second dividend. As the two partial 
quotients, x and — 1; have no connection, they are separated by a 
comma. 

Multiplying the last divisor by 2 for a new dividend, we proceed 
as follows : 

SECOND OPERATION. 



8x«— 36x'+ 38x— 6 
8x«— 29a;*+ 15x 



— 8a;'+29a;— 15 



-x,+7 



— 7x*+ 23x— 6 

— 56x'+184a; — 48 New prei>*red diyidena. 

— 56x'+203x— 105 

— I9x+ 57 
Dividing this remainder by — 19, we have x — 8 for the next 
diviBor, • . 
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THIRD OPERATION. 


— 8x«+29x— 15 


a>— 3 


— 8a;«+24x 


-.8x+5 


6a;— 15 


5a;— 15 
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Thus we find that the greatest common divisor is x — 3. Had 
we suppressed +19 instead of — 19, in the final remainder of the 
second operation, we should have obtained — a;+3, or 3 — x for the 
greatest common divisor. It should be remembered, however, that 
the term greatest, in this connection, has reference to exponents 
and coefficients, and not to the algebraic value; (98). Consequent- 
ly either x — 3j^or 3 — a; may be considered the greatest commcMi 
divisor of the given polynomials. And it is immaterial what sigu 
is given to any monomial factor which we may suppress or introduce 
at any stage of the work. 

103* From these principles and illustrations we deduce the fol- 
lowing general 

Rule. I. Arrange the two polynomials with reference to Hie same 
letter ; then suppress aU the m^onomial factors of each^ and if amy 
factor suppressed is common to tJie tioo polynjomials, set it aside as 
one factor of the comm/m divisor sought » 

II. Divide the greater of the resultiiig polynomials hy the lesSf 
and continue tJte division till tlie first term of the remainder is of a 
lower degree than tlie first term of the divisor ; observing to suppress 
the monomial factors in every remainder y and to introdiice into any 
divulendf if necessary, such a factor as wiU render its first term 
exajctly divisible by the first term of the divisor, 

HI. Take the final remainder in tlie first operation as a new 
divisor, and the former divisor as a new dividend, and proceed as 
before ; and thus continue till the division is exact. The last divisor , 
multiplied by the common factor^ if any^ set aside at the beginning, 
will he the greatest common divisor required, 

IV. If more than two polynomials are given, find the greatest 
comm^m divisor of the first and second, and then the greatest com- 
mon divisor of this resvM anfd the third polynomial, and so on^ 
The last tpiU he the greatest common divisor required. 
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EXAMPLES FOB FBAOTIOS. 

Find the greatest common divisor, 

1. Of «*— 2x«— 4«'+llaj--6 and «•— 8x«+17»— 10. 

Aru. a;*— 8x-f 2 

2. Of 6x«+x*— 44a;+21 and 6x«— 2ax*+46a>— 42. 

Am. 809—7 
8. Of x'— 6ax'+10a*x— 8a« and 8ax*— Ua'x +15a\ 

Ant, X — 8ck 

4. Of X*— 8x«+14x«+16x— 40 and x»— 8x"+19x— 14. 

5. Of a«+5a*+6a+l and a*+l. Am. a+1 

6. Of 2a*— 5a«6— 8a*6*+7a5«+86*and4a«— 2a«6— 4ai^-.av*. 

Ant. 2a--86 

7. Of 3x«— 4xV+3xy'— 2y and 4x*— 7a3f-f8/. 

Ant. a?— y 

8. Of 4x»— 2x*+4x«— 27x*+4x— 7 and 2x«+6x'— 19x^4 4f 
—5. Ans. 2x* — 4x'-4-ii^ — ^1* 

9. Of a*o — 4a*cm-|-8acm* and a*€^ — OaVm-f-Ww**. ^ 

jliw. c(a'— m). 

10. Of X*— 4x«— 16x"+7x+24 and 2x»— 15x»+9x4-40, 

Ant. aE^ — 6 x 8 , 

11. Of 15x»+71x*+60x*— 56 and 3x«— 17x«— 20x»+84. 

Ant, 8x*+7. 

12. Of 3a*+14aW— 5»i*, M—Ua*m*+im% and 3d«— 22a«oi 
+7m*. -4iw. Sfl? — m\ 

18. Of 2aV— 2a*6xV+a5*x/— iyanda*6xV— 2a6«xy'+yy' 

udiM. ax — by. 
14. Of 9a*+12a«+10a«+4a+l and ^*+Sa*+14^+9a+8. 

Am. 8a'+2a+L 

I 
LEAST COM^ION MULTIPLB. 

106. A Multiple of any quantity is another quantity eiatsl^ 
divisible by the given quantity. 

It follows from this definition that if one quantity is a multipb 
of another^ the midtiple must be equal to the product of tlie oAmt 
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quantity by some entire factor. Thus^ if J. is a. multiple of B^ Qien 
A=^Bm^ in which m is entire. 

107* A Common Multiple of two or more quantities is one 
wliich is exactly divisible by each of them. 

108. The Least Common Multiple of two or more quantities 
is the least quantity which is exactly divisible by each of them. 

d 

OASB Iw 

109. When the quantities can be factored by inspeo 
lion. 

From the principles of exact division, we may make the follow- 
ing inferences : 

1. — ^A multiple of any quantity must contain all the factors of that 
quantity. 

2. — ^A common multiple of two or more quantities must contain all 
the factors of each of the quantities. 

3. — The least common multiple of two or more quantities must 
eontain all the factors of each of the quantities; and no other fiictors. 

Hence the following 

Rule. L IHnd hy infection aU the different prime factors that 
enter into the given quarUittes^ and affect each with an ea^onent equal 
to the greatest which it has in any of the quantities, 

n. Multiply together the factors thus obtained, and the product 
win be the least common multiple required. 

EXAMPLES FOB PRACTICE. 

» 

1. What is the least common multiple of a'-f-<^^ C'^d — b^d, and 
a*c^2abc+l/c ? 
Factoring, we have 

a* '\-ab z=a(a-\-b) 

a^d—b^d =d(a—b)(a+b) 

a*c — 2abc-\-b*c=c(a — by 
The highest' powers of the different prime factors are a, cf, c^ 
(a — 6)', and (a-\-b) ; and we have 

acd(a — by (a'\-b)z:za^cd — a*bcd — a*b*cd-\-ab*cdf An*. 
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2. Find tihe least oommon inultiplo of 2a^bcj 5aV^ lOab^d, and 
l^ahcd. " Am. 30a*6Vc?. 

3. Find the least oommon multiple of 3^;*^, 15x^, lOxjfs^y and 
5xy«. Ans. SOjj'yV. 

4. Find the least common multiple of x*-|-ary, a^ — ^, and «* — ly*. 

^TW. 05^ — ay*. 

5. Findr the least common multiple of x* — a*, x* — a*, a5"+a*, 
and a;* — 2aV+a\ ^lu. x' — a*x*'^Hi*3i^'\'a*. 

6. Find the least common multiple of x* — x^ x* — ^1, and rc'+l. 

7. Find the least common multiple of a;*+2x'-|-l, a:* — 25c*-4"lf 
a;'+2x-|-l, ic* — ^2x-|-l, a;+l, and aj — ^1. Ant, x* — ^2«*+l. 

8. What is the least common multiple of ^r'+^x, Bx* — 4xy 
and 62;«+4a; ? Am, 36a;*+2x'— 8x. 

9. What is the least common multiple of x* — 4a'^ (x-{-2a)% 
and (x— 2a)« ? 

10. What is the least- oommon multiple of a* — 5*, a* — b*, o* — 6', 
and ar-h J Ans. a*+a»5+a*Z»'— «•&•— a6»— &•. 



CASE n. 

110. When the quantities can not be factored by 
iispection. 

The rule for this case may he deduced as follows : 
L — If two polynomials are prime to each other, their product 
must he their least common multiple. 

2. — If two polynomials have a common divisor, their product 
must contain the second power of this common divisor ; their least 
common multiple will therefore he obtained, by suppressing the first 
power of the common divisor in the product, or in one of the given 
quantities before multiplication. 

3. — ^If we find the 1< ost common multiple of two polynomials, and 
then the least common multiple of this result and a third polyno- 
mial, and so on, the last result will evidently contain all the faetom 
of the given polynomials, and no other factors. It will, therefore^ 
IfO the least common multiple of tlie po\yi&om\s^ ^tt^^^^. 
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Hence the following 

BuLE. I. When only two polynomials are given : — 

Find the greatest common divisor of the given polt/ruyniiaU ; 

suppress this divisor in one of the pol^tiomials, and multiply the 

result by the other polynomial, 

II. When three or more polynomials are given : — 

Find the least common multiple of any two of the polynomials ; 
then find the least common mtdtiple of this result and a third poly* 
nomial ; and so on^ tiU aM the polynomials have been used. The 
last resuU will be the least commxm multiple required, 

NoTB. — ^It will generally bo found preferable to commence with the 
greatest and next greatest of the g^ven quantities. 



EXAMPLES FOB PRACTICE. 

Find the least common multiple 

1. Of x'+o*— 4a;+6 and a"— -5x*+8x— 6. ^ 

Ahs. «*— 2x«— 7x'+18aj— 18. 

2. Of «•— 2a*— 19a;+20 and »•— 12a;+35. 

Ans. X*— 9x"— 5x*+163a>— 140. 

3. Of 6a*m*— am'— 1 and 2a*m*+3am'— 2. 

Ans, 6a"m*4-lla'w'— 3am*— 2. 

4. Of 2x'— 5a;*— rr+1 and x*— 6x*+7x— 2. 

Ans. 2x*— 9a;"+9x*+3a5— 2. 

5. Of 3a:*-f 6x*— 5x— 10 and 6x'— 4x'— 10. 

Ans. 6x»+12x'— 4x"— 8x'— lOaj— 20. 

6. Of a;*+7x+10, a;*- 2x— 8, and x'+x— 20. 

Ans. x*-f8x*— 18x— 40. 

7. Of a*— 3a5+26% a*— a&— 26«, and a«- b\ 

Ans. a*- 2a*6— a 6*+ 26*. 

8. Of 2a*— 7a3f+3/, 2x*— 5iry+2/, and x'—5xy+ey\ 

An4. 2x"— llx*y-f 17xy'-%« 



\ 



« 
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FRACTIONS. 



DEFINITIONS AND NOTATION. 

Ill* We have seen (13) that divisioa may be indicated by 
writing the dividend and divisor on opposite sides of a horizontal 
line. The term Fraction^ in Algebra^ relates to this mode or form 
of indicating division. Hence, 

lis. A Fraction is a quotient expressed by writmg the dividend 

above a horizontal line, and the divisor below. Thus ^ is a firac- 

tion, and is read, a divided by h. 

113« The Denominator of the fraction is the quantity below the 
line, or the divisor. 

W4t. The Nnmerator is the quantity above the line, or the 
dividend. 

llff • Any fraction may be decomposed as follows : 



a IXa /1\ . 



Hence, 

1. — The value of a fraction is equal to the teciprocai of thiO 

denominator multiplied by the numerator. » 

2. — In any fractioil, the reciprocal of the denominator may be 
regarded as a fractional unit; and the numerator shows how many 
times this unit is taken in the fraction. Hence, 

3. — A fraction is a fracticmal unit or a collection o/Jractional 
units, the value of each depending upon the denominator. 

116* An Entire Quantity is an algebraic expression whioh has 
no fractional part ; as a;* — Socy, 

117* A Mixed Quantity is one whioh ha« both entire and 

or 

tional parts; as a* -L _^. 

b 
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GENERAL PRINCIPLES OP FRACTIONa 

118. Since a fraction is a form of expressing division, it is evi- 
dent that all the operations in fractions must be based upon the 
genem relations subsisting between the dividend, divisor, and 
quotient These principles relate, first, to change of value; second, 
to change of sign. 

1st Change of value. 

119* By modifying the language of (84), we may express the 
mutual relations of the numerator and denominator of a fraction, as 
follows : 

I. MvJHplymg the numerator mvUvpliei thefractionf and dividing 
the numerator divides the fraction. 

II. MvMplying the denominator divides the fraction^ a/nd dividing 
* the denominator multiplies the fraction, 

m. MuUiph/ing or dividing both numerator cnvd denominator h^ 
(he same quantity, does not alter the value of the fraction. 

2d. Change of sign. 

ISO. The Apparent Sign of a fraction is the sign written 
before the dividing line, to indicate whether the fraction is to be 
added or subtracted. Thus, in 

a' — 005" 
^'^4a— 2a: 
the apparent sign of the fraction is plus, and indicates that the 
fraction is to be added. 

131* The Eeal Sign of a fraction is the sign of its numerical 
' value, when reduced to a monomial, and shows whether the fraction 
is essentially a positive or a negative quantity. Thus, in the fraction 
just given, let a=2 and x=3. Then 

a«_aa;« _ 4— 18 _— 14^^_^ 
4a— 2x "■ 8—6 "" 2"'^'^^ 
The real sign of this fraction therefore is minus, though Ittf 
. apparent sign is plus. 

1S3* Each term in the numerator and denominator of a fraction 

has its own particidar sign, distinct from the real or apparent sigi^ 

6* 1 



• 
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of the fraction. Now the essential sign of any entire quantil^ is 
changed, bj changing the signs of all its terms. Hence, 

I. Clumcfing aU the signs of either numerator or denominator^ 
changes the real sign of the fraction; (83. I). 

II. Changing all the signs of both numerator and denominator^ 
does not alter the real sign of the fraction; (SS^ II). 

III. Changing the apparent sign of the fraction, changes the real 
sign. ^ 



REDUCTION. 



133* The Eeduction of a fraction is the operaticm of changing 



its form widiout altering its value. 



CASE I. 

134* To reduce a fraction to its lowest terms. 

A fraction is in its lowest terms, when the numerator and denom- 
inator are prime to each other. And since it does not alter the 
value of a fraction to suppress the same factor in both numerator 
and denominator, (119^ III), we have the following 

Rule. I. Resolve the numerator and denominator into their 
prime factors, and cancel all those factors which are common 
Or, 

II. Divide Loth numerator and denominator hy their greaieti 
common divisor^ 

« 

EXAMPLES FOR PRACTICE, 

1. Reduce to its lowest terms. 

a*+a' 

g^— 1 _(a«— lX a'+l) __ a'— 1 
a'+a''' a\a'+l) "" a* ' 

« ^ , 3a" — 2a — I 

2. Reduce -__ — _-_ — -__- to its lowest terms. 

4a — 2a' — oa + 1 



k 
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Tlie greatest common divisor of the numerator and denomlnatori 
as found by (lOff)} is a— 1 ; hence, 

(3a«— 2a— l)-v-(a— l)=:3a+l 

(4a«— 2a"— 3a^-l)-5-((^-l)=4a•+2a— 1 

And we have for the reduced fraction, 

3a+l . 

4?+2^=l' • 

Reduce each of the following fractions to its lowest terms : 

«■— 1 * ^ / 1/ . a?— 1 

4 • m^ Jr Am. . 



5. 



6. 



7. 



2/ 
a* — ah* A a* — ah 



a*+2ab+b* a+b 



8x«— 24aj— 9 8 



2a»— 7x'+14x—12 ' ^^ a:*— 2x+4 

8- 4x'— 4x'— I3a;+15' ' 2x«+a>— 5 

a*c+2a5c+6"c j c 

a«+3a'6-f3aZ»'+6« ^ 'a+6' 

a* — 3a*a;-:|-3aa:* — x* * a* — 2aX'J^x* 

a* — X* a'\-x 

Qa*+7ax — Sa^ m 3a — x 

6a*+llax+3x« . 3a+a; 

x^-x^^x +1 ^^. ^1^ 

X* — as* — x*-\-x X 

(x^yy—a»—y* ^^ 5(a*+ay+y») 

(«+y)'— a:'-y' * 3 

(3..'-l) (2x--l)-.'(5a^-7) An^ J-, 

i*- (3a;'— l)*+(x*— 3*y «•+! 



9. 



10 



11, 



12. 



13. 
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0A8X n. 

13tS. To reduce a fraction to an entire or mixed qiian- 

tity. 

The division indicated by a fraction may be at least partially 
performed, when there is any term in the numerator whose literal 
part is exactly divisible by some term in the denominator. Henoe, 

E.ULE I. Divide the numerator by the denominator as /or as pot- 
sibUy and the quotient vnU he the entire quantity, 

n. Write Oie remainder over the denominaior^ annex thefrcbctifm 
thus formed to the entire party vrith its proper sign^ amd the whole 
result unU be the mixed quantity. 



EXAMPLES FOB FBAOTIOE. 



fteduce the following fractions to entire or mixed quantities : 



1. 
2. 



h 
a*-\-bx 



3 5qy+«^+y 

y 

. 2x'-2y 

^» » 

X — y 

^ 3a;'—12qa>— 9a;+y 
3x 







24x'-18a?— 6 
8x 



^ 3a;*— 7x«+7a;+30 
x* — 4x-f-8 

g 56x'+126a>— 140 
7a'+21 



9 



X — y 



Ans, a+T- 

Ans. a+— • 
a 

Ans, 5a+lH • 

y. 

Ans. 2(x*4-ay+y^. 
Ans, X — 4a — 8+5^- 

'Ans. 3a>— 2— ?~^* 

^x 

3g—10 
jj»— 4a;-|-8* 

2 



Ans. 3x-^5-f- 



Ans, SwC — ^6 



AnM, a;*+a:VH-^y+^*+/+ 



«+8* 

2y* 
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0A8X in. 

136. To reduce a mixed qaanlily to the form of a 
fraction. ^ 

This case is the conrerse of the last, and may be ezplained by it 

Hence the following 

BuLE. MuMply the entire part hy the denominator of the JraC' 
tion ; add the numerdtor if the tign pf the fraction he phuy but 
Bubtract it if the ngn be minus j and write the result aver the denomi^ 
nator. 

EXABfPLES FOB FRAOTICE. 

Bedace the following mixed quantities to fractions : 

?L. Ans. ^+^+^* 



1. l+a+ -T- 



h h 

2. 26-?^=:i Ans. 25^=5f±?. 



8. 5a+ 



e c 

ah+x A Qab+x 



4. 12+ ^ ^ HHi5 



6. 5a5— 



!^zl ^Hf±£ 



8 8 



8o»— SO j,^ 8 



a+8 a+3 

7. x+3f+ 



JL. An.. ^ 



X — y X — y 



8. .r+l-'^zf^l?. Ji«.?±? 



> 



TO FRACTIORS. 

9. o'+aJ+6'-^lt^ An,, - i*! 

a — o ^ ^ 



P 



10. l+2y+2y«+2y + ^^ Asu. ^ 



OASE lY. 

137. To transfer a factor from the denominator to the 
numerator, or the reverse. 

Let us take any fraction^ as , and multiply both numerator 

and denominator by y~*, observing that any factor having aero for 

its exponent is equal to unity, (88. 1), and may therefore be omitted. 

^ We shall have 

ax** ax^y"* ax'^if^ ax'^y^ 



hy^ hy"^ by"" b 

K we multiply both numerator and denominator of the same firao 
tion by a;"*, we shall have 

oaJ* ax**"^ ax* a 



by* by^x"^ by^x"^ by 3^ 
In like manner wo may transfer any factor having a negative ez- 



ax 



ponent For example, let us take the fraction, ,and multiplj 

b 

both nimierator and denominator by x* ; we shall have 

aa;~* ajcr*"^* ax* a 



b bxf • bx' bae^ 

By the same principle also, any fraction may be reduood to ^tht 
form of an entire quantity ; thus, 

of* ac"y^ afy^ 05*^"* ' 

In all operations of this kind, the intermediate steps may b6 
omitted, and the results obtained by the following 



y 
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BuLE. I. To transfer any factor from the denominator to the nu< 
mcrator^ or the reverse : — Chang t the sign of its eTypcyiient, 

n. To reduce any fraction to the form of an entire quantity : — 
Transfer aU thue fajctors of the denominator to the numerator ^ olh 
serving to change the signs of the exponents of the factors transferred. 



EXAMPLES POB PRAOTIOE. 



In each of the following fractions, transfer the unknown factors, 
or factors containing unknown quantities, to the numerator. 



2. 



3. 



4. 



6. 



6. 



cry c 

3a* . 3aV 

Ans. 



axi/z a 

__£_. An,, "('"-y)" 



o(a>— y) a 

2a^xy ^^ 2a'xy- 



6d"ay' 6a* 

4a^z ^^^ 4x^z 



7. 



3ax*^ 3a 

86'(a— a?) ^^ 8y(a— a;)' 

5cm(a — x)"^ 5cm 

8c'(l^r (oH-y) ^^, 8c'(l-xr(a)-yH 

' 4m(x — y)*(l — x) * 4m 

In each of the following fractions, transfer the known facton to 
die denominator^ and the unknown factors to the numerator. 

(g— 5)(x~a)« ^^ {x—a y 

(x— <i)-»(a— 6)* ' («— i/ 

5a*^a.y ^^, ^/ . 

^^* c6-*a;V-* 5-*a-*6-*c 



9. 



10. 
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In tlie following fraotions, transfer the &oton having n^;aliT« 
exponents. 

12. ^^""^ Am. ^^\ 

18. 5x(^-^) BoiV-l)' 

3aar-'(ij!»-l)-' ^ 8^ 

14. ^'^-"'^ A^ ^'** 



12a-«6-'er» 126»<? 



Redaoe each of ihe foUowing firaotions to tlie fbnn .of an entira 
quantity. 

16. ^ Am. Mhtr*^. 

art 

16. ^ Am. 7«rV--ay». 

17. ^. Jm. 4-'a»6arV' 

18. ^ . Am$. 4db\,y~xy* 



(«-«)• 



GAIIT. 



138. To reduce one or more fractions to a common 
denominator. 

We have seen (ISMl) that a fraction may be reduced to lower 
terms by division. Conversely, a fraction must be reduced to higher 
terms by multiplication, and each of the higher denominators it may 
have, must be some multiple of its lowest denomij^ator. Hence, 

1. — ^A common denominator to which two or more fraotions may 
be reduced, must be a common multiple of their lowest denomina- 
tors; and 

2. — ^The least common denominator of two or more ^fraotionsi 
must be tie least common multiple of their denominators. 

1. Reduce — and — , to their least common denominator. 
a*6 ah* 
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We find by inspection that the least common multiple of the 
^ven denominators is a'2>'. And 

If, therefore, we multiply both numerator and denominator of the 
first fraction by 2»', and of the second by a, we shall reduce the two 
fractions to their least common denominator, a'2>'. Thus, 

cY}>^^=zh\ new numerator of first fraction ; 
dy(^(b=ady new numerator of second fraction. 

Hence — , — = — ,, — , Ans. 

From these principles and illustrations we deduce the following 
Rule. L Find the least cammon multiple qfaUthe denominators^ 
for the least common denominator, 

n. Divide this common denominator hi/ each of the given denom- 
mators, and mvHtipty each numerator hy the corresponding quotient. 
The products toill he the new numerators, 

KoTB.— Mixed numbers should first be reduced to firactions, and all 
fractions to their lowest terms. 



EXAMPLES FOR PRACTICE. 

In each of the following examples, reduce the fractions and 

mixed quantities to their least common denominator : 

2a , 86 . ^ac Shx 

1. — •nd — . Ans. 5~, 



X 



2c 2cx 2cx 



2a , Sa+2h ^ ^ac Zah+2h* 

2-T "^^ -2^- '^'^'2hc' -2Z;r- 

^ ^ did: A 1^ — ^^^^ 

Sx 27' 6005' Qex Qcx 

4. « l±i, and * 



b c x + a 

acx 4" a*c (bx + 6) (as + a) hey 

' hex -|- abc hex -|- abc hex -|- abe 

6.a'+« -Id -±- An., ^y^, •^—. 

y ay—1 ay^—y vy* — y 

7 
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Am 



• a* — 6«' o' — 6*' a«— y 



a 5 . c 



^- J=T ^=l'»"^^-i 



. a(«' + a* + a; + 1) 6(«* + l) « 

^'"- — ^in — ' ik:t' 1?-V 



a^ + x + 1 _^ x'-x + l 
o. -i 53-T-Sr— c •nl 3 



«» _ 6x» + 6a>— 5 a;' — 4a!*— 4a! — 6 

^^ («•+«=+!)• (a!'-^+l)« 



ac* — 5x*4-a* — Sas'-J-^*^ — ^' «• — 6a5*4-^ — 5x"4-a5 — 5 



ADDITION. 

139. We hare seen (US) tbat a fraction is equal to the re- 
ciprocal of its denominator multiplied by the numerator. Hence, 
if two or more fractions have a common denominator, they will have 
a common fractional unit^ which may be made the unit of addition. 
Thus, 

c c c c e c 

Or thus, 

- + - = ac-*+ 6c-'=(a+6)«r'= -^ 
c c c 

The intermediate steps may be omitted ; hence the following 

HuLE. I. Reduce the fractiom to their hast common denom/h 

nator, 

H. Add the numeratorsy and write the remit over the common 
denominator, 

NoTBS. 1. If there are mixed quantities, we may add the entire and 
fractional parts separately. 

2. Any fractional result should be reduced to its lowest terms. 
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JBXAMPUBS rOR FRAOTIOB. 



,.__8x2aj .X . 63a?+30x+35a; 128a: 

1 Add -g-, y,andg.. Am. ^^ = -jgg- 

2. Add -T and— i-. Am. ^— ! 

he be 

a+j a— 5 ^ 2a*+2jZt 

4. Add r and — j-r- -4n«. — = — rr- 

o — 6 a+6 a — 6" 

5. Add 2a+- -^and 4aH — 5— .4iu.6aH sa 

■ 5 4 20 

a? — ^2 2a3 — 3 . _ 5a:' — 4a3 — 9 

6. Add 5a5-(- -5 — ai^d 4a5-(— r — • Ans, 9ae-(— ^ — =-3 

7. Add —i?L, — f-jand'— ^. Am. * ""^ 

a-(-c a — c 'a-|-c 



8. Add ^^^=^, !fjtV.«.d^^^=^. .!«.. ?±^ 

9. Add 7,-4±5 ,, __5 + ^_,.«d " + « 



(6 — c) (c — a) (c — a) (a — i)' (a— 6) (6— c) 

^ns. 

10. Add ^!ll?: , ^^!_,and— i±^^ 

(a— 6)(a— ly (6+1) (6— a)' (1— a) (1+6) 

Ans^ 0. 

--.,, 6c ac , a6 

11. Add 4 .and -— 3-• 

(a— 6) (a— c)' (6— c) r6— a)' (c^d)ic-^) 

Am. 1 

12. Add — r — s — :-?;> -^ — 3 — r-7r>*^d— j 



x»_8x + 2 as*— 4b + 3' »*— 6a! + 6 

. Sjc*— 1 2X +14 

^"*" x'-6a:»+lla;-6 

^^ ^^^ ^H^' x' + 8x + 2' ""'^ x'+6x' + llx + 6" 

Ar.. »^(^ + ^> 



oc* + 5x + 6 
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BUBTRACnON. 

130. If two fractions have a common denominator, they wiU 
have the same fractional unit ; and the one may be subtracted from 
the other, by taking the difference of the numerators. Thus, 
a b \ 1,1^, X €t — h 



e e e e c e 

Or thus, 

e e ^ e 

Hence the following 

BuLE. I. Reduce ike fractUmi l# their UojU common demmdiuUor 

II. Subtract the numerator of ih$ iubtrahend Jrom the numerator 

of the minuend^ and write the rendi over the common denominaior. • 



EXAMPLES rom PRACnOB. 

1^ From — subtract — . Ans. — -.. 

_ ^x ., , 2aj— 1 - 17a: + 2 

2. From -5- subtract — - — . Am. ^ — . 

* 2 o o 

8, From subtract — ; — Ans. ^ 



a:— y «+y a;"— jf* 

4. From 3a -A =-= — take 2a + — - — . 

'15 7 

r-n a4-b ^ ^ a — b . 4a6 

5. From — i— r take •, • Am, 



a + b a* — b* 

6. From x + ^""^ take ^L±JL. An$. x r-i^^ 

^ +^y 05* — ay «■— y" 

7. From 3x + — take x H— . ^ 

b. c 

8. From .f + T^^.take- ^' + ^-^ . 

2x' — lla; + 12 2x' + 6a; — 12 

. 4x+ 8 
Ans, I 



MULTIPLICATION. 77 

9 From ^-^^ take '' + ^^ . 

• a* + 4a« + Si* I 

. „ - 4a— 3& fa — & i 

7a&(a — 6) — 2(a' — 6') 8ai(a f i) — 2(a'+ J")' \ 



a« — 6« 



MULTIPLICATION. 



131. Any firaction may be multiplied by an eatiK quantity in 
4wo ways : 

1st. By multiplying its numerator; or 

2d. By dividing its denominator; (119^ I and II). 

133. A gendhd rule for the multiplication of frvstions is Air- 
nisbcd by tbe following example : 

I. Multiply — by — - 

OPEBATION. 

ha bd 

By observing tbe result, we find that the new numerator is the 
product of the i^ven numerators, and the new denominator is the 
product of the given denominators. Hence the following 

BuLE. I. Reduce entire and mixed guantUiei to fractional fcyriM. 

II. Multiply the numerators together for a new numerator, and 
the denominators /or a new denominator, cancdxng aU Jactors com' 
man to the numerator and denrnninaJtor of the indicated produU. 

EXAMPLES VOR PRACTIOB. 

1. Multiply --by — Am. - 

7* 
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8. Multip.y -^ by ^. ^ -^2. 

4. Multiply gl^by ^" . ^ ^^Zil^. 

6. Multiply ._y^ by -^^ — Ant. 6y. 



6. Multiply ?^' by -^ ^«. 2W£). 

7. Blultiply ***" by g^^^^^ga* ' ^'*'" ^(«+*)- 

8. Multiply«+* by - ^ -- -•^•+«^»-«'^'-«y 



6 6« 

n ,, ,^. , 8** — 6x - 7a . 8ax — 6a 

9. Multiply _^^ by 5^^:^^ 4«. ^5;^^:jp 

10. Multiply together ^ , — —-, and . wiiif. a. 

11. M^pl, i^^b, ^ » 



a— 26 -^ 8a»+82a6+825« 



2a+45 



12. Multiply together — ^^» — --- and 8a^ 

2a a-f-o 



2(a+6) 



13. Multiply together — --^, ; — r-, and o-f 

a -|-6 ax-Yx 



a — X 



AnM.^^^!=^ 



14. Multiply together -^ — r^> , |" -, and 



a* — 6* a'-f-a;* a — 05 

15. Multiply together — - — | ' , and -• 

DC 6-f-c X — o 
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16. Multiply together <t"'^ „ <l+'] ,, and ^^ 

Ans, — • 
ax 

17. Multiply C«+^-c)(«-6+c) . c+b-a 

a-^b — c (^— 6— a)(6— c — a) 

Ans, — 1. 



DIVISION. 

133. Any fraction may be dmded by an entire quantity in two 
ways : 

1st. By dividing its numerator ; or 
2d. By multiplying its denominator; (119, I and II). 
We may, however, derive a general rule for the division of frao-^ 
tions, from the following example : 

1. Divide — by — . 
o a 

OPERATION. 

a c , , , , aJ""* ad 

— 5 — = alr^-r- ca~^z= =r— 

b d cdr^ he 

By inspecting this result, welQnd that the new numerator may be 
obtained, by multiplying the numerator of the dividend by the de- 
nominator of the divisor ; and the new denominator may be obtained, 
by muhiplying the denominator of the dividend by the numerator 
of the divisor. Hence the 

BuLE. I. Meduce entire and mixed quantities to/ractional/arms. 

n. Invert the terms of the divisor, and proceed a>s in mtdtiplica^ 
turn. 

EXAMPLES FOR PRAOTIOE. 

1. Divide — by — Ans. — Xr = —t' 

a e a ao 

2. Dinde ' ^ by -L.. An,, i^'- 

c a+b c" 
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8. Ditride — - bj -5—5. ^nt. \J A 

a — X a —2/ ^c 

4. Dmde -^-; — by -j-To r— •* ■^'>*' , 

x-\-a ' X -f-iax-\-a o* 

«*— i* aj+ft 

6. Divide ^._3^^_^_y by ^^-g- An*. a^+b\ 

6. Divide ?^ by -^. ^ ^* 



a* — X* ^ a — X a*-f-«a5-f-a:* 

7. Divide —5— by .^g-. ^,«. ^jj— ^- 

8. Divide — r- — by ^ Jbii. . 

00 » 



6x — 1 X — 1 ISjt — 21 

9. Divide — p=- by -^— Am. — = — =— . 

in TW^M. ^+^' K^ 2ax-^2ax* 7 

10. Divide --g-j- by ^ ^«.. g-. 






12. Divide ??^ by f ^^ 3?^ 



13. Divide —^ by -^^p^ Ans. rr 



14. Divide a by -^ X -^- ^iw. ^^. 

1« m^J. 10aH-8a'+8f 8o+S > , IW4V 

^Ili. 1. 
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REDUCTION OF COMPLEX FORMS. 

lS4Lm A fraction is said to be simple^ when both numerator and 
denominator are entire ; otherwise it is said to be complex. 

13S. To reduce a complex to a simple fraction, we may regard 
the quantity above the line as a dividend, and the quantity below it 
■s a divisor, and proceed according to the last rule. 

A more convenient method may be derived from the following 
observations : 

1. — ^If a fraction be multiplied by its own denominator, the 
product will be the numerator. 

2. — ^If a fraction be multiplied by any multiple of its denomina- 
tor, the product must be entire. 

Hence to simplify a complex fraction, we have the following 

Rule. Multiply both numerator and denominator by the least 
common multiple of the denominaiort of the fractional parts. 



XXAMPLES FOR PBAOTIOE. 



1 — 1 



1. Simplify 2=1 



1- « 



a'\'X 

Multiplying both numerator and denominator by (a — x) (ar^x)j 
or by its equal a* — as', we have 

a 



1 — 



a — X a^-^OiX — a* +05* cP5-|-x* a+a? , 

a a*— x* — a*A-€tx ax — a^ a — x 



a-^-x 

2. Simplify -. — i. ^„^, - "^ , * 

, c abc i-c 

a -I- *- 
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a* 



8. Simplify -5 -,. itiM. ^ 7^ . 









m n 



ft a 

6. Simplify ^ "'^ f. ^« «'+»'+'^ 

c "^ i "*" a 
a-)-& , a — & 

7. Siinplily -— - — — -^- Am. — r-j-^- 

c — ^ c-|-<l 

8. Simplify -'Vf -'+;'■ ^«. ..fL, 

a — b a+6 



_J_ J L. y (*^— 1) 

y-i "^y+l 

10 Sunpbfy cd a6 ^««- ^ a fee/ ' 
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SECTION II. 

SIMPLE EQUATIONS. 

136« An Equation is an expression of equality between two 
quantities. ThuS; 

is an equation^ signifying tliat the sum of x and t/ is equal to a. 

137. The First Member of an equation is the quantity on the 
left of the sign of equality ; and 

The Second Member is the quantity on the right of the sign of 
equality. Thus, in the equation, 

ar— 3y=a— 5, 

the first member is x — 3y, and the second member is a — h. The 
two members are sometimes called the two sides of the equation. 

138. It is important £o observe that the kind of equality sub- 
sisting in an equation is algebraic ; that is^ the two members must 
have the same essential sign^ as well as the same arithmetical value. 

139. The Unknown Quantity of an equation is the letter to 
which some particular value or values must be given, in order that 
the statement contained in the equation may be true. And such 
value or values are said to satisfy the equation. An equation may 
contain two or more unknown quantities. 

14:0* A Boot of an equation is any value which, being substi- 
tuted for the unknown quantity, will satisfy the equation. For ex« 
ample, in 

a*+2a;=35 
let us substitute 5 for x ; we shall then have 

5*+ 2X6=35 

26 +10=35 

86=85 
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Hence, 5 is a root of the eqoation, because if substituted for Xy h 
wiU render the two members equ^. Again, let a:= — ^7* We ha^e 

(-7r+(-7x2)=85 

49—14=35 . 
• 85=35 

Ilcnce, — 7 is also a root of the given equation. 

141. A Numerical Equation is one in nrhich all the known 

quantities are expressed by figures as, 3x* — x*-\-2xs=Vl, 

143. A Literal Equation is one in which some or all of the 
known quantities are expressed by letters ; as ox' — Zhx==bd. 

143. An Equation of Condition is one which must exist be- 
tween certain known or arbitrary quantities, in drder that certain 
other equations may be true. Thus, the two equations, 

x-^-c^z a 

can not both be true at the same time, unless 

c=2a 

That is, the last equation expresses the condition which will render 
the other two equations true ; it is therefore called an equation of 
condition. 

144. An Identical Equation is one in which the two membeia 
are the same algebraic expression; or are .reducible to the same. 
Thus, 

X* — a*=(aj-{-a) (x — a) 
are identical equations. 

14tS* Equations are said to bo of different degrees or dimen- 
sions. 

The Degree of an equation is denoted by the greatest number of 
unknown factors occurring in any term. Hencc^ ' 

1. — If an equation involves but one unknown quantity, its degree 
is denoted by the highest exponent of this quantity in any term. 

2. — If an equation involves more than one unknown quantity, its 
degree is denoted by the greatest sum which the ^exponents of the 
unknown quantities give in any tcnu. 
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Thiu, for example ; 

X'-\'ax = h 

are equations of the first degree; 



::i 



a^+4x = 8 ) 

> are equations of tlie second degree; 
x*+xy = a*h y 

ax*^hx*+cx = 2a*h ^ 

> are equations of the third degree. 
x'+Sxy+y' = qh\ ) 

146. A Simple Equation is an equation of the first degree. 

147. A Quadratic Equation is an equation of the second 
degree. 

148* A Cubic Equation is an equation of the third degree. 



rSFORMATION OF EQUATIONS.^^ .-,_._^^ 

149. The Transformation of an equation is the process of 
changing its form without destroying the equality of its members 

From the nature of an equation, it is evident that all the opera- 
tions* to which it can be subjected without destroying the equality, 
are embraced in the axioms (39) ; they may be stated as follows : 

L — ^The same or equal quantities may be added to both members ; 
(Ax. 1). 

2. — The same or equal quantities may be subtracted from both 
members ; (Ax. 2). 

3. — ^Both members may be multiplied by the same or equal 
quantities; (Ax. 8). 

4. — ^Both members may be divided by tiie same or equal quanti- 
ties ; (Ax. 4). 

5. — Both members may be raised; by involution, to the same pow<« 
^r ; (Ax. 8). 

6. — ^Both members may be reduced, l^ evolution, to the same 
toot ; (Ax. 9). 
8 



i 

.1 



Y 



k 
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CASE I. 

150. To transpose the terms of an equation. 

Transposition is the process of changing a term from one meiuLer 
of an equation to the other, without destroying the equality. 

To exhibit the law of transposition, let us consider the three 
following examples : 

L — Let x-\-a = h. 

If we subtract a from both members of this equation^ the result 
will be 

X ^ h — a; 
and we perceiTe that the term, -f-^) ^^^ l>^6^ removed from the first 
member, and appears as — a in the second member. 

2. — Let X — a ^ h. 

If we add a to both members of thb equation, the result will be 

x = b-\-a; 

and we perceive that the term^ —a, has been removed from the first 
member, and appears as -^ a in the second. 

3. — ^Let a — x = h. 

Subtracting a from both members of the equation, we have 

— X =r — a-\-b. 

If we now multiply both members of this result by — 1, we shall 
have 

X = a — h'f 
and by comparing this last result with the given equation, we 
observe that -f-^ iias been removed from the first to the second 
member, but the signs of both the other terms of the equation have 
been changed. 

Hence^ for changing the sign or place of any term of an equation 
we have the following 

KuLE. I. Any term may he transposed from OTie member of an 
equation to the other hy changing its sign; (1, 2). 

II. Any term mxiy he transposed without changing its sign^ prO' 
vided the signs of aU the other terms he changed; (3). 

III. The sign 9/ any term may he changed vrUhout tran^otition^ 
by changing the signs of aH the terms simultaneously ; (3). 
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EXAMPLES FOR PRACTICE. 

In the following equations, transpose the unknown teims to the 
first jnember, and the known terms to the second^ by (I). 

1. a*x-\-hc = ah — 2ax. Am, a*x-{-2aa; = a5 — he. 

2. 35* — 2a— 6-=3c — bdx — dx. 

Arts. 6aa5+«2a>— 2a5=,3c— B5*-{-5. 
8. 4c'a5 — a'\-Sh = x — db — 2cx. 

Ans. Ac^x — ^35+2005 = a — 85 — ah. 
4. bah* — x-\'4cd = ax — cx-^-a*, 

Ans. ex — ax — x = a* — bah* — 4ccf. 

In the following, transpose the unknown terms to the first mem> 
ber, and the known to the second, by (II). 

6. ax-\-hc = a*+c*x, Ans. c*x — ax = hc — a*. 

6. 4c<r — a^x — 3cm := ax — m*, 

Ans, a^x+ax =1 ic€ir — 8cm+m\ 

7. aa: — 7+5c<f = hc-^-a^cx — 4m*. 

Ans. a^cx — okc = bed — 7 — 5c+4m*. 

8. a* — c*x — Sdx = c*d^x — bh*. 

Ans. c*J}x-\'(^X'\-^dx = d^-\-bh*. 



OASB n. 

151. To clear an equation of fractions. 

We have seen (135, 2), that if a fraction be multiplied by any 
multiple of its denominator, the product will be entire ; consequent- 
ly, if several fractions be multiplied by a common multiple of theii 
denominators, all the products will be entire. 

Let us take the equation, 

3a; 2x 

Multiplying every term by 30^ which is the lecut common muUypU 
of the denominators, we have 

9x— 405 = 360, 
in which all dfe terms are entire. 



i' 
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Again, let 



X cc— c JC-j-C 



a« ab* " a*6 
Mnltipljing every term by a*6*, observing that the prodmrt 
obtained from the second fraction is to be iubtraded^ we haif e ^ 

6*x — ox-f-oc = bx+he. 
Hence the following 

BuLE. Multiply aU the terms of the eguation hy the lecut eomm/on 
multiple of the denominatorSf ohserving that when ajraction has the 
minus sign he/ore it, the signs of the terms derived Jrom its numerct' 
tor must he changed. 

Notes. 1. The pupil should observe that in multtplyiug any fraction^ 
it will be most convenient to divide the multiplier by the denominator 
and multiply the numerator by the quotient 

2. It will be obvious, also, that the equation will be cleared of ftacttOTtfi 
by multiplying by the several denominators, successively. 

EXAMPXa^L 'OB PRAOTIOB. 

Clear the following equations of fractions : 

1. 1. + -T _ ^ = 10. Ans. 6x+8a>— 0« = 120. 

2 o 4 

3x _ 2x+3 x-5^ ^^^ 18:^-6x-9 = 2x--10. 
7 14 21 

3. — — I = — ; p -Ans. ax-|-a*4-ca>— otc =s d. 



X — a * X-}"* * 

2x — 3a x-\-ac 



4. H-T — 



c ac* a* 



6. 



Ans, a*cx — a*c — 2ax-|-3a* =r c^x-J-oc^ 

ax — hx ex — ax hx — ex 
8c 10a 4ae 

Ans. 5a*x — bahx — ^c^x-^-Aacx = 105x — lOoce; 



12~l6"'""24 20"==^' 



Ans. lOOx— 45x+30— lOx— 60x+24 = 480. 

7. 4 = ^ +— + 4- Ans.x=. <+6-+cP. 

iwc OCX €u:x oox 
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REDUCTION OF SIMPLE EQUATIONa 

tSfim The Bednction of an Equation is the process of finding 
the vaJue or values of the unknown quantity, or the roots of the 
equation. 

tS9. A root of an equation is said to be verified, \f the two 
members of the equation prove to be equal after the root has been 
substituted for the unknown quantity. 

lS4Lm A simple equation may be reduced, by transforming it in 
such a manner that the unknown quantity shall stand alone, and con- 
stitute one member of the equation ; the other member will then ex- 
press the value of the unknown quantity, or the root of the equation. 

Let it be required to find the value of x in the equation 

6x — 2 X — 7 - , bx „. 

Clearing of fractions, we have 

20a5— 8— 3a;+21 = 48+10a^ W 

By transposition, we obtain 

20a— 3a5— lOx = 48+8 — 21. (8) 

Uniting similar terms, 

7x = 35. W 

And dividing both members by 7, we have 

a = 5. (5) 

To verify this value of x, substitute it for x in equation (1); we 
shall have 

25—2 5—7 ■ . 25 

-3 r=^+6- 

Reduoing each term to its simplest form, we obtain 

7*+} = 4+4t; 
wheno0y by addition, "we have 

81 = 81, 

and the value of a; is therefore verified. 

tSS* It should here be observed that an equation of the first 

degree, containing but one unknown quantity, can not have more 

than one root For, whatever the equation may be, suppose it to l^e 
8* 
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cleared of fractions^ and the unknown terms transposed to the first 
member, and the known terms to the second. Then if we represent 
the algebraic sum of the coefficients of x by a, and the second 
member by 5, the equation will take this general form : 

ax = h. , (1) 

Now, if possible, suppose that this equation has two roots, r and 
r'. Then since every root must satisfy the equation; (1410); we 
shall have, by substituting r and r' successively in (1), 

ar = h, C^ 

ar'z=: h. (3) 

whence; by Az« 7; we shall have 

or z=z ar'\ (4) 

or; by transposing and factoring, 

a(r— rO = 0. (5) • 

But equation (5) is impossible, since, by supposition, r — r' m not 
zero, and a is not zero. Hence, 

An elation of thefint degree can not have more than one root. 

ISO* From these principles and illustrations we derive the fd 
lowing 

Kui^E. I. If necessary J clear the equation of fra^tionM^ and pet' 
form all the operations indicated. 

n. Transpose the unknown terms to the first memher and the 
known terms to the second, and reduce eax^h memher to its simplest 
form, fajctoring^ when necessary, with reference to the unknown 
quantity, 

III. Divide both members hy the coefficient of the unknown quan^ 
tity, and the second memher wiU he the value required, or the root 
of the equation. 

The thre« prkieipal stepe in the reduction of a siaiple equation, 
containing but one unknown quantity, may be briefly stated 
follows : 

1st Clearing of fractions. 

2d. Transposing and uniting terms. 

8d. Dividing by the coefficient of as. 
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PRAOnOAL SUGGESTIONS « 

There are certain cases in whicli the preceding rule may be mod- 
ified^ with advantage, by special artifices. 

1. — When the equation contains similar terms, or fractions having 
a con^mon denominator, these should be united as far as possible 
before clearing of fractions. Thus, 

wven, 56 -j [- _— = 100 -^ ; 

transposing and uniting terms, 2x -| = 44 ; 

clearing of fractions, 14x -|- a^ — 7 = 308 ; 

Ibx = 315 J 
x= 21. 
2 — ^When the equation contains fractions whose numerators or 
denominators are polynomial, we may clear the equation of its sim- 
pler denominators first, uniting the entire quantities at each step, if 
possible. Thus, 



G' e 6a;+7 7a>— 13 2a;-f-4 



f 



2"i ^ Oft 

multiplying by 9, 6x-f 7 + ^ ^ ==i 6a?-f 12 ; 

, ... 21a;--39 ^ 
transposing and unitmg, _. -— == 5 • 

2a:-4-l 
clearing of fractions, 21aj — 39 = lOsc+S ; 

11«=:44; 
whence, by division, ' aj = 4. 

3. — ^When the equation contains but a single numerical term^ we 
may simply indicate the multiplication of this term, in the clearing 
of frftcticm, n&til Uie final step in the reduction is reached. Thus, 

Given l+J+5- + ^=88; 

multiplying by 84, 21x + 12a;+ 7* + 4a; = 88 X 84 ; 

44a; == 88 X 84 ; 

dividing by 44, a= 2X84; 

X =3 168. 
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• EXAMPLES FOR FRACTIOE. 

Find the yalne of x in eacli of the following equations* 

1. 7a5 — 16 = 3x--4. Am. aj=:8. 

2. 8x-f 9 = 5x-f 1. An$. a; = 4. 

3. 4a; + 7 = a: + 21 — S+a. An$. » = 5J. 

4. 5aj-f 16 = a: + 52. Aru. x = 9. 

6. 5005 — c = 5 — Sax. Am. x = —LZ, 

8a 

6. ax+h = 9x + e. Am. ag= ^ . 



a 



X , X 



7. J+J = 10. ^i«.« = 24 

8. y^l+24. Ani.x = lQi 

T. 3M;_5 15^-^1 ^«,.« = 7. 
2 8 

10. —J — J =— - ^««. 05 = 20. 

11. 2X-M 7.-^15 m + 8 _3 ^^ ^.^5 

2^5 8 2 

12. ?. . ^ . ^ = ^ + ?f«18. ^nt. « = 84. 
2 ^ 3 ^ 12 7 ^ 4 



1^. 



ITx— 12 5a; — 16 10«— 3 6a; — 7 



3 4 6 ■" 2 

Am. assslO. 

^, 3a; — 11 5a; — 6 , 97— 7a; . a 

14. 21 + — ^g- = — g— + — 2-. .i«.« = 9. 

15. 7x + 16 _ 05+8 ^1 ^^ ^^8^ 

21 4x— 11 8 

9a;+20 4a;— 12 .a; j o 
^^' 36 5a;— 4 ^4 

^ 20a; . 36 , 5a;+20 4a; , 86 . - 

^^' 25 ^ 25 ^ 9a;— 16 5 ^ 26 ^««. w-.^ 
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; 8a: «— 1 ^ 20aj+18 , . 

18. -J 2"^ X~^ -in«. aj = 6. 

19. ^ + * =20_f+^. An,. x = 9. 



20 



7. iliu. a; = 5. 



'21. 2^^+15 = H^. ^«.. = 12. 

22. —f^ —29 = 5 80. Am. a = 2. 

a5-J-2 X — ^2 

-i, «+l . *+2 35—3 . ar— 4 

- 25. -i-+-I-=-^+-^ + 3. jin«.x = l. 

-26. |+J+j+|-=77. .lii..a: = 60. 

- 27. I + 1 + f = 180. Am. x=120. 

28. 1+ J +^ = 90. Jm.x = 120., 

"^ 29. 1 + 1 + f = 82. Am.x = %4.. 

^80. i+J+i|+*+*=660 ^«*.= 1260. 

81. A*«+2ao — c'os = a^-^-i? Am. x = — --. 

' ' a-\-c 

a 

82. Ahx — 2a = Sah — 65*». ^n«. re = ^y 

88. 0(05 — h)-\'h(x — c)-^cCx — o) = 0. Am, x = — rXT — ' 
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••• ■ • 

84. o'(*-l)+o«»(»— 2) = «•. ^M.a;»-t^ 



6— -OX I o 

85. ax-\'ex-\-x = h-^ • Am. a s= 



a-\-e 



+ ^ c — X a he 

86. —--1-—- = -. Ani.x::s 



*^'' — ^+6— l"~a+l'"6+l""^* 

(a»^lXy-lX 

OQ - - I ^ 1,2 c+1 

83. r -| r-r =r = -f- 7 rry AfU. X =: zr* 

C — 1 ' C-|-l C— 1 * (c — 1)" - e — 1 



XXX 

39. - -h r + ■" = <'^+^+^- -4/M. x=abc, 

^^ a? — 5 — c 05 — a — c . 85 — a — h 

40. 1 T ssB. 

a * o * e 

Am. a5=:a-|-i^+^ 

41. 1.25x— 6.1254- .25a; = .625x. ^nt. x = 7. 

42. 8.164x— 4.266 = .2ix+.0Sx. Am. x x= 1.5. 

^„ 2.4aj— .12 4.6x— 3.6 .64x— .048 

48. 2.8 +— i~ = J ^. «^ = .8. 



PROBLEMS 

PRODUCINQ EQUATIONS WHICH CONTAIN ONE UNKNOWN QUANTITT. 

IS7. A Problem, in Algebra, is a qnestion requiring the Ttluefl 
of one or more miknown quantities from given conditions. 

tS8. The Solution of a problem is the process of finding the 

values of the unknown quantities. 

ISO* Every problem in Algebra contains a statement of the rela- 
tions between certain known and certain unknown quantities. When 
these relations are such as to furnbh one or more equalities, the 
process of solution consists in expressing these equalities algebraio- 
allj, and in reducing the equations thus obtained. 
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160. There are two classes of problems whioh may be solyed by 
the use of a single equation. 

Ist. Questions referring to a single unknown quantity. 

2d. Questions referring to two or more unknown quantities, so 
related that when one is known, the others, may be determined 
directly by the ^ven conditions. 

The following are examples of the first class : 

1. What number is that the sum of whose third and fourth parte 
b217 

Let X represent the number; then by the conditions 

8+4=21' 
clearing of fraeiaoni, 4!a5-f3x= 21X12, 

7x = 21X12, 

whence a; = 36, Ans. 

2. A and B have each the same annual income. A's yearly ex- 
penses are |800 and B's 91000, and A saves as much in 5 years as 
B sayes in 7 years ; how much is the annual income 1 

Let X = the income; , 

then X — 800 = A's annual sayings ; 

and »— 1000 = B's " « 

Now by the conditions of the problem, we haye 

6(a^800) = 7(x-.1000) ; 
whence - 6a5--4000 = 7a;— 7000, 

2x=3000, 
X = 1500, Ans. 
The following are examples of the second class : 

3. Three men form a copartnership with a joint capital of $7200. 
A put in a certain sum, B put in three times as much as A, and C put 
in as much as both A and B ; how much did each man Aimish ? 



Let 


X — A'g share ; 


then 


3a; = B's « 


and * 


4x = C's " 


By the conditions, 


8a; = J7200 


whence, 


X = 1900, A's share, 


• 


3a; = $2700, B's share. 




4a; = $3600, C's share. 
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4. Th3re.aro two numbers Trhoee difference is 6 ; and if } of the 
less be added to ^ of the greater, the sum will be equal to | of tlie 
greater diminished by ^ of the less. Required the two numben 

Let X =z the less ; then 0:4-6 = the greater. 

By the conditions of the problem, 

X x-|-6 05-1-6 X 

clearing of fractions, 5o?4-8o;-f 18 = 5x+80 — 80;; 
whence, 6x = 12 ; 

a; = 2, the less, 
o;4-6 = 8, the greater. 

• These examples illustrate the three essential steps in the aolution 
of any problem requiring but one equation ; and we jnaj deriye 
from them the following 

GENERAL RULE. 

I. RepreietU one of the unknown guantitieM hjf 9om€ letter or 
iymbol, and then from the given rekUionM find an atgebrofic mxprtM' 
sum for each of the' other unknown guantUieSf if aniy^ invoived in 
Hie question, 

II. Form an equation from some condition^ ea^esiedor impUedf 
hy indicojting the operations necessary to verify the vahte of the 
unknown quantity represented by the symboL 

III. Reduce the equation thus derived. 

The three steps in this process may be named as foUowi : 
1st. The notation. 
2d. The equation. 
8d. The reduction. 



REMARKS. 

1* — ^By the firsts two steps, the conditions of the problem an 
translated from common into algebraic language. This is called the 
statement of the question. 

2 — The chief difficulty in the solution of a problem is generallj 
axpenenced Id obtaining tlie statemoiil, TVi\& ^t^&«& vq. ^art firOD 
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iho fact that among the problems which may be proposed, there exists 
an indefinite variety of conditions ; and the operator is left very 
much to his ingenuity, both in adopting suitable notation for any 
problem, and in deriving the equation. 

3. — Algebraic problems present two kinds of conditions, — Explic- 
it and Implicit. An explicit condition is one which is distinctly 
and formally expressed in the language of the problem. An 
implicit condition is one which is not directly expressed, but only 
implied, or left to be inferred from other conditions. 

4. — In any problem there are always as many conditions as there 
are quantities to be determined. And if we represent one of the 
unknown quantities by an arbitrary symbol, and then proceed to 
derive expressions for the other unknown quantities, if any, each 
from a separate condition, there will always remain a final condition, 
either explicit or implicit, from which to derive the equation. 

PROBLEMS FOR SOLUTION. 

1. What number is that from which if 6 be subtracted, and 
the remainder multiplied by 11^ the product will be 121 7 

Ans, 17. 

2. A man holds a lease for 20 years, and ^ of the time past is 
equal to ^ of the time to come ; how much of the time has passed ? 

Ans, 12 years. 

3. What nimiber is that which being increased by ^, j and ^ of 
Itself is equal to 250 ? Ans. 120. 

— 4. Divide 77 into two such parts that if one part be divided by 
7 and the other by 3, the sum of the quotients shall be 15. 

Ans. 56 and 21. 

5. The sum of two numbers is 75, and their difference is equal 
to j of the greater ; what are the numbers ? Ans. 45 and 30. 

6. After paying away ^ and ^ of my money, I had J66 left ; how 
much had I at first ? ' Am. $120. 

7. After paying away i of my money, and i of what remained, 

and losing ^ of what was then left, I still had $24 ; how much had 

fat first? Ans. 

9 
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8. What uuinber is that from wluch if 5 be snblractedi } of Ae 
remainder will be 40 7 Ant. 65, 

9. A man sold a horse and a chaise for $200, and | of the price of 
the horse was equal to j of the price of the chaise. What waa tha 
price of each 7 Ans, Chaise, $120 ; Uorse, $80. 

10. Divide 48 into two such parts, that if the less be.dmded by 
4, and the greater by 6, the sum of the quotients will be 9. 

Afu. 12 and 86. 

*— '11. An estate was divided among 4 children in the foUowing 
manner : The first received $200 more than ^ of the whole, the 
second $340 more than ^ of the whole, the third $300 more than } 
of the whole, and the fourth $400 more than | of the whole ; what 
was the value of the estate 7 - An$. $4800. 

12. What number is that from ^which if 91 be subtracted, | of 
the remainder will be equal to r^^ of the number ? An$, 180. 

^^ 13. Four men take stock in a railroad company, amounting in 
the aggregate to $73,500. A takes a certain sum, B takes three 
times as much as A, C takes three times as much as A and B togeth- 
er, and D takes one third as much as B and C. How much of the 
stock does A take ? Ans. ^500. 

14. Divide 105 into two parts which shall be to each other ai 
3 to 4. 

Since the parts are to each other as 3 to 4, let 

8x = the less part; then 4x = the greater^ 
whence 7x = 105, aj = 15 ; 

Sx = 45, the less ; 
4x = 60, the greater. 

15. A and B shared between themselves a bequest of $2000, lo 
the proportion of 7 to 9. How much did each receive f 

A71S. A, $876 ; B, $1125. 

16. A farmer made a mixture of rye, oats, and peas, using 8 bush 
els of rye as often as 4 of oats and 5 of peas. The whole anumn^ 
of grain used was 72 bushels; how many bushels were there of each 
kind ? 

Ans. Rye, 18 bushels; Oats, 24 bushels; Peas, 30 bushels. 



D . ' 'a/- 
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"^17. From two casks of equal size were drawn quantities wLich are 
in the proportion of 6 to 7 ; and it appears that if 16 gallons less 
had been drawn from that which now contains the less, only one 
half as much would have been drawn from it as from the other. 
How many gallons were drawn from each 7 Am. 24 and 28. 

^^8. It is required to divide the number 204 into two isuch parts, 
that I of the less being taken from the greater, the remainder wiU 
be equal to f of the greater subtracted from 4 times the less. 

Am, 154 and 50. 

*^19. A man bought a horse and chaise for 341 dollars. Now if 
I of the price of the horse be subtracted from twice the price of the 
chaise, the remainder will be the same as if ^ of the price of the 
chaise be subtracted from 3 times the price of the horse. Required 
the price of each. An%, Horse, $152 ; Chaise, $189. 

20. A certain sum of money was put at simple interest ; in 8 
months it amounted to $1488, and in 15 months it amounted to 
$1530. What was the sum at interest? 

It is often convenient, in the solution of a problem, to avoid the 
multiplication of large numerals. This may be done by represent- 
ing a given number by a letter, as follows : 

Put a = 1488 ; then a4-42 = 1530. 
Let x=. the sum at interest ; 

then a — x = interest for 8 months ; 

and a442-.a;=:: " ^* 15 ^ 

Equating two expressions for the monthly interest, 

a — X a-j-42 — x , 
"T"~ 15"" ' 
whence 15a — 15j5 = 8a4-386 — 8a5, 

7x=7a— 836, 
and X = a — 48 = $1440, Ans. 

ai. A pme having been captured by it privateer, the sum of 
$750^. was awarded to the officers, and the residue was divided 
equally among the crew, consisting of 27 men. If the officers had 
received $9560, and the crew had consisted of 25 men, each private 
would have received the same sum for his share ; what was the value 
of the prize? Ans. $34560. 
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22. A mcrchaDt allows $1000 pjr annum for the expenses of hia 
family, and annually increases that part of his capital which is not 
so expended by a third of it ; at the end of three years his original 
stock is doubled. What had he at first ? Ans. $14,bOO. 

28. A man having a lease for 99 years, was asked how much of 
it had already expired ; he answered that § of the time past was eqml 
to I of the time to come. Bequired the time past and the time to 
come. Ana, Time past; 54 years ; time to oomOi 45 years. 

24. In the composition of a quantity of gunpowder, the niter was 
10 pounds more than | of the whole, the sulphur was 4^ pounds 
less than J of the whole, and the charcoal was 2 pounds leas than 
4 of the niter. What was the amount of the gunpowder 7 

Am. 69 pounds. 

25. Divide $183 between two men, so that 4 of what the first re- 
ceives shall be equal to -^q of what the second receives. 

Ans. 1st; $63 ; 2dy $120. 

26.* Divide the number 68 into two such parts, that the differ- 
ence between the greater and 84 shall be equal to 8 tunes the 
difference between the less and 40. Ans, Greater, 42 ; Less, 26. 

27. Four places are situated in the order of the letters A, B, C, 
D. The distance from A to D is 34 miles ; the distance firom A to 
B is to the distance from C to D as 2 to 3 ; and ^ of the distanee 
from A to B, added to one half the distance from C to D, is three 
times the distance from B to C. What are the respective distances f 

Ans, 12, 4; and 18 miles. 

28. A man driving a flock of sheep to market, was met by a 
party of soldiers, who plundered him of j of his flock and 6 mora. 
Afterward he was met by another company, who took ^ of what ha 
then had and 10 more ; after that he had but 2 left. How many 
had ho at first ? Ans. 45. 

29. A boy engaged io carry 100 glass vessels to a certain pkee, 
and to receive 3 cents for every one he delivered, and to forfeit 9 
cents for every one he broke. On settlement, he received 240 eente; 
how many vessels did he break ? An». 6. 

30. A person's entire indebtedness to A; B, and C, was $270. Hii 
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indebtedness to B was twice as mucli as to A, and his indebtedness 
to C was twice as mucb as to A and B. How mnch did he owe 
each ? Ans. A, $30 ; B, $60 ; C, $180. 

31. A company of 4 laborers received $315. B received 1^ 
times as much as A, C received 1^ times as much as A and B, 
and D received 1^ times as mnch as A, B, and C. What did each 
laborer receive ? Ans. A, $24 ; B, $36 ; C, $80 ) D, $175. 

Note. — ^Let (te represent A*8 share, and 9a; B's share. 

82. A gamester, after losing \ of his money, won 4 shillings ; he 
tlien lost \ of what he had, and afterward won 3 shillings ; he then 
lost J of what he had, and found that he had only 20 shillings re- 
maining. How much had he at first ? Ans, 30 shillings. 

33. A gentleman spends | of his yearly income for the support of 
his family, and | of the remainder in improvements on his premises, 
and lays by $70 a year. What is his income? Ans. $630. 

84. Divide the number 60 into two such parts, that the prodij^t 
of the two parts may be equal to 3 times the square of the less part. 

An», 15 and 45. 

85. My horse and saddle are together worth 90 dollars, and my 
horse is worth 8 times the value of my saddle. What is the value 
of each ? An$. Saddle, $10 ; Horse, $80. 

86. Divide $462 between two persons, so that for every dime which 
one receives, the other may receive a dollar. Ans, $42 and $420. 

87. The rent of an estate is 8 per cent, greater this year than last. 

This year it is 1890 dollars ; what was it last year ? 

Ans. $1750. 

88. The sum of two numbers is 840, and their difference is equal 
to j of the greater. What are the numbers ? 

Ans. 504 and 336. 

89. A person, after spending 100 dollars more than \ of hi9 
income, had remaining 35 dollars more than | of it. Eequired hii 
income. ' . Ans. $450. 

40. Divide $1520 among A, B, and 0^ so that B shall have $100 

more than A, and C $270 more than B. 

An^. A, $350 ; B, $450 ; C, $720 
9* 
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41. A and B have the same inoome. A oontraots af. annual debt 
amounting to 4 of it ; B lives npon | of it ; at the end of two 
years B lends to A enough to pay off his debtS; and has 82 dollars 
to spare. What is the income of each 7 Am. $280. 

42. A sets out from a certain place, and travels at the rate of 7 
miles in 5 hours ; and 8 hours afterward B sets out from the same 
place in pursuit, at the rate of 5 miles in 3 hours. How long and 
how fur must B travel before he overtakes A ? 

AiiB. 42 hours ; 70 miles. 

43. A can perform a certain piece of work in 8 days, and B can 
do the same in 12 days ; in how many days can both, working 
together, do it ? Ant. 4|. 

44. A person has just 6 hours at his disposal ; how far may he 
ride in a coach which travels 8 miles an hour, that he may return 
home in time^ walking back at the rate of 4 miles an hour f 

Am. 16 miles. 

45. A can dig a trench in one half the time required by B, B 
can dig it in two thirds of the time required by C, and all together 
can dig it in 6 days ; find the time that each alone would require. 

Ans, A, 11 days ; B, 22 days ; G, 83 days. 

46. A and B start from opposite points and travel toward each 
other, A at the rate of 3 miles an hour, and B at the rate of 4 
miles an hour. At the same time, C sets out with A and travels at 
the rate of 5 miles an hour. After meeting B he turns back and 
travels until he meets A ; he then finds that the whole time elapsed 
since starting is 10 hours. IIow far apart were A and B at the 
beginning ? Aiu. 72 miles. 

47. Two farmers owning a flock of sheep, agree to divide them. 
A takes 72 sheep ; B takes 92 sheep, and pays A $35. Eequired 
the value of the flock. Ans, $574. 

48. A crew which can row at the rate of 12 miles an hour in 
still water, flnds that it takes 7 hours to come up a river a oertain 
distance, and 5 hours to go down again. At what rate does the 
nver flow f An$. 2 miles per hour. 
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SIMPLE EQUATIONS 

CONTAININO TWO UNKNOWN QUANTITIES. 

161* We have seen that every equation containing one unknown 
quantity can be satisfied with one value, and only one value, of the 
unknown quantity, (ItStS). But if we consider a single equation 
containing two unknown quantities, we shall find that for every 
value which we please to give to one of the unknown quantities, 
we can determine a corresponding value of the other unknown 
quantity, such that the set of values will satisfy the equation. 

Thus, let 

2i+3y = 17. (1) 

Put a: = 1, and substitute this value in the given equation ; me 
have 

2+3y = 17, 

Now the set of values, a; = 1, ^ = 5, will satisfy the equation ; 
for, by substitution, we have 

2+15 = 17. 

In the same manner, we may obtain the following sets of values, 
each one of which will satisfy equation (1) : 

1. 35 = 1, y = 5. 

2. 05 = 2, y = 44. 
8. a; = 3, y = 3|. 
4. a; = 4, ^ = 3. 

It is evident that there is no limit to the number of sets of val- 
acs that may be obtained. The equation, and also the quantities, 
in such cases, are said to be indeterrmnate. Uence, 

163* An Indeterminate Equation is one which is satisfied by 
an infinite number of values of the unknown quantities. 

Every tingle equation containing two unknoton quantities, is 
mdetermmate, 

163* If we take two equations with two unknown quantities, as 

2x+by = 31, (1) 

Sx+2y = 19, (3) 

it is evident that we may obtain as many sets of vahiea «&^« ^l^asn^^ 
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wliicli will satisfy each eqnation, canmlered separcUefy, Tbr^ pn^ 
cccdiDg as before, we find that the set, 

x = 5, y = 4i, 

will satisfy the first equation ; and a different 8et| 

will satisfy the second equation. 

Now suppose we are required to satisfy loA equations wiA the 
anme set of values for x and y. 

Multiplying (1) by 3, and (2) by 2, we have 

6x+15y = 93, (8) 

Qx+ 4y = 38.^ W 
Subtracting (4) from (3), we have 

lly = 55, © 

whence y = 5, tf) 
Substituting thifi value of y in (1), wo have 

2ic+25 = 31, (7) 

whence, x=zS. W . 

Thus we have a single set of values, 

05 = 3, y = 5, 
which will satisfy both equations. For, let these values be sdbeti* 
tuted in the given equations ; we shall have 

6+25 = 31, 
9+10 = 19. 
Equations thus related are said to be simvltaneotts. Hence, 

164. Simultaneous Equations are those which must be satisfied 
by the same values of the unknown quantities which enter them. 

When two or more simultaneous equations are given, the values 
of the unknown quantities are determined by a process called 

ELmmATION. 

16«S« Elimination is the process of combining equations in sndk 
a manner as to cause one or more of the unknown quantities eon* 
tained in them to disappear. 

There are four principal methods of elimination ; 

1st, JS^ addition and subtraction ; 2d, Bi/ comparison ; 8d| J^ 
substitution; 4th, B^ indeterminate multipliers. 
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CASE I. 

166. Elimination by addition and subtraction. 

1. Giyen 3x-|-2y = 23, and 4x — 8y = 8, to find the valueB of x 
and y, 

, OPERATION. 

8aj+2y = 23 ; (i) 

4x— 3y= 8. (2) 

Blultipljing equation (1) by 4, and equation (2) by 3, we bave 

12a;+8y = 92, (3) 

12a;— ^ = 24; (4) 

subtracting (4) from (8), 17^ = 68; (5) 

whence, y = 4, (<5) 

Thus, we have eliminated x, and found the valne of y. 

Again, multiplying equation (1) by 3, and equation (2) by 2, we have 

9ar+6y = 69, (7) 

8a>— % = 16 ; (8) 

adding (7) to (8), 17ar = 85 ; 

whence, a; = 5. 

We haye thus eliminated y, and found the value of x. Hence, 

BuLE. I. MuU^y or divide the equations hy mch numher9 or 
quantities that the coefficients cf the quantity to he dimincUed shaU 
he made equal in the two equations, 

n. If these coefficients have like signs, suhtract one of the prqHxred 
equcUions /rom the other, memlcr/rom member; if (key have unlike 
signs, add the equations, memher to member. 

Notes. 1. In preparing the given equations by multiplication, find the 
least common multiple of the coefficients of the letter to be eliminated, 
and divide this multiple by each coefficient ; the quotients will be the leaMt 
mutHpUers that can be used. If tlic coeffidents are prime to each other, 
It is evident that each equation must be multiplied by the coefficient in 
the other equation. 

2. It is generally convenient to clear the equations of fi-actions, before 
appljring the rule. This is not necessary, however. For if any letter has 
fhkctional coefficients in the two equations, the firactions may be reduced 
to a common denominator ; it will then be necessary to render the nume* 
rators equal by multiplication or division, according to the rule. 
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CASE n. 

167. Elimination by comparison. 

1. Given 3a:-f5y = 42, and 2x4-y = 14y to find As Tahmof 

z and y. 

OPERATION. 

• 

3x+6y=42. (I) 

2x+ y = 14. CO 

*2^y ^ 
From (1), by tnuurpooition, eto.| x= — 5 — i w 



8 
« (2), « «=^^J » 

therefore, by Ax. 7, 42— ^_ 14-jr . 

8 2 

clearing of fractions, 84 — lOfy = 42 — 8y ; 

whence, 7y =r 42, 

y= 6. 
Substituting the value of y in (8), x = 4. 

Ilence, we have the following 

Rule. I. Find (he value of the tame wnknown quant&iy, m 
of the other J from each of the given egvatiaiu. 

n. Form an egwUion hy placing tke§e two vaiuet eqmi §0 eadk 

other, 

CASE m. 

168. Elimination by substitation. 

1. Given 8a;-|-2y = 16, and 5x— 8y = 14, to flnA Oe taliMS 
of X and y. 

OPERATION. 

« 

bx — gjy = 14 . CQ 

From (1), we obtain y = 16-9x 
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Snbstitating this value of y in equation (2)| 

clearing of fractions, 10a>— 48-|-9a; = 28, 

whence, le = 4. 

Substituting the value of a; in (S), y = 2. 

Hence the following 

Rule. I. Find the value of one of the unknoum quantilie$f in 
terms of the other^/rom either of the given equations, 

IL Substitute this value for the same unknown quantity m the 
other equation, 

OASE lY. 

160« Elimination by indeterminate multipliers. 

1. Given 2x+3y ^ 23, and 5x+2y = 80, to find the values of 
X and y. 

If we multiply the first equation by a quantity, m-, which is as 
yet undetermined, we h&ve 

2»Mc+3my = 23m, (1) 

5a?+2y = 30. (8) 

Subtracting C^) from (1), and factoring with reference to x and y, 
we havct 

(^iiip— 6)aj+(3»ii— 2)y = 23m--30. (8) 

It is evident that equation (3) is true, whatever be the value of 
m. We may therefore assume m to be of such a value that the co« 
efficient of one of the unknown quantities shall become zero ; this 
will eliminate that unknown quantity, by causing the term contain- 
ing it to disappear. Thus, assume 

2m— 5=0, (4) 

whenoCy ^^i* (^ 

But if 2m — 6 = 0^ the first term of (8) is 0, and that equation 
becomes 

(8m^2)y = 23m— 30 ; («!> ' 

23m— 30 ^ 

whence, y = ^^^^_g - (7) 
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If we now substitute in (7) the value of m, m given in (Ef)^ Wi 
shall have 

28x!-30 115-^0 66 _ ^ 

y= 8x^-2 =15=4-=U=^' ® 
In like manner we may eliminate x from (8). To aooompliah ilu% 
assume 

3ni^2 = 0, 9) 

whence, m = |. (10) 

But if 8m — 2 = 0, equation (8) becomes 

(2iit— 6)a; = 28m— 80 ; (11) 

, 23m— 80 

whence. x = -^ =—• (13) 

Jm — 

Substituting in (12) the value of m, as expressed in (10), we have 

23x1-30 46-90 -44 

^=-2xi^=r=-4=:i5=-ri=^- ^^^ 

This method of elimination is due to the French writer, Besout. 
It is called the method of mdeterminate muttipUeny because the 
multipliers which we employ are at first undetermmed. Strictly 
speaking, the multipliers thus used are not indeterminate ; for, in 
order to effect the elimination of the unknown quantities, they must 
have certain definite values, which values are always determined in 
the course of the operation. 

Eecurring to the operation above, we notice that m has two valueBy 
\ihus: 

m = §, (1) 

m = |. (2) 

The first value of m is the one by which x was elinunated ; the 
second, the one by which y was eliminated. Besume the giVen 
equations, 

2a;+3y = 23, (1) 

6a;+2y = 30. (2) 

It will be readily seen that if the first equation be multiplied by 
che first value of m, the coefficients of x will be alike' in the two 
equations ; and if the first equation be multiplied by the second 
value of m, the coefficients of y will bo alike in the two equations. 
It 13 obvious, therefore, that the method of indeterminate mnltiplieni 
is but a modiScation of the meihod oi additum atvd wlb^TaAtCoiu 
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Rocnrring again to the above operation^ it is evident tliat if the 
mm instead of the difference^ of equations (1) and (2) had been taken, 
the elimination might have been effected with equal facility. Hence, 

BuLS. I. Multiply one of the given equations hy the indefinite 
factor m, and then take the sum or difference of this residt and the 
other equation, factoring with reference to the unknown quantities. 

n. Put the coefficient of one of the unknown quantities in this 
kist equation equal to zero, and determine the value of m; then 
substitute this value in the equation containing m, and the result wiU 
be an equation of hut one unknown quantity. 

ITO* In the redaction of simultaneous equations containing two 
unknown quantities, sometimes one of the preceding methods of 
elimination is preferable, and sometimes another, according to the 
special relations of the coefficients. 



EXAMPLES FOB PBAOTIOS. 

1. Given \ ,^* ' J^ ~ .^.v r **> ^^ « ^^ y- 

Ans. flc = 6 ; y = 4. 

2. Given \ I'^'^l^'^^l \ to find « and y. 

Ans. X = 3 ; y = 2. 

8. Given \ ^^'^l^^H \ to find a and y. 

Ans. 05 = 10 ; y = 7. 

I^Given \ 5x--3y = 36 ) ^ find x and y. 

y^ ( 2a;+9y = 96 ) ^ 

/ Ans. X = 1?: y^=-8i. 

5. Given | «+17y = 54 | tofind-araSfyT 
\ 8x~25y = 10 ) ' ^ 

Ans. flg=y4ML; j^=2 




6 Given j 6^4y= 40 1 to find x and y. v* 

Ans. X = 28 ; y = 25y 

7. Given { !^+J5^= * ] to find « and y. 
( Ox— 12y = — I J ^ 

10 
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8. Given j 1"^+!^==?^ 1 tofindxandy. 

9. Given | 8rc+3y = 25 ) to find a; and y. 

Afu. X = 6 ; ^ ss ^^. 



10. Given \ JJ^^^ ,? { to find* and y. 
( 10x4-^ =2 — »3 ) 

Afu. X = — 2^ ; jr s — 6|. 
Am. »=:800; y = 850. 



Id. Given 



14. Given 



2 4 

12^8 





8 






Am. xs=60; ys40« 



to find X and y. 



8«-| 




An*, s as 2 ; y s ftp 



I +8y = 194 
1^ +8x = 181 



jiiM. x=il6;ysB24. 



J^3y = 21 

16. Given <^ ^ ^ ^^ ^ ''^^ y* 

|.+8» = 29 



Am. »8bs9; yasC 



TWO imia^OWN QUANTirrBS. 



Ill 



17 Given 



18. Oheff 



19. GiTen 



20. Giyen 



21. GiTen 



22. GiTen 



23. GiTen 



find X and y. 






to find X and y 



An$. »= 7; y s 14 




— «-— -28 
X y "" 

« • y ■ 



4a:+17 . 68 




=y+ 



64 
as— y 



*-|::^ = 20- 



y + 



y-8 

18 



= 80 — 



to find X and y. 



Am, a; = 2; y = 4. 

to find X and jr. 
^n«. a; = 8; y = 7. 

to find OS and y. 

^n«. a; = 18 ; y = 8. 
59— 2x ^ 

78-.3y > to find « and y. 



6a:«_24y«+180 



2aj— 4y+8 
9ay— 110 , 151— l&B 



= 3x+6y+l 



to find x 



8y-4 



+ 



4y-l 



= 3x 



^y 



An$. a; = 9 ; y = 2. 



a^f8y 7a>— 21 _ 8a;— 15 8rp— 9y 
~8 6 "" 4 12^ 

2aj4-y 9a>— 7 8y+9 4aj4-6y 



to 



2 



8 



4 16 

J.iif. a;s 9; yas4. 



025" 5"^ 
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24. Given } "^ + ,^;^ = ^ I to find » and y. 

I a'x-f-h'y = a' j 

a 6 

25. Given < > to find a and y. 

Am. OS = a*6 ; jr SB oA^. 

26. Given < t i ^ > to find x and y. 

a c 

SIMPLE EQUATIONS 

CONTAlNINa MORS THAN TWO UNKNOWN QUANnTIXS. 

171. If we liave three or more simoltaneous eqnataons^ diey maj 
be reduced by successive eliminations, as follows : 

2x+ 4y+ 4« = 18 ; (1) 

3x4- 3y+ 2« = 17;* ff) 

5aj4- 6y+ 6« = 82. W) 

Multiplying (1) by 8, 6x+12y+12« = 64, W 

« (2) by 2, . 6x+ 6y4- 4g = 84; W 

subtracting (5) from 4, Gy^- 8«==:20; («) 

multiplying (1) by 5, 10a;+2Qy+20« = 90, (T 

« (8) by 2, 10a;+12y+10g = 64 ; P • 

subtracting (8) from (7), 8y4-10g = 26 ; (Q 

multiplying (6) by 4, 2^+82« = 80, (10) 

" (0) by 3, 24y+80g = 78 ; (11) 

subtractmg (11) from (10), 2z = 2} (IS) 

whence, « = 1 ; 

jGubfltituting value of « in (9), y = 2 ; 

^ Faines of y and ib in i^V x =^. 
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INFERENCES. 

L— If we have n equations, and proceed as above to combine one 
of them with each of the others, eliminating the same letter by 
each combination, we shall have n — 1 derived equations containing 
all of the unknown quantities except the one eliminated. 

2. — If then we combine one of these derived equations with each 
of the others, eliminating another letter, we shall have n — 2 derived 
equations, containing all of the unknown quantities except the two 
eliminated quantities. 

3. — Since each succeeding group of derived equations consists of 
one less equation than the preceding group, it follows that if this 
process of successive elimination be continued, the (n — l)th group 
will consist of a single equation ; and this will contain all of the 
unknown quantities except the n — 1 eliminated quantities. Hence, 

4. — If the number of original equations equals the number of un- 
known quantitieS| the final equation will contain but a single un- 
known quantity, the value of which may oe found. 13y substituting 
this value in one of the equations of the preceding group, the value 
of a second unknown quantity may be determined ; and so on. 

5. — But if the number of original equations is less than *\e 
number of unknown quantities, the final equation will contain m^re 
than one unknown quantity, and will be indeterminate, (163); and 
consequently, the given equations will be indeterminate. 

6. — ^In the solution of two or more simultaneous equations of the 
first degree, by successive eliminations, the value of each letter 
is determined finally by a simple equation containing only that letter. 
And since every such equation can have only one root, (ItStS), it 
follows that any group of simultaneous equations can be satisfied by 
only one set of values of the unknown quantities. 

17 ft. From the foregoing inferences we derive the following 

KuLE. I. Chmbme one "of the given equations with each of the 

others, eliminating the same unknown quantity hy each combination } 

then combine one of the new equations vrith each of the others^ eUm^ 

mating a second whknoum quantity j and thus continue tiU ajinai 

tguatum is ohtamed, containing btU one unleruxuDU quaiU.Uxi, 
10* H 
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II. Reduce this final equation^ and find tJie value of the wJcncwn 
quantity which it involves ; mbstituie this value in an equation con- 
tainin(f two unknoton quantities^ and thus find the value of a second; 
substitute these values in an equation containing three unknown quou^ 
tities, and find the value of a third; and so on^ tUl the values of'aU 
are found. 

FaAOnCAL SUOOESTIONS. 

This rule may be modified in certam oases, as follows : 

1. — Instead of eombining the first equation with each of tlie 
others, we may pursue any * order of combination, or adopt any one 
of the. four methods of elimination, which seems best suited to the 
mutual relations of the coefficients. The following example will il- 
lustrate the precept just given : 

{x+ y+ z=z 9 A a) 

a:+2y+3«=16;A 

a:+3y+4z = 2lj # 

Subtracting a) from (2), ' y+2« = 7; (4) 

« (2) from (8), y+ g = 5; (S) 

« (5) from (4), " « = 2; 

substituting value of « in (^;, y = ^ y 

** values of y ancl z in (1), x = 4. 
2. — If two or more of the equations, taken together, contain leai 

than all the unknown quantities, it is generally most convenient to 

employ these equations first, in the process of elimination. ThoSi 



( 


^ 2tt— ic- 


h 3y+2a; = 19 ; 


0) 


Given « 


\ 3m-j-5x — 4y 
^ 4u+3x 


= 23; 
= 32; 




1 


( 2u+5x 




= 30. 


(^ 


Multiplying (4) by 2, 




^u+l9x = 60 , 




bringing down (3), 




4«+ 


3x = 82 ; 




by subtraction, 






7m = 28, 
oc = 4; 




substituting in (8), 






u= 6, 




« (3), 






y= 8, 




'' (1), 






s= 2. 
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3. — When tlie coefficients sustain to each other relations of equal-i 
ity or symmetry, it is oilen convenient to employ an auxiliary quan* 
fcitj, as in the two examples which follow : 



1. Oiven 



u-\-v-\-x-\-y = 14 J 
U'\-V'\-x-\-z = 15 ; 
u-\-v-]'^'{'Z = 16 ; 
u+x+y-^z = 17 ; 

V-{-X-\r1/-\-Z = 18, 



Since in each equation one letter is wanting, let 

u+v+x+y+z = s } . 

then I 



•— « = 14, 

»— y = 16, 
$ — X = 16, 
= 17, 
7=18. 



Hence, by substitu- 
ting the value of 
s in each equation, 



By addition, &s — • = 80, 

t = 20. 



{«?+ 4y+ 42f.= 300•^ 
y+ 7x+ 7« = 4605> 
z^ 9x+ 9y = 490. J 



Assume 



equation (1) becomes 
«< (2) « 
« (8) << 

Multiplying (4) by 8, 

(5) by 4, 

(6) by 8, 
Adding (7), (8) and (9), 



it 



«+ y+ « = «; 

4«— 3a; = 300, , 
7»r- 6y = 450, ' 
9$— Sz = 490. 

82«— 24a; = 2400, 
28»— 24y = 1800, 
27«— 24i8 = 1470. 



87«— 24« = 5670, 

63« = 5670, 

«= 90. 



Substituting value of s in (4), 
u « tt (5)^ 



a; = 20, 
y = 30, 
«=:40. 



a) 

(8) 
(8) 
(4) 
(«) 





(*) 
00 

(6) 

(7) 
(8) 



ly- '^- iA 



(8) 
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EXAMPLES FOB P&AOTIOS. 



2. 



Required tlie values of the unknown qnantitieB in the following 
equations : 

{2x+4y--8« = 22 ^ i xs=9^ 

4a>-2y+5« = 18 V * AnM. < y = 7, 

6x+7y— « = G3J ( « = 4. 

5x+4y— 2« = 20 > Am. •! y = 3, 

) f a^+y+« = 31^ (^=20, 

8; < a:+y— « = 26 V Am. h ^ 8, 

( aj— y— «— 9 j («=s 8. 

I 

' r a:+^ H = 26^ r« = 12, 

I a^-« = 6 j (« = 6 

3j^— X— « = 12 t ^n,, ]y = 21, 

72j_y— aj = 24 ) ( « = 12. 

Note.— In the last example, assume x-\-y-\-t = «, and add this equal^oik 
to each of the given equations. Then dctennine « as in (3, 2). 

2x = u+y+z ^ /'ii=l26, 

^- ^ 4z=u+x+i^ r '^'''- ^ y = 30, 

u = a? — 14 1 \, ^ ^^ 24. 

v-|-3x— y— z = 7 ^ Z' 11== 3, 

7. ^ 2«_2x+y+3. = 8 < ^«. 5"=^1' 

3m — a>4"y — ^^ = 8 C y y = 7, 

4m+ a?— y— 22f = 7 J C « 3g !• 



V « ac 1. 
a; = 15, 



/ bx— y+7« = 61 \ / 05 = m o, 

8. j 4x-f3y-h3«= ^f -^*«- ]y = ~^» 

f 3x^ y— 6« = 3 ) ( a =r 4. 
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u-{-v-\-x-\-y-\-2z = 52 
u-{-V'{-x-{-Z'\-2i/ = 60 
9. ^^ it+v+y+2f+2x = 48 > J.n«. 

u-\-X'{-y'\-Z'\-2v = 46 

v-f-rc-f-y+^+^M = 44 
2x+ y— 2« = 4a 

4y_« 05+32=^36 

10. / 8tt+ < = 13 > J.IW. 

^4- u+ 1 = 15 
3a;__.y-|-8^— tt = 49 

aJ+ y— « = 1 
8x+3y— 6;2; = 1 > ^n« 

3^— 4x 




Y^6z = l V 
:-y = l J 



Z-^ 

'2^/ 





2t«4-2a;+2y4- « = —8 
Su+Sx+Sz+2y =z 3 
^^' "^ 4w+4y+4^+3x = -2 ^ • 




6x4-5y+^^+^ = 2 

f+|+'e=38) (« = 120. 

05=1, 

14. <^i-4-i = 3 V Am. ^ y = lj 

z = i. 



I » = /t a. 



2/+a = 2x+2z > Am, 

«4-a = 3a;-f-3y j 

r x-^y+2z = 2(5+c) ^ r x = a+h^, 

y \ «+«+2y = 2(a+c) > uifw. •< y = a-fc— 6, 

(y-|-a-j-2x = 2(a-|-&) J ( » =5+<>--a 
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17. i 5y— llx = a > Am 



18. 



19. 





« , y « y 

a ' & b a 



ax +5y -{-or = oft+oc+ftc 



6c ac oc a6 




<^^+y + a« = 2a 

20. ^ c'a:+y+a'0 = 2ac ^ ^nt. "^ysa — c, 

c— 1 

aca5 — y-\-<icz = o'+c" 

21. / a x-\-a^y'{-a » = a* > Ant, \ y z:z 9 

a X'\-a y'\-a*z = a* 1 f (a-{-l)* 

a-f-2 



PROBLEMS 

FRODUGINa EQUATIONS CONTAINING TWO OE MOEE 

UNKNOWN QUANTITIES. 

173. Two or more equations are ftaid to be independent^ wlien 
they are not derived one from the other, and can not be roduccd to 
the same form; as 

8x-f y = 17, 
2x+*6y = 23. 
EquatioiM derived from the same problem are mdependeni^ token 
they eapress different conditions of that problem. 
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1 74. We liaye seen that a group of equations will be detennin- 
ate, when the number of equations is equal to the number of un- 
known quantities, but not otherwise, (173, 4 and 5). Hence, 

A problem vnU he capable of solution only when its conditions fur^ 
nish as many independent equations as there are unknown symbols 
employed in the notation, 

1. Find two numbers, such that twice the first plus three times 
the second is equal to 105 ; and three times the first plus twice the 
second is 95. Arts, First, 15; Second, 25. 

2. Find three numbers, such that the first with \ of the sum of the 
second and third shall be 120; the second with \ of the sum of the 
third and first shall be 90; and the sum of the three shall be 190. 

Ans. 50, 65, 75. 

3. A sum of money was divided among three persons, A, B, and 
0, as follows : the share of A exceeded ^ of the shares of B and C 
by $120 ; the share of B exceeded | of the shares of A and C by 
$120; and the share of exceeded | of the shares of A and B by 
$120. What was each person's share ? 

Ans, A's, $600; B's, $480; O's, $360. 

4. A and B, working together, can earn $40 in 6 days ; A and C 
can earn $54 in 9 days; and B and C can earn $80 in 15 days 
How much can each person alone earn in one day ? 

Ans. A, $3f ; B, $3; C, $2J. 

5. A man has 4 sons. The sum of the ages of the first, second 
and third is 18 years; the sum of the ages of the first, second and 
fourth is 16 years ; the sum of the ages of the first, third and fourth 
b 14 years; the sum of the ages of the second, third and fourth is 
12 years. What are their respective ages ? 

Ans. 8, 6, 4, and 2 years. 

6. Three persons engaged in throwing dice, on certain conditions. 
In the first game A forfeited to B and C, respectively, as many shil- 
lings as each of them had ; in the second game B forfeited to A and 
C, respectively, as many shillings as each of them then had ; in the 
third game C forfeited to A and B, respectively, as many shillings as 
each of them then had; they had then 16 shillings apiece. How 
many shillings had each at first? Ans. A, 26; B, 14; C, 8. 
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7 A gentleman left a sum of money to be divided among four 

01 rvants, so that the share of the first should be ^ of the sum of thfi 
shares of the other three, the share of the second j of the sum of 
the other three, and the share of the third j of the sur^i of the other 
three. On making the division, the fourth had 14 dollars less than 
the first Required the sum divided, and the several shares. 

^ ^ Ans. Sum divided, $120 ; shares, S40^ $30, $24 and $26. 

sl\i "' \ ^. A person has two horses and two saddles, the saddles being 
worth $15 and $10, respectively. Now the value of the better 
horse with the better saddle is | of the value of the other horse and 
saddle ; but the value of the better horse with the poorer saddle is 
II of the value of the other horse and saddle. What are the values 
of the two horses ? Ans, $65 and $50. 

I' ( 9. A vintner, in mixing sherry and brandy, finds that if be takes 

2 parts of sherry to 1 of brandy, the mixture will be worth 78 
shillings per dozen ; but if he takes 7 parts of sherry to 2 of brandy, 
the mixture will be worth 79 shillings per dozen. What are the 
sherry and brandy worth per dozen ? ' 

Ans, Sherry, 81 shillings ; Brandy, 72 shillings. 

10. Two persons, A and 6, can perform a piece of work in 16 
days. They work together for four days, when A is called off, and 
B is Icfl to finish it, which he does in 36 days. In what time 
would each do it separately ? 

Ans. A, in 24 days ; B, in 48 days. 

I, :. 11. What fraction is that, whose numerator being doubled, and 
jcnomiuator increased by 7, the value becomes | ; but the denomi- 
nator being doubled, and the niuuerator increased by 2, the value 
becomes | ? Ans. |. 

( <^ 12. Two men were wishing to purchase a house together, valued 
at 240 dollars. Says A to B, " If you will lend me | of your money 
I can purchase the house alone '/' but says B to A, *' If you will lend 
me j of yours, I can purcha^ie the house alone." How much money 
had each ? Ans. A, $160 ; B, $120. 

13. A pleasure party, having chartered a boat for a certain sum 
found, on settling, that if their number had been 4 more, they 
would have had a shilling apiece less to pay ; but if their number 



TWO OE MORE UNKNOWN QUANTITIBS. 121 

had beeD 3 less, they would have bad a sbilli^g apiece more to pay. 
Wbat was tbeir number, and what had eaoh to pay ? 

Ans, 24 persons ; each paid 7 shillings. 

14. A certain number consists of two places of figures, unite and 
tens ; the number is equal to 4 times the sum of ite digite, and if 27 
be added to the number, the order of the digite will be inverted. 
"What is the number ? 

Note 1. Let x represent the digit in the place of tens, and y the digit 
in place of units ; then lOx+y wUi express the number. 

Ans, 36. 

15. A number is expressed by three figures whose sum is 11 ; 
the figure in the place of unite is double that in the place of hun- 
dreds ; and if 297 be added to the number, the result will be 
expressed by the same figures with their order reversed. What is 
the number? Ans. 326. 

Vr Vi 16. Divide the number 90 into three parte, such that twice the 
first part increased by 40, three times the second part increased by 
20, and four limes the third part increased by 10, may all be equal 
to one another. Ans. First part, 35 ; Second, 30 ; Third, 25. 

17. A person placed $100,000 out at interest, a part of it at 5 
per cent., and the rest at 4 per cent. ; the yearly interest received on 
the whole was $4640. Required the two parte of the principal. 

Ans. $64,000 and $36,000. 

18. A person put out a certain sum of money at interest at a 
certain rate. Another person put out $10,000 more than the first, 
at a rate per cent, greater by 1, and received an income greater by 
$800. A third person put out $15,000 more than the first, at a 
rate per cent, greater by 2,. and received an income greater by 
$1,500. Bequired the three principals, and the respective rates of 
interest. 

Nqpe 2. To avoid the inconvenience of large numbers in the operation, 

put a = 5000; then 2a = 10000, 8a = 15000, j^- = 1500, and j^ = 800. 

bx the final result, the value of a may be restored. 

^^ j Principals, $30,000, $40,000, $46,000. 

(Rates, 4, 5, 6, percent 

9 
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\19. If B's age be subtracted from A% the difference mil be Ci 
age ; if 5 times B's age and twice C's age be added together, and 
from their sum A's ago be subtracted, the remainder will be 147 ; 
and the sum of the three ages is 96. Required the ages of A, B, 
and C, respectively. Ans, A's, 48 ; B's, 33 ; C's, 15. 

20. Find what each of three persons, A, B, andj[!), is worth, 
knowing, 1st, that what A is worth added to 3 times what B and G 
are worth, is equal to 4700 dollars ; 2d, that what B is worth added 
to 4 times what A and G are worth, is equal to 5800 doUars ; 3d, 
that what G is worth added to 5 times what A and B are worth, is 
equal to 6300 dollars. Ans, A, (500 ; B, $600 ; G, $800. 

21. A grocer sold 50 poimds of tea at an advance of 10 per cent. 
on the cost, and 30 pounds of coffee at an advance of 20 per cent, 
on thp cost, and received for the whole $27.40, gaining $2J)0. 
What was the cost per pound of the tea and coffee ? 

Ans. Tel^$.40; Goffee, $.15. 

22. Five persons, A, B, G, D, E, play at cards ; after A has 
won one half of B's money, B one third of G's, G one fourth of D's, 
D one sixth of E's, they have each $30. ^ How much had each to 
begin with? • Ans. A, $11; B, $38; G, $33; D, $32; E, $36. 

23. Three brothers desired to make a purchase, requiring $2000 
of each. The first wanted, in addition to his own money, ^ of the 
money of the second ; the second wanted, in addition to his own, 
I of the money of the third ; and the third wanted, in addition to 
his own, \ of the money of the first. How much money had each ? 

Ans. 1st, $1280 ; 2d, $1440 ; 3d, $1680. 

24. A courier was sent from A to B, a distance of 147 miles ; 
after 28 hours had elapsed, a second courier was sent from the 
same place, who overtook the first just as he entered B. Now the 
time required by the first to travel 17 miles, added to the time re- 
quired by the second to travel 56 miles, is 13| hours. How many 
miles did each travel per hour ? Ans, 1st, 3 miles ; 2d, 7 miles. 

25. Find two numbers, such that if ^ of the greater beaidded to 
I of the less, the sum shall be 13 ; and if ^ of the less be subtiaet 
ed from \ of the greater, the remainder will be nothmg. 

Auft. 1^ and 12. 
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26. Find three numbers of such magnitudes, that the first added 
to ^ of the sum of the other two, the second added to ^ of the sum 
of t]ie other two, and the third added to ^ of the sum of the other 
two, may each be equal to 51. Aas, 15, 33, and 39. 

27. Said A to B and C, " If each of you will give me 4 sheep, 

I shall have 4 more than both of you will have left." Said B to A 
and C, " If each of you will give me 4 sheep, I shall have twice as 
many as both of you will have left." Said C to A and B, "If each 
of you will give me 4 sheep, I shall have three times as many as 
both of you will have left.'' How many sheep had each ? 

Am. A, 6; B, 8; C, 10. 

28. What fraction is that, to the numerator of which if 1 be 
added, the fraction will be j ; but if to the denominator 1 be added, 
the fraction will be j ? Ans. j^. 

29. What fraction is that, to the numerator of which if 2 be 
added, the fraction will be ^ ; but if to the denominator 2 be added, 
the fi-action will be ^ ? Ans. |. 

30. Four persons. A, B, C, D, were engaged together in mowing 
for 4 successive days. The first day A worked 1 hour, B 3 hours, 
G 2 hours, and D 2 hours, and all together mowed 1 acre ; the 
second day A worked 3 hours, B 2 hours, C 4 hours, and D IJr 
hours, and all together mowed 2 acres ; the third day A worked 5 
hours, B 4 hours, C 12 hours, and D 5 hours, and all together 
mowed 3 acres ; the fourth day A worked 9 hours, B 7 hours, C 
hours, and D 8 hours, and all together mowed 4 acres. How many 
hours would each alone require to mow 1 acre ? 

Arts, A, 5 hours ; B, 6 hours ; C, 12 hours ; D, 15 hours. 

31. If A give B $5 of his money, B will have twice as much 
money as A has left ; and if B give A $5, A will have thrice ua 
much as B has left. How much has each ? 

Ans. A, $13; B, $11. 

32. A com factor mixes wheat flour, which cost him 10 shillings 
per bushel, with barley flour, which cost 4 shillings per bushel, in 
such proportion as to gain 43| per cent, by selling the mixture at 

II shillings per bushel. Eequired the proportion. 

Ans, The proportion is 14 bushels of wheat ^oxrc \o ^ q^ WIa^ 
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33. There is a Dnmber consisting of two digits, wbicb nuiubcir 
divided by 5 gives a certain quotient and a remainder of 1^ and the 
same number divided by 8 gives another quotient and a remainder 
of 1. Now the quotient obtained by dividing by 5 is twice the val- 
ue of the digit in the tens' place, and the quotient obtained by divi- 
ding 1)y 8 is equal to 5 times the digit in the units' place. What is 

the number ? Ant* 41. 

• 

34. The four classes in a certain college are to compete for four 
prizes, amounting in the aggregate to 6119, and the prize money is 
to be raised by contribution, on the following conditions, namely : 
that the members of the class whose candidate obtains the Ist prize 
shall each pay one dollar, and the class whose candidate obtains the 
2d prize shall pay the remainder. Now it is found that if a senior 
gets the 1st prize and a junior the 2d, each junior will pay | of a 
dollar ', if a junior gets the 1st prize and a sophomore the 2d, each 
sophomore will pay j of a dollar ; if a sophomore gets the 1st prize 
and a freshman the 2d, each freshman will pay -| of a dollar ; and 
if a freshman gets the 1st prize and a senior tho 2d, each senior 
will pay J of a dollar. Of how many members does each chiss 
consist ? A i Freshman, 104 ; Sophomore, 93 ; 

( Junior, 88 ; Senior, 75. 

85. Find four numbers, such that if 3 times the first be added to 
the second, 4 times the second be added to the thir^, 5 times the 
third be added to the fourth, and 6 times the fourth be added to the 
first, each sum shall be 359. Ans, 95, 74, 63^ 44. 



GENERAL SOLUTION OF PROBLEMa 

17tS« In the preceding problem^, the given quantities have been 
expressed by numbers, and it has been required simply to determine 
the values of the unknown quantities from the numerical relations 
thus expressed. 

If, however, the given quantities in any problem be represented 

bj Utters, the solution will give rise to a formvia, showing not only 

the value of the unknown quantity, Wt VadicaXkii^ V!k^<^ ^ft^^svu^ ^\^ 
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rations to be performed in order to obtain this value. This is called 
a general solution of the problem. 

176* When any particular problem has been proposed, we may, 
by simply varying the numbers, form other problems of the same 
kind or class; and the solutions of all the problems of the class will 
require exactly the same operations. Hence, 

177. The Oeneral Solution of a problem is the process of 
obtaining a formula which shall express, in known terms, the values 
of the unknown quantities in the given problem, or in any problem 
of its class. 

178« An Arbitrary ftuantity is one to which any value may be 
assigned at pleasure, in a general formula or equation. 

170« For illustration, let the following questions be proposed : 

1 — What number is that whose third part exceeds its fourth part 
by6? 

Instead of confining our attention to the particular numbers here 
given, we may first investigate the problem under a general form, as 
follows : 

What number i» that whose mth part exceeds its Jith part hy 2l? 

Let X represent the number ; then by the conditions. 





X X 

m n ' 


(1) 


clearing of fractions. 


nx — mx = amn^ 


(2) 


whence, 


anrn 
X = • 


(3) 



n — m 

Equation (3) is the formula which indicates the operations to be 
performed in solving all questions of this class. 

If in this formida we put m = 3, n = 4, and a = 6, we shall 

^_ 6X3X4 
^-4-3 ~^^' 
the number required by the particular question as at first proposed. 

2. — What number is that whose fifth part exceeds its seventh 
part by 12 ? » 

To obtain the number by the formula, let m = 5, n = 7, and 
a = 12 ; then 

12X5X7 ^,^ . 
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EXAMPLES FOR PRAOTIOS. 

1. Diyido the number n into two such parts that the 

increased by a shall be equal to the less increased bj b. 

r^ fi+fc — a _ fi4-a — h 
Am. Greater, 5 ; Less, ^ 

2. In the last example, what will be the t¥ro parts if n = 84, 
a = 16, and 6 = 58 ? Am. 63 and 21. 

^ 3. The sum of three numbers is s •, the second exceeds the first 
by a, and the third exceeds the second by h. Bequired the numbers. 

•—2a — h «+a — h «+a-f25 
Am. g , ~8~' 8"^ 

4. My indebtedness to three persons, A, B, and C, amounts to 
a dollars ; and I owe B n times the sum which I owe A, and G m 
times the sum which I owe A. What is my indebtedness to A 7 

a 



J^. 



l-{-n-f>f» 

5. In the last example, what is the sum due to A when a = $786, 
tf = 2, and m = 3 ? Am. S131. 

6. A person engaged to work a days on these conditions : For 

each day he worked he was to receive h cents, and for each day he 

was idle He was to forfeit c cents ; at the end of a days he receiyed 

d cents. How many days was he idle ? , ah — d , 

^ ^ Am. -r-T — days. 

6-}-c 

7. ]\Iy horse and saddle are together worth a dollars, and my 

horse is worth n times the price of my saddle. What is the value 

of each ? ^ « , ,, « TT «a 

Am. Saddle, —7^ ; Horse, -. 

' n+1 n-f 1 

8. The rent of an estate is n per cent, greater this year than 
it was last. This year it is a dollars ; what was it last year? 

100a 

-^"^- ttttt; — dollars 
lUO-f-w 

9. A person after spending a dollars more than \ of his income, 
^d remaining h dollars more than \ of it. Bequired his income 
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10. A person after spendiDg a dollars more than ^th of his in« 
oome, had remaining 5 dollars more than -^^th of it. Eequired hia 

^««'"«- An». -:!^!<^±^ dollarB. 

fnn — wi — n 

11. If A can perform a certain piece of work in a days, and B 

can do the same in h days, and C the same in c days, in how many 

days can all together perform the work t 

ahc 

ab-\-ac-\-oc 

^ 12. In the last example, what will be the time required, when 
a =6, 6 = 8, and c= 12 ? Ans, 2| days. '/ 

^^3. If from a times a certain number c be subtracted, the remain- 
der will be equal to h times the number increased by d, Bequired 

the number. X a c+d 

•u A.ns, — I — • 

i a — h 

— - 14. A farmer would mix oats worth a cents a bushel with peas 
worth h cents a bushel, to form a mixture of c bushels worth d 
cents a bushel. How many bushels of eSich kind must he take ? 

15. n 

and each party had the same number of nuts. Each boy in the 
first party snatched m nuts from the second party, and ate them ; 
then each boy in the second party snatched m nuts from the first 
party, and ate them. Each party then divided the nuts remaining 
to it equally among its member^, when the boys in the two parties 
found that they had the same number of nuts apiece; how many 
nuts had eacLparty at first ? Ans, w(a-f-6). 

16, Find four numbers, such that if a times the first be added 
to thi second, b times the second be added to the third, c times the 
third be added to the fourth, and d times the fourth be added to 
the first, each sum shall be m. 

in(h<d — cd-]-d — 1) m(acd — ad-\-a — 1) 
^^^ ^ ^^*' abcd—1 ^ ^^' abcd^l ' 

m(abd — a5-|-5 — 1) m(a6c — bc-\'C — 1) 
^^' Tib^d-L ' *^^' oied-V • 



15. Tliere were a boys in one party, and b boys in another party, 
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17. A sent n pupils regularly to a certain school during a term 
of a days, and B sent m pupils regularly to another school for a 
term of h days. The two schools had the same number of pupils 
in attendance^ and raised the same amount of money by rate-bilL 
Therd were c days' absence allowed for at the school to which A 
sent, and d days' absence at the school to which B sent ; and A 
and B .found that they had equal sums to pay. What was the 
number of pupils attending each school ? hem — adn 



^IS. Divide the number m into four parts, such that the second 

shall be a times the first, the third a times the second, and the 

fourth a times the third. . ^ m 

Ans. 1st part, -j-—j-j—T-=- 

19. The sum of two numben is s, and their difference is d» 

Bequired the numbers. . _ «+ d _ « — d 

AriM. Greater, — o~' l^esSy ^ ■ 

20. There are three numbers, such that the sum of the first and 
second is a, the sum of the first and third is h, and the sum of the 
second and third is c. What are the numbers ? 

Ans. Ist,^^; 2d, -^^; 3d, -=I^ 

21. There is a number consisting of two digits } the number is 
equal to a times the sum of its digit^ and if c be added to the 
number, the order of the digits wiH be reversed. Bequired the 

two digite. f ^. . . . , , c(10~d) 

V Digit m umt»' place, ^ppi — ^', 

Ans. ^ i^V) 

Digit in tens' place, Jl^2aj 

22. Find what each of three persons, A, B, and C, is worth, 
knowing, 1st, that what A is worth added to I times what B and 
C are worth is equ^ t© p ; 2d, that what B is worth added to m 
times what A and C are worth is equal to q; 3d, that what C is 
worth added to n times what A and B are worth is equal to r. 

We give here a solution of this example, partly to illustrate the 
method of (Amplifying algebraic formulas by the use of auxiliary 
quaatkies. 
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Let X £= A's money, y = B's money, z = C's money. 

ix-^Iy -j-& =/), (1) 

y'^mx-\-mz = q, (2) 

z-^nx +ny = r. (8) 

Assume x-\-y-\-z = «. (4) 

Multiplying (4) by ?, m, and w, sue- / 05 = -r — ^i P) 

cessively, and subtracting (1) from the i 
first product^ (2) from the second, and / y = — —?> TO 
(3) from the tbird, and reducing the j 
respective remainders, we have v * = V ^ 

Adding (5), (6), and (7), we obtain 

^^^ fns-g nj-^^ (8) or 

^ — 1 ' m — 1 ft — 1 

_ / ? . ^ t ^ \ / JP I g , ^ \ 

' "" V— 1 "^ w-1 "*" 71—1/ ^~ \l^l "^ m— 1 "^ n— 1/ 

Now tbe parentbetical expressions in equation (0) are known 
quantities. Hence, to simplify the results^ 

I m n . 

I — 1 m — 1 ' n — 1 
Put ^ 



(0) 



Equation (9) then becomes «=:a« — 5, (12) 

whence » = y (18) 

Z5 — -pCa — 1) 
Substituting value of « in (5), a; = -zj — .. ^^. i 

« (6), »«5-g(a-l) 

* " y - (m— l)(a— 1) ' 

« M « (7), , — «*— »•(«— 1) 



(«-l)(a-l) 



< 
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DISCUSSION OF PROBLEMS INVOLVING SIMPLE EQUA'HONa 

180« The Biflcnssion of a problem consists in attributing certain 
values and relations to the arbitrary quantities whieb enter the equa- 
tion, and in interpreting the results. 

181* When a problem has been solved in a general manner, we 
may proceed to make an unlimited number of suppositions upon the 
arbitrary quantities inyolved in the formulas, and thus obtain a va- 
riety of results. But our experience of algebraic equations would 
lead us to expect that the problem might not be rational, or possible, 
under every hypothesis. Now the principal object in the discussion 
of a problem is to examine the peculiar or anomalous forms which 
present themselves, and ascertain whether the problem is rational or 
absurd, or how it is to be understood, under the suppositions which 
lead to these peculiarities. We shall commence with the 

INTERPRETATION OF NEGATIVE RESULTS. 

i 

I. What number must be added to a that the sum may be 6 ? 

Let X represent the required number. Then by the conditions of 
the question^ 

a+x = ft; (1) 

X = h — a. (2) 

This is a general solution, a and h being arbitrary quantities. 
First, suppose a = 20 and ft = 28 ; then by the formula, 

X = 28—20 = 8, . 

a result which satisfies the conditions ; for, we perceive that 8 is the 
number which must be added to 20, or a, to make 28, or ft. Second, 
suppose a = 20 and ft = 12 ; then by the formula, 

a; = 12— 20 = — 8, 
a negative result. 

In order to ascertain the meaning of the minus sign in this case, 
let us enunciate the question according to the supposition that gave 
this result; thus, 

What Dumber must be added to 20, that the sum may be 12f 
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I^ow as 20 is greater than 12, no number can be added to 20, 
arithnieticallj, to make 12. The problem is therefore impossible 
under the second hypothesis, if understood in an arithmetical sense. 

We shall find, however, that if we change the words ndded tOj 
and gum, to their opposites, the result will be a rational question, of 
which 8, the absolute value of x, is the answer. Thufi, 

What number must be subtracted from 20, that the difference 
may be 12 f Am. 8. 

We observe, moreover, that the negative result, — 8, will satisfy 
the equation of the problem, under the second hypothesis. Thus^ 

20+(— 8) = 12; 
or, 20—8 = 12. 

That is, 12 is really the algebraic sum of 20 and — 8. 

2. A man dying left two sons, the elder of whom was a years of 
age, and the younger b years of age. In how many years after the 
death of the fi&ther was the elder son twice as old as the younger 
Bonf 

Let X represent the number of years ; then by the conditions, 

a-i-x =: 2(b+x) ', (1) 

x = a—2b. (2) 

Sinca a and b are arbitrary quantities^ suppose a = 80 and 
h = 12. Then by the formula, 

X = 30—24 = 6. 

This result will satisfy the conditions arithmetically ; for, if the 
elder son was 30, and the younger son 12 years old, at the death of 
the father, then in 6 years the age of the elder was 30-J-6 = 36 
years, and the age of the younger was 12-f-6 = 18 years. 

Again, suppose a = 30 and b = 18. Then by the formula, 

X = 30—36 = —6. 

To interpret the negative result in this case, we observe that the 
problem under the second hypothesis is impossible, if understood 
in the exact sense of the enunciation. For, when the elder son 
was 30 and the younger son 18 years old, the younger son was 
already more than one half as old as the elder ; and as their ages are 
equally increased by any lapse of time, \t \a e^^ldwiV. >i?fta.V\Jcvfc ^\^^x 
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son could never become twice as old as the younger Bon, afUr the 
death of the father. Let us therefore modify the general problem 

as follows : 

A man dying left two sons, the elder of which was a years of age, 
and the younger h years of age. How many years he/ore the death 
of the father was the elder son twice as old as the younger f 

If we let X represent the number of years, then the solution sriD 
be as follows : 

a— a; = 2(6— a:); (1) 

X = 26— a. P) 

Now suppose, as before, that a = 30 and h s= 18. Then by ihe 
new formula, ^ 

X = 36—30 = 6, 

a result which will satisfy the modified conditions; for, six years 
lie/ore the death of the father, the age of the elder was 30 — 6 = 24, 
and the age o* the younger was 18 — 6 = 12. 

From the foregoing discussions we draw the following inferences : 

1. — WJien the solution of a problem hy a simple e^jfuation gives a 
negative resutt, the minus sign indicates that the prohlem.is impossible^ 
if understood in the exact sense of the enunciation, 

2. — TJie impossibility thus indicated consists in adding a quantity 
when it should be sub^acted; or in treating a quantity cu reckoned 
or applied in a certain direction^ when it should be reckoned or cgph 
plied in an opposite direction. 

3. — In aU such cases^ an analogous problem may he formed, in- 
volving no impossibility, by changing the terms of the absurd condU 
turn to their opposites; and the answer to the new question vnU 6« 
found by simply dhanging the sign of the negative rendt already 
obtained. 

183* The foregoing discussions give a more extensive significa- 
tion to the plus and minus signs, and lead to a more general view o^ 
podtive and negative quantities, than was presented in a ibrmer seo- 
tion. 

TiCti^us recur to the problem of the two sons. In the solution of 
tA is problem, we employ the signs, •\- and — ^iu the staiem^enty n^^re* 



NEGATIVE BESULTS. .133 

Ij to indicate addition and subtraction. But in the remits these 
Bi^ns have a very different use; they enable us to distinguish the 
circuuLstances or conditions of the quantities which they affect. Thus, 
under the first hypothesis, the period of time represented by x oc- 
curred after the death of the father, and in the result is found to be 
affected by the plus sign; but under the second hypothesis, the pe- 
riod represented by x occurred before the death of the father, and 
in the result is found to be affected by the minus sign. 

Thus we perceive that plus and minus, in Algebra, are not symhoh 
of operation merely, but also symhoh of relation^ serving to dis- 
tinguish quantities in opposite conditions or circumstances. 

It should be observed, however, that this enlarged use of the 
plus and minus signs is not entirely conventional or arbitrary, but 
is necessarily involved in the more extended signification given to 
the terms addition and ttyhtra^ctiouy in Algebra. Indeed we shall 
never meet with a negative result in the solution of problems, so 
long as the language conforms, in the exact arithmetical sense, to 
the fiicts of the case. 

EXAMPLES FOB PBACtlCE. 

1. What number is that whose fourth part exceeds its third part 
by 12 ? - Ant. —144. 

The question is impossible, if understood in an arithmetical sense. 
Let the papil modify the enunciation, and solve the new problem. 

2. A JDKBk when he was married was 30 years old, and his wife 
15. How many years must elapse before his age will be three 
times the age of his wife ? Ant. — 7^ years. 

That is, their ages bore the specified relation 7J years before^ not 
after, their marriage. 

y %. The sum of two numbers is », and their difference d] what are 

the cumbers ? . ^^ ^ * . ^ . t id 

Ans, Greater, « H" o ' ®^^ 2 — 2 

How shall the result be interpreted when « = 120 and rf = 160 ? 

4. Two men, A and B, commenced trade at the same time, A 
^»ving 3 times as much money as B. When A had gained $400 
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and B $150, A had twice as mucli money as B ; bow roncli did eacb 
have at first f Ans. A wa^ in debt $900, and B $100. 

5. A man worked 7 days, and had his son with him 3 days, and 
received for wages 22 shillings, and the board of his son and him« 
self while at work. He afterward worked 5 days, and had his son 
with him one day, and received 18 shillings. What were bis daily 
wages, and what the daily wages of his son 1 

Ans. The father received 4 shillings per day, and paid 2 shillings 
for his son's board. 

6. A man worked for a person 10 days, having his wife with 
him 8 days, and his son 6 days, and he received $10.30 as compen- 
sation for all three ; at another time he wrought 12 days, his wife 
10 days, and son 4 days, and he received $13.20 ; at another tincM 
he wrought 15 days, his wife 10 days, and his son 12 days, at the 
same rates as before, and he received $13.85. What were the 
daily wages of each ? 

Afis, He received $.75 for himself, $.50 for his wife, and paid 
$.20 for his son's board. 

7. A man wrought 10 days for his neighbor, his wife 4 days, and 
son 8 days, and received $11.50 ; at another time he served 9 days, 
his wife 8 days, and his son 6 days, at the same rates as before, and 
received $12.00 ; a third time he served 7 days, his wife 6 days, 
and his son 4 days, at the same rates as before, and he received 
$9.00. What were the daily wages of each f 

Ans, Husband's wages, $1.00 ; Wife's, ; Son's, $.50. 

8. What fraction is that which becomes | when 1 is added to 
its numerator, and | when 1 is added to its denominator t 

Ahs. In an arithmetical sense, there is no such fraction. The 
algebraic expression, zj§, will give the required results. 

How shall the enunciation be modified, to form an analogous 
question involving no absurdity ? ' ^ 

9 

9. Four merchants, A, B, C, D, find by their balance sheets that 
if they unite in a firm, receiving the assets and assuming the liabil- 
ities of each, tlvcy will have a joint net capital of $5780. If A, B, 
and C unite on the same conditions, their joint capital will be 
STDoO; ;T 1), C, and J) unite, their Joint capital will be $2220; and 
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if C, D, and A unite, their joint capital will be $7820. Required 
the net capital or the net insolvency of oach. 

10. Two men were traveling on the same road towards Boston, A 
at the rate of a miles per hour^ and B at the rate of h miles per 
hour. At 6 o'clock A was at a point m miles from Boston, and at 
10 o'clock B was at a point n miles from Boston. Find the time 
when A passed B upon the road. 

An9, hours aftear 6 o'clock. 

a — 

11. What time of day will he indicated by the preceding formu- 
la, if m = 36, » = 28, o = 6, and 6 = 3 f Arts, 4 o'clock. 

12. There are two numbers whose difference is a; ancfif 3 times 

the greater be added to 5 times the less, the sum will be 6. What 

are the numbers f . ^ 54- 5a _ h — 3a 

Alts, Greater, — ^ — ; Less, — 5- 

o o 

How shall this result be interpreted if a = 24 and 6 = 48 7 

NOTniNO AND INFINITY. 

183. The limits between which all absolute values are comprised, 
are nothmg and infinite/ ; and the symbols by which these limits are 
denoted, are and oo. 

184* In certain algebraic investigations it is convenient to em- 
ploy these symbols in connection with each other and the ordinary 
symbols of quantity. They may thus sustain the relations of divi- 
sor, dividend, quotient, or factor. Such relations, however, can 
not really exist exoept between symbols of guantiii/. Hence, in 
Algebra, does not always signify merely absence ofvalne; nor does 
00 represent infinity^ in the highest sense of the word. 

The more complete definition of these symbols may be ^ven as 
follows : 

185* The symbol 0, called nothing, or zero, may be used to 
denote the absence of value, or to represent a quantity less than any 
assignable value. 

180* The symbol 00, called infinity^ is used to represent a quan- 
tity greater than any assignable value. 
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A A 

INTERPRETATION OF THE FORMS 7r> — i -j. AND ^r 

CO A* 

18 7« In order to understand the signification of the ezpressioDa, 

^ ^ • 

OO -a 

we may consider the symbols and oq as resulting from an arbitruy 
or varying quantity, made to diminish until it becomes indefinitely 
small, or to increase until it becomes indefinitely great. 

a 
188. Let ^ represent a fraction, a and h being arbitrary quan- 
tities. And let it be remembered that the value of a fraction 
depends simply upon the rdcUive values of the numerator and 
denominator. 

1 — If the denominator h is made to diminish, becoming loss and 
less continually, while the numerator a remains unchanged, the 
value of the fraction must increase, becoming greater and greater 
continually, (119, II); and thus when the denominator h becomes 
less than any assignable quantity, or 0, the value of the fraction 
must become greater than any assignable quantity, or oo. HencCi 
we conclude that 

~ = 00. That 18| 

A finite quantity divided hy zero is an expression for infinity, 

2. — If the denominator h is made to increase, becoming greatei 
and greater continually, while the numerator a remains unchanged, 
the value of the fraction must diminish, becomrag less and less con- 
tinually, (119. II) ; and when the denominator h becomes greater 
than any assignable quantity, or oo, the value of the fraction must 
become less than any assignable quantity, or 0. Hence, 

A - That is, 

A finite qitantity divided hy infinity is an ea^ession for zero or 
nothing. 

3. — If the numerator a is made to diminish, becoming less and 
«ess continually; while the denominator h remains unchanged, the 



\ 
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vxtlne of the fraction must diminisli continually, (11 9. I) ; and when 
a becomes less tlian any assignable quantity, or 0, t^e value of the 
fraction also must become 0. Hence^ 

?. = 0. That is 

Zero divided hy a finite quantity is an expression for nothing or 
zero. 

4. — If both a and h are made to diminish simultaneously, but in 
such a manner as to preserve their rdative vahie^ then the value of 
the fraction will remain unchanged, however small the terms 
become, (11 9, III) ; and when both a and h become less than any 

assignable quantity, or 0, we shall have the expression jr represent- 

a 
ing the valua of t-. And since this value may be any quantity 


whatever, we conclude that tt represents an indeterminate quantity. 

That is, 

Zero divided hy zero is a symbol of indetermination. 

NoTB. — ^If it should be difficult for any one to conceive how both terms 
of a fraction may, by being diminished, become nothing at the same time, 
and yet preserve the same relative value to the last, it may be useful to 

consider the following illustrations: 

e 
Take the fraction j , m which d represents the diameter of a circle, 

and c the circumference. Now the diameter and circumference of a cir- 
cle have the same ratio to each other, whatever the dimensions of the 

circle. Hence, if the circle be made to diminish until it shall become a 

e 
point, or vanish, both terms of the fraction, -j^ will diminish, and become 

at the same instant, the vahie of the fradiion remammg the same Uirough- 


imty and reducing to the form, q-' at the instant the drde vanishes. Now 

the ratio of the diameter to the drcumference of a circle is known to be 

8.1416— ; hence, in the present case, we shall have 


Q = 3.1416. 

Again, let s represent the side of a square and d the diagonal. Then 

we have the well known ratio 

d 

If the square is supposed to diminish by insensible degrees, both d and 

9 will vanish at the same instant, and we shall {lave finally 





12* 



6= ^2. 
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PROBLEM OF THE C0TJBIEE8. 

189. The anomalous forms which have been explained in the 
last article will now be viewed in connection with a general problenii 
involving certain relations of motion, time and distance. The dis- 
cussion will also confirm our interpretation of negative results. . 

Problem. — Two couriers, A and B, were traveling along the 
same road and in the same direction, namely, from C toward G; 
the former going at the rate .of a miles per hour, and the latter at 
the rate of h miles per hour. At 12 o*clock, A was at a certain 
point P, and B was d miles in advance of A, in the direction of C. 
It is required to find tolien and where the couriers were together. 

C P d 

• i i 

This problem is entirely general, and we do not know from ihe 
enunciation whether the couriers were * together after, or before 12 
o'clock ; nor whether the place of meeting was to the right, or to 
the left of P. But in order to effect a statement of the problem, 
we will suppose the required time to be after 12 o'clock. Then we 
must regard time after 12 o'clock as positive, and time before 12 
o'clock as negative ; also, distance reckoned from P toward C as 
positive, and distance reckoned from P toward (7 as negative. Ac- 
cordingly, 

Let t = the number of hours after 12 o'clock ; 

X = the distance from P to the point of meeting. 
And since A traveled at the rate of a miles per hour, and B at 
the rate of h miles per hour, we have 

05 = a< = distance traveled by A after 12 o'clock ; 
J^ r= « « *« B " ** " 

Bat sinoe A and B were d miles apart, at 12 o'clock, we have 

at — ht = dj 

'=— .' (^> 

a — b 

« = -^. (2) 

a — 

We may now discuss this problem with reference to the dme 

t and the diBtance x, which are the two -vrnkxioTim elements 
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I. Suppose a>6. 

Under this hjpotlicsis the values of both t and x will be positive^ 
because the common denominator, a — h, is positive. Now since t 
18 positive, we conclude that the two couriers came together after 
12 o'clock; and as a? is positive, we infer that the point of meeting 
is somewhere to the right of P. 

These conclusions agree with each other, and arc consistent with 
the conditions of the problem. For, the supposition that a is 
greater than h implies that A was traveling faster than B. A 
would therefore gain upon B, and overtake him sometime after 12 
o'clock, and at a point situated in the direction of C. 

n. Suppose a<b. 

Then in equations (1) and (2) the denominator, a — 5, is negative, 
and consequently both t and x will be negative. 

This implies that t and x must be taken in a sense contrary to 
to that in which they were employed under the hypothesis, (I), ^^ 
where they were positive ; that is, the time when the couriers were 
together was he/ore 12 o'clock, and the place of meeting was sit- 
uated to the left of P. 

• 

This interpretation, also, agrees with the conditions of the prob- 
lem, under the present hypothesis. For, if a is less than &, then 
B was traveling faster than A ; and as B was in advance of A at 
12 o'clock, he must have passed A before that time, somewhere to 
the left of P, iti the direction of C. t 

m. Suppose a = 6. ^ ^-c^^^'^^J^^^^ 

Under this hypothesis we shall have a— 5 = 0, and ' ^ 

' d _ _ ad 

f = 77 = ooi and also x = -77- =i 00 . 

Now, according to these results, ^, the time to elapse before the 
couriers are together, is greater than any assignable quantity, or 
infinity ; therefore they can never be together. And likewise x, 
the distance from P of the supposed point of meeting, is greater 
than any assignable q^uintity, or infinity ; hence there can be no 
such point, however distant from P. 

This interpretation is in accordance with the conditions of the 
problem, under the present hypothesis. ¥6t, «.t 1^ q'^sIq^V ll\& t?K<\ 
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couriers were d miles apart; and if a = 5, they were trayeling aft 
equal rates, neither approaching nor separating. Hence^ they conld 
always continue in motion, and remove to any distance from P, 
without meeting. 

IV. Suppose ci =■ 0, and a>6 or a<6. 

Then we shall have 

i = ~5_ = 0, and xz=z -A -= 0. 
a — 6 a — 6 

That is, hoth the time and distance are nothing. These results 

must he interpreted to mean that the couriers were together at 12 

o'clock, at the point P, and at no other time or place. 

And this interpretation is also confiimed hy the conditions of the 
problom. For, if J = 0, then at ] 2 o'clock B must have been with 
A, at the point P. And if a>2> or a<&, the couriers were travel- 
ing at different rates, and must he either approaching or receding 
from each other at all times except at the moment of passing; hencey 
they could be together only at a single point. 

V. Suppose rf = 0, and a =« 6. 
"We shall then have 

f = §^,andx=§-. 

Here the values of both t and x are represented by the symbol 
of indetermination, which signifies that the time and the distance 
may be anything whatever ; and we infer that the couriers must be 
together at all times, and at any distance from P. 

And this conclusion is evidently confirmed by the conditions of 
the problem. For, if e? = 0, the couriers were together at 12 
o'clock ; and if a = 6, they were traveling at equal rates, and would 
never separate. 

190. To the foregoing interpretations, there is an apparent 

exception in the case of the expression tt. For, a fraction which 

is not indeterminate will reduce to this form, if its terms contain a 
common fa ?tor that becomes zero under the hypothesis. 
Thus, in the solution of a problem, suppose 

vf—ff 
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If we put a = 6, whicli implies that a — h = 0, then 


and the value of x appears to he indeterminate. Let ns^ however, 
cancel the common factor, a — h^ from hoth terms of the fraction in 
equation iX\ we shall ohtain 



X 



P) 



a+6 

If in this reduced equation, we make a = &, as before, we shall 

have a determinate value for x. Thus, 

8a 
• X ^= — • 

2 

Hence the following practical direction : 

In the discussion of a prohlemy a fractiondl result sTundd he 
reduced to its lowest terms be/ore making the hypothesis. 

191. We are sometimes liable to an error in the reduction of an 
equation, in consequence of a false assumption respecting the value 
of an expression reducible to the form of indetermination. 

1 — Let us .^e the equation, 

6a;+7 6x— 12 



a;+2 — x—2 



(1) 



Keducinp; second member, — ^—- = 6, P) 

x-\-Z ' 

clearing of fractions, 6x-f-7 = 6x-|-12, (8) 

transposing and factoring, (6 — 6)a5 = 5, (4) 

whence, x = ^ — ^ = jr^ W 

' 6 — o 

or, by (188, 1), re r= 00. 

This result is erroneous. To obtain the true root of equation (1), 
multiply both members by (a5+2) {x — 2) ; we shall obtain 

6x«--5a:— 14 = 6x«— 24 ; 
whence, . 6a5 = 10, 

or, 03 = 2. ^ 

Now we observe that if this true value of a: be substituted in 


the second member of equation (1), it will reduce to the form ^ ' 
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and the mistake in our first solution waB made in assuming that 

g-p 22 

-^ 27- = 6, a conclusion which would be correct in «.ll cases 

except when x z=2, 

2. — If we make two assumptions that are inconsistent, resj^v.ctmg 
the values of quantities reducible to the form of indetermina^vt^^ 
the result will be an algebraic absurdity. 

Thus, take the identical equation, 

8+20 = 8+20. 0) 

By transposition, 8 — 8 = 20 — 20, 



8—8 20—20 ^ 

dividing by 4— », |— j = ^ ^ > ' W 

factoring, ^ ^ = 4^4 » ^*) 

suppressing common factor, and 2 = 5. (5) 

Equation (5) is absurd. But this equation is not correctly derived 
from (3) or (4). In equation (3), both numerators and both denomi- 
nators are zero. Hence (3) may be written, 

""0 ^^ *• ^ 

a result which involves no absurdity, and certdnly gives no author- 
ity for saying that 2 is equal to 5. 

193. To afford the pupil further exercise in the interpretation 
of anomalous forms, we give the following 



EXAMPLES. 

I. A cistern has four pipes communicating with it. If all be 
opened together, and left running for 15 hours, the cistern will be 
filled ; but if the first run only 5 hours, tbe second 8 hours, the third 
7 hours, and the fourth 3 hours, the cistern will be but one half 
full ; if the first run 3 hours, the second 4 hours, the third 3 hours, 
and the fourth 1 hour, only \ of the cistern will be filled ; and if the 
first run 4 hours, the second 2 hours, the third 3 hours, and the^ourth 
2 hours, only \ of the cistern will be filled. In what time would tlie 
cistern be Blled by each pipe alone? 
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2. A can earn 5 dollars, and B 3 dollars, per day. In 2 days A will 
bave a certain sum, and in 4 days B will have 2 dollars more than 
this sum. How many days hence will A and B have the same sum? 

3. An astronomer being asked the period of a, comet's revolution, 
answered, that if from 3 times the period 10 years be subtracted, 
and to 4 times the period 8 years be added, the former result would 
be equal to | of the latter. Kequired the period. 

4. Two teachers, A and T, have the same monthly wages. A is 
employed 9^ months in the year, and his annual expenses are $450 , 
B is employed 6 months in the year, and his annual expenses are 
(300. Now A lays up in two years as much as B does in 3 years. 
Kequired tho' monthly wages of each. 

FORMULA FOB TIME APPLIED TO CIRCULAR MOTION. 

194« The Problem of the Couriers gave us the formula, 

in whicb a and h are the respective rates of motion, d the distance 
to be gained, and t the time to elapse before the couriers will be 
together. 

But the relations of these quantities will not be changed, if we 
suppose the path of motion to be a curve, instead of a straight line. 
The above formula will therefore apply to the hands of a clock 
moving around the dial-plate, or to the planets moving- in the circle 
of the heavens. It will thus afford a direct solution to the follow- 
ing problems : 

1. The hour and minute hands of a clock are together at 13 
o* clock ; when are they next together f 

The circumference of the dial-plate is divided into 12 spaces. 
The minute hand moves over these 12 spaces while the hour hand 
moves over one of them ; and when the minute hand has gained 
upon the hour hand a whole circumference, the two hands will bfl 
togetlier. 

Taking one of these spaces for the unit of distance, and one hou' 
- for the unit of time, we have 
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a = 12, 6 = 1, and <f = 12, 
to substitute in the formula. Hence, 

2. J.< itAo^ <me between 2 atu^ 8 o'clock mU the hour and mmuU 
haruh of a dock he together f 

In this case, Uie minute hand must evidently gain two revobUkmSj 
or 24 spaoes. Henoe, <^ = 24 ; and we have bj the formula^ 

24 
^ = Yj- = 2h. lOni. 54/^8- 

8. What time between 2 and 3 o'd.ek toiU the hour amd mmaite 
handM be at right-angUt to each other t 

In this case the minute hand must gain 2| reyolutions; that is, 

<f=12X24=27. Hence, 

27 
^ = -jY = 2h. 27m. XGj^s. 

4. What time between 5 and 6 o'dock wtU the two Jumdi oj a 
clc ik he in the same straight line f 

Here the minute hand must gain 5^ revolutions; and d.^ 12 X 
5^ = 66. Hence, 

e=YY-=6h. 

That is, the hands make a right line at 6 o'clock, a result mani^ 
festly true. 

Wo will now apply this formula to certain motions of the heav- 
enly bodies. It is known that the moon has a real motion around 
the earth from west to east. The sun also has an ajjparent motion 
in the same direction, in consequence of the real motion of the 
earth around the sun. The time of new moon is when the moon is 
in the direction of the- sun from the earth, or when the moon is 
passing the sun, in her motion. With this explanation we present 
the following problem : 

6. The average daily motion of the moon around the circle of 
the- heavens is 13.1764**, and the apparent daily motion of the aim 
in the same direction is .98565^. Required the time from one ncio 
moon to another » 
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To apply Uie formula, we have 

d = 360^, a = 13.1764^, h = .98566°, and a.-5 = 12.19076*. 
HenoOi 

^ = -ioiqa^a; = 29d. 121i. 44m. 83s. 

6. Tha jphnet Venus, om seen from the «ww, describes an ore of 
\^ 36' per day, and the earth, ax seen from tlie same pointy describes 
an arc of 59'. At what intervals of time toUl these two bodies come 
in a Um with the wn and o^ the sam>e dde ofilf 

Here d = 860** = 21600', a = 1«* 36', and 6 = 59'. Hence, 
a — b = 87', and we have 

21600 
t = oy = 583.8 days, nearly* 

The data in the last example were not taken with extreme accu- 
racy, the object being mainly to illustrate a method. More exact 
data would have given 588.92 days. 



INEQUALlTIEa 

19S« An Inequality is an expression signifying that one quan* 
tity is greater, or less, than another ; as 

a>^, and c<c?. 
In every inequality, the part on the left of the sign is the firA 
member^ and the part on the right the second member. 

*196« In treating of inequalities, the terms greater and less, 
must be understood in their algebraic sense, which may be defined 
as follows : 

Of any two quantities, as a and h, Vk is the greater when a — b it 
positive^ and his the less when a — ^b is negative. 

19 7« From this definition it follows, that 

Any negative quantity/ is less than zero ; and of two negative 
fiuantities, the greater is the one which has the less number of units. 

Thus, — ^2<0, because — 2 — = — 2, a negative result; and 
*.3>. — 5 J because — 3 — ( — 5) = -\-2, a positive result. 
18 K 
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198« Two inequalities are eald to $ubnst in the same sense^ vhra 
the first member is the greater in both,.or the less in both. Thug 
a'^ d and c > J, or « < 2; and as < y, are inequalities wMch sub- 
sist in the same sense. But the inequalities, m > « and p < Ji 
subsist in a contrary sense. 



PROPERTIES or nOEQUALITIIS. 

199« Inequalities are frequently employed in mathematioal in- 
yestigations; and to &cilitate their use, it is necessary to establish 1 
the following properties : 

L An xnegwdity vnU continue in the same sense, if the samegwm" 
Hty he added to, or whtracied from, each member » 

For, suppose 

a > 6. 

Then according to (196), a — h b positiye. Hence, 

(a±c)— (6±c) 

is positiye, and consequently 

a±c > h±e. 

It follows obyiously from the principle just establi&ed^ 

1. — ^That a term may be transposed from one member of an ine- 
quality to another, by chan^g its sign. 

2. — ^That if an equation be added to an inequality, member to 
member, or subtracted from it in like manner, the result will be an ' 
inequality subsisting in tiie same sense. 

II. If an inequality he mbtracted from an equation^ memter 
from memher, the sign of inequality wiU he reversed* 

For, suppose 

X =y, and a >• 5 ; 
then we shall haye 

(x — a) — (y — h) = h — a, 

a negatiye quantity, (196) ; hence, 

a— ^ < y — h. 

in. J/ the signs of all the terms of an inequality he changed^ 
^e si^ of inegtiality vjill he reversed^ 
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For to clumge Uie signs of all the tqrms is equivalent to subtract- 
ing each member from 0=0. 

lY. IJ two or more megtuiltiiei subsisting m the same sense^ he 
. addedy memher to member ^ the resuUmg ineqwiUty wiU subsist in, the 
same sense as the given ineqaalities. 

For if a > 6, a' > V, cT > V\ , 

then fix)m (196), 

o— 5, a'~6', a"— 5", 

are all positive ; and the sum of these quantities, 

a-.6-|.a'— 5'+a"— 6", or (a+a'+a'O— (^+ft'+ft")> 
is ther^ore positive. Hence, 

It is evident that if one inequality be subtracted from another 
established in the same sense, the result will not always be an 
inequality subsisting in the same sense. Thus, it is evident that 
we may have 

a > 6 and a' > 6', 

In which a— «' may be greater than 6—5', less than b — b\ or equal 
to b—b\ 

y. If one iinequaMty be subtracted from another estahlished in a 
eontrary sense^ the result wiUbe an inegualit^ established in the 
same sense as the minuend. 

For, if a > 6 (1) 

and ^ a'<6', (3) 

then a — b is positive and a' — 5' is negative; therefore, a — &— 
(a' — ft'), or its equal (a—^') — (b — 5') must be positive^ and we 
shall have 

a— a' > 6—6', 

an inequaliiy subsisting in the same sense as (1). 

If (1) be subtracted from (2), member from member, it can be 
sliown, in like manner, that 

a'.^ < y—b. 

YI. An ineguality will stiU subsist in the same sense, if both 
members be multiplied or divided by the same positive quantity. 
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For suppose tn to be essentially positiye, and 

a>6. 
Then since a — 5 is positiTe, we skall haye boUi m(a--&) and 

— (a — h) podtiYe. Therefore, 



m 



Qt h 

ma > mb and — >• — • 

m m 

VII. If hoik members of an inequality be mMU^pUed or dieided 
by the somie negative quantity ^ the ngn of inequality vnU be reverted. 

For^ to multiply or divide by a negative qnantily will change the 
signs of all the terms, and consequently reverse 'the sign of inequal- 
ity, (HI). 

y nL If two inequalities subsisting in the same sense be mMli^plied 
togeOier^ member by member , the sign of inequality remains the same 
when fnore than two of the members are positive^ but it reversed 
when mjore than two of the members are negative 

That is, 

Multiply a>6 _a>— 6— a>— 6 a> h 
By a'>V — a'>— 5' a'>— 6' a'> 



Products, aa' > bb' aa' < bb' —aa' < bV aa' > — W 

The first Iwo results are evident from the fact that when the two 
members of an inequality are both positive, the greater member has 
the greatest numerical value ; but when the two members are both 
negative, the greater member has the least numerical value. 

The other two results are evident from the fact that any positive 
quantity is greater than any negative quantity. 

It will be found that if two of the four members are positiye and 
two negative, the result will be indefinite. 



REDUOTION or INEQUALITDBB. 

300. The Eeduotion of an iuequality consists in transforming it 
in such a manner that one member shall be the unknown quantity 
standing alone, and the other member a known expression. The 
inequalitj will then denote one limit of the unknown quantity. 
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301. Tho principles just established may now be applied in the 
reduction of inequalities of the first degree. 

Thus, let it be required to find the limit of a in the inequality, 

X 2x Sx 9 

2 +'5 ^T+r 

Multiplying both sides by 20^ 

10a5 + 8a;> 15x + 45j 
transposing and collecting terms, 

3x>45; 
iividing by 3, 

ac >• 15. 



EXAMPLES roa PKAonos. 

1. 5a?>^ + l4. Am. «>4. 

2a; 2x 2a; - « 

2. -g "3~>"5 2- AfU.x<S. 

^- T + 4<"r+12- AnM.x<i^ 

^ Sx a;— 1 ^^ 20«+13 , ^. 

4. -J 2""^ f~* An$.x>&. 



6. ax — ft^cas+A An$. x^ 



a — c 



6. -T— <1 -4n«. a;<a. 

6 ^ a 



.t. 



7. (a — x) Cm — x) — afm — c) < a;' --• Ans. a5> — -• 

303. If there be given an inequality and an equation, contain- 
ing two unknown quantities, the limit of each unknown quantity 
Euay be found, by a process of elimination. 

1. Given 2aj+6y > 16 and 2x+y = 12, to find the Kmits of » 
indy. 

18* 
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If we subtract the equation from the ineqoaliiy, the resnit irill 
be an ineqoaliiy Bubsisting in the same sense; (199^ I, 2), and x 
will be eliminated. Thus, 

From 2»+5y > 16, (X) 

subtract 2x-j-y = 12 ; <!B) 

y>i. 

If we substitute 1 for y in the equation, the first member wOl bo 
made less than the second; and we shall haye 

2x+l < 12, 
whence, x << 5^. 

The limit of x may beibund in a different manner, as foDowiS 
From equation W, y = 12 — 2x. 

Substituting Uus value of y in (1), we have 

2a;+60— lOaj > 16, 
whence^ — 8x > — 44, 

or, « < 6^. 

Thus we may eliminate between equalities and inequalitieB, either 
by addition and subtraction, or by substitution. Let it be remem< 
bored, howeyer, that when an inequality is sultracted from an equi^ 
tion, the sign of inequality will be reyersed ; (199^ II). 

EXAMPLES rOR F&AOTIOl. 

1. Oiyen 2fl;+4y > 30 and Sx+2y = 31, to find the limits of m 
and y. Ans. a? < 8 ; y ^ 3^1. 

2. Giyen 4x — 8y <[ 15 and 8x-j-2y = 46, to find the limits of x 
and y. Am. « < 5^ j y > 2. 

3. Oiyen 7a>— lOy < 59 and 4x-f 5y = 68, to find the limits of x 
and y. Ans. as < 13 ; y > 3 J. 

4. Oiyen bx+^if > 121 and 7«+4y = 168, to find the limits of 
X and y. Aru. 05 < 20 ; y > 7. 

^ r^. « — 4 y — 10^ ^ , Sas — ^24 . «— y ^^ ^ 

5. Oiyen --g ^~> ^ *°^ — 4 ^^z' ~ ' 

9ad the limits of x andy. Ant. as < 22f ; y < 17f. 
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SECTION III- 

POWERS AND ROOTS. 
INVOLUTION. 

303. A Power of a quantity is the product obtained by taking 
Uie quantily some number of times as a factor ; the quantity is then 
said to be raised, or involved, 

304. Inyolution is the process of raising a quantity to any 
given power. 

ftOSm Involution is always indicated by an exponent, which 
expresses the name of the power, and shows how many times the 
quantity is taken as a factor. 

Thus, let a represent any quantity whatever ; then, 

The Jirsi power of a is a = a^} 

" second « «< €Ui=:zc^'^ 

« ikird « " aaa^a^] 

" fowrtk ** " aaaarszia**^ 

^ nth " " aaa. ..=a\ 

306* The Square of a quantity is its second power 3 and 

The Cube of a quantity is its third power. 

307« A Perfect Power is a quantity that can be exactly pro* 
duced by taking some other quantity a certain number of times as 
a &ctor. Thus, a^ — ^2xy-|-y' ^ ^ perfect power, because it is equal 
to(a?— y) (sB— y). 

POWERS OP MONOMIALa 

5t08. A simple fiictor may be raised to any power by ^ving it 
an expiment which expresses the name or degree of the required ^ 
power. And if a quantity consists of two or more factors, it is 
evident that as often as the quantity is repeated, each factor will be 
repeated. Thus, 

(ahy = abXab = oaXW = a*V. 
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And in general, if ahc k represent the product of any 

number of factors, and n any exponent, we shall haye 

(ahc ky = o»6V jfe*. That is, 

The nth power of the product of two or more /actors w equal to 
the product of the xxth powers of those factors, 

309. If it be required to involve a quantity which is already 
a power, the exponent of the quantity will be taken as many times 
as there are units in the exponent of the required power. ThuS; 

And in general, a"* railed to the nth power will be 

(a*)* == o"». That is. 

If the mih power of a quantity he raised to the nth power, the 
resuU win he a power of the quantity eapressed by the product of 
m and n. 

310. With respect to signs, it is obvious that if a positive quan* 
tity be involved to any power whatever, the result will be positive. 

But if a negative quantity be involved, the successive powers will 
be alternately positive and negative ; for, it has been shown that 
the product of an even number of negative factors is positive, and 
the product of an odd number of negative factors is negative, (07)< 

To deduce this law of signs in an experimental way, l^t it be 
required to involve — a to successive powers. By the principles of 
multiplication, we shall have, • 

(-^)' = (-«)X(-«) = +«*; 

(-a)'=(+««)X(-«) = -a'j 
i—ay = (—a-) X (-«) = +a* J 
(-«)• = (4.a«)X(-a) = -a». 

And in general, 

(—ay=±a*, 

the plus sign in the second member being used when n is evm^ 
*&nd the minus sign when n is odd. Hence, 

.^ L — AH powers of a positive quantity arepositivCm 

- 2. — The odd powers of a negative quantity are negaJUvCj but the 
ev&i powers arepontive. 
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311* From the foregoing principles relating to the involution 
of a monomial, we derive the following 

/^ KuiiE. I. Eaue the numeral coeffiaienis to the required power. 

^ n. Multiply the eocponent of each Utter hy the exponent of the 
required power, 

in. When, the quantity involved tt neqctttve^ give the oddpowen 
the minus sign. 



1CXAM?LK8 FOB FBAOnOl. 

1. Efuse X* to the 4th power. Am, »". 

2. Eaise y* to the 8d power. Am, jf*\ 

3. Baise of to the 6th power. Am. x*^. 

4. Baise x"* to the nth power. Am. af*. 

5. Eaift aa? to the 8d power. Am* a*x\ 

6. Eaise ah^x* to the 2d power. Am. a*b*x\ 

7. Eaise 5a*x to the 3d power. Am. 125a*fls'. 

8. Eaise 8a*6* to the 2d power. Am. 64a*&*. 

9. Eaise — 4a to the 4th power. Am. 256a\ 

10. Eaise — 4a to the 3d power. . Am, — 64a*. 

11. Eequired the 7th power of — a*x\ Am, — a*V. 

12. Eequired the 4th power of — Sc<P. Am. 81c*d*. 

Find the values of the following indicated powers : 

13. (6ahy. . Am, 216aW. 

14. i—b<^hy. Am. — 126a»6»*. 

15. (crb*y. Am. o*»6*". 

16. (— a*/. Am. a*". 

17. (— af)\ Am, — «•-. 

18. (— 3a«5*)'. Am. 9a^b\ 

19. (r'2arx^y. Am, — 128a'*«*- 
20 (— oftc)-. Am. ±a'^lre^. 
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313« If it be required to raise a* to the mth power, wo shall 
have 

an ezpressioii wldoli denotes that power of a whose index is m*. 
If we put m = dy then o* = a*. 

Expressions like the aboye may frequently ooeur in algebraic 
operations. 



Find the Talue of each of the following expresnons : 

1. (*y)*. An». ary^. 

2. Cafyy. Am^ «-V*. 

8. («■*)"•• Am. «(••. 

4. (aT*)-'. Am. ar\ 

4 

5. (af--*y)"^*. Am. a^*-yH-«. 

6. (a6V>V. Am. iTft^W. 



POWERS OF FRAOnON& 

/ 
313. If a fraction be raised to any power by multiplication, both 

numerator and denominator will be raised to the same power. 

a 
1. Required the 8d power of —• 

\7) =7^r^c= 0<0<^=?' -^"^ 
Hence, to nuse a fraction to any power, we have the following 

Rule. Romc both nttmercUor and denommator to the regmrtd 

power, 

XXAMPLES TOR PBAOTIOl. 

1. Inyolye -73 to the 2d power. Am. jn 

a* - a* 

2 Inyolye n to the 8d power. Am. ^=-^ 



KEGATIVE INDICES. 
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4a«6 



8. Involye =— to the 5tli power. Ans. — 



4. Inyolye 



OdB* 



ay 



to the 4th power. 



5. Euse -^-r to the 6ih power. 



2a:* 



6, Baise, ^-^^ to the 6th power. 

7. Buse to the nth power. 



8. Find 



9. Knd 






1024a"5' 



16807a:* 
Ans, 

15625 






J.n«. 



J.IM. 



^iM. d: 



32x** 
243a'- 6-* 



ai*y*j8* 



.iilM. 






DISCUSSION OP NEGATTVB INDICEa 
314. It has been shown in preyions artieles that 



a^X«*^=<»*^ » — ;=a"*^> and (a*)* ^ a** i 

where m and « mepotitive whole numhers. It remains to be shown 
that the aboTO relations hold true when one or both of the expo- 
nents are negative. And in this investigation it is sufficient to re- 
member that a qoanUly with a negative exponent is equal to the re- 
ciprocal of the same quantity with a positive exponent; (88. 2). 

L To prove that aC^xa^ = <t*+» aniversallyy m and n 
being integers. 

L — Suppose one of the exponents to be negative ; <»: let 



Then 



a' 



arxa^= arXcr*'= "sr = a"^ = a^"^ 



2. — Suppose hoA exponents are negative ; or let 

m = .^-m' and n = 



Then 



iPX^ = flT^XflT*' = 



^ 1 



<l» C» ^i^'t** 
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II, To prove that -;j- =■ dj^-^ universally, m and n being 
integers. 

1. — Suppose Uie exponent of the numerator to be n^ative ; or 

let m = 

a* cT"^ 1 

o* o* a" 
2. — Suppose the exponent of the denominatoir to be nq^itin 

or let -' 






Then ^ = ^ = a-Xa*' = a***^ = 

3. — Suppose both exponents are negative; or lei 

i» = — m' and n = 

Then — r = -:irr = -^ = a**"^ = a' 

nX To prove ihat (fl^)* -» c;^ universally, m and n 
being integers. 

L — Suppose n to be negative ; or let 



Then (a-)-=(«-)-- = ^=-^ = 
S. — Suppose m to be negative ; or let 



m^ — m\ 



Then 



(a-)-=(ar-0*=(^)" =^ = flr-^ = 



3, — Suppose both m and n to be negative ; or let 

m == — m' and n = — n'. 



Then 



Hence, in all algebraic operations, tiie same rules will apply to 
negative exponents as to positive. That is, if two powers of the 
same quantity be ^ven, then the exponent of their product will be 
equal to the algebraic 9wn of the ^ven exponents, and the exponent 
of tbeiT quotient will be equal to the algeln'aic different of the giv- 
tm exponentB. 
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•BTAMPT.Hfl - 



Slt(» Find Uie yalne of eaoh of the following ezprossions: 

1. (pt^hy. Am. a^h\ 

2. (Jr*e*y^. Ans. h*d^. 

3. (2aV)-». Ans. ioT*^*^. 

4. (4a«6— )•. Ans. IQa^b-^. 

5. (— €»rf-^*)\ Ans. — c*•c^•^ll••. 



6. (8<r*a3r0"^. ^»w. Aa'ar*y*. 

7. (— a'V*)". ^jw. ±o»V-*. 



—1 



•8. (ar^y . Ans. x-^ . 

9. (War*yx{(r*x'). Ans. 16a. 

10- (a«-6-*-)*X(<r^ft-^)"'. Ans. a^^Jr^. 



POWERS OP POLYNOMIALa 

316* A polynomial may be raised to any power by actual mnl« 
tiplication Thns, if the quantity be multiplied by itselfy the prod- 
uct will De the second power; if the second power be multiplied 
by the quantity, the product will be the third power; and so on. 
Hence the following 

^ RTTLK — Multiply the quantity by itself in continued multipli' 
catioUj till it has been taken as many times as a factor as there are 
units in the exponent of the required power. 

NoTB. It may be well to obsenre that hi hiyolution we may often reach 
the same result by different processes. Thus, we have a^::^a^xa^ 

EXAMPLES FOB FRAOTIOl. 

Expand the following expressdons : 

1. (2a^+8^)'. Ans. 4aj*+12a;V+V. 

2. (5aj-^'. Ans. 125x'--75ajV+16a3r*--y'. 

14 V 
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--^. (§a+26+c)*. 

^w. 127a*+54a*«»+27a?c+86a6«+86a6c+86«+9ac'+ 12^'c+ 

5. (a+iy. 

Am. «• — 8xV+28xy — 56x V + 70xy— 56ay +28ay — 

7. (a«(r«+cr*c')«. ^n«. o*cr*+2+tf-*c\ 

8. (a'+l+ar*)'. ^n«. a'+8a*+6a«+7+6ir*+8tf-*+cr«. 

9. (a*+a^)'. An$. a^+Sa^air+iara^+a^ 



POLYNOMIAL SQUARBa 

tf 17. We haye seen that the square of any binomial may be 
written without the labor of formal multiptieation, (70). ThnSi 
if X and y represent the terms of any binomial, then 

This formula for a binomial square furnishes a simple ^nile for 
writing out the square of any polynomial, in the same direct manner. 
To deduce the method, let it be required to square the polynomial, 

a'\-b'\-C'\-d-{'e'\- 

Put x^a and y = 5-f-c+<f +c+ Then the square of x-f y 

will be equal to the square of the given polynomial; or 

^•+2ay+y« = (a+b+c+d+e+. . . .)*. 

And the three parts of the required square will be 

«■ = «•, (1) 

2ay =z2ah+2ac+2ad+2ae+....j if) 

y*=:z(b+e+d+e+....y. 

Nowy represents a polynomial; and to obtain its square, we must 
proceed as at first Thus, put x' = 6 and y' = e+d+e+ • • • . 
Then the square of a/+y' will be equal to the square of b+e+d+ 
e-}- Andwehaye 
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«••=&•, (8) 

2xy = 2hc+2bd+2be+ . . . . , (4) 

If we proceed with the value of y" aa with the value of y*, we 
shall finally obtain all the parts of the required square. 

By inspecting equations (1), (2), (3) and (4), we perceive that the 
required square will assume the following general form : 

(jot+h^c+d+e+ ....)•= a*+2a(b+c+d+e+ ....) + h* + 
25 (e+d^e-^ . . .%) -|-c*-|-2c (c?-|-e-|- ....), and so on. Hence to 
obtain the square of any polynomial^ we have the following 

^ Rtde. Write the square of etich term^ together with twice thepro^ 
duct of each term hy the mm of aUthe terms which foUow it, and 
redvce the result if necessary. 

XXAMPLES FOB FBAOTIOE. 

1. Square a+b+e. Ans. a'+2a5+2ac+6«+26c+c» 

2. Find the square of a-|-5+c-f-<f. 

Ans. a*+2a5+2ac+2acf+5'+25c+25(?+c"+2ccf+<i». 

8. Find the square of a-^h-\-c+d-^e. 

Ans. a« + 2ah + 2ac +2ad+2ae+V+2hc+2hd+2he+c*+2cd 
-^'2ce+d^+2de+t^. 
4. Square 05— y+«. Ans. «■ — ^2ary4-2a»+y*"-2y»4-«*. 

6. Find the square of a — 2h'\-Bah — c. 
Ans. a*— 4aZ»+6a*6— 2ac+46'— 12a5«+45c+9aV— 6a5c+c*. 

6. Find the square of l—a-j-a* — a*. 

Ans. 1— 2a+3a"— 4a'+3a*— 2a*+a% 

7. Find the square of Sax'^2a* — ix* — 5. 

Ans. 12a»a;— 24aa;»— 30aa?+4a*— 7aV— 20a" 
+ 16«*+40«' + 25. 

8. Find the square of 1 — ^2a5— y'+^^y-'^- 

Ans. 1— 4aj— 2y»+2ay+2x*+4a;y*— 4x"y + 4aj'+/— 2ccy*— 

^*y + Zxy+x\ 

318. In a future section we shall give a formula, called the 
Binomial Formula, by means of which any power of a binomial may 
be obtained without the Ubor of multiplication. 



160 EYOLUTIOH 



EVOLUTION. 

319. A Boot of any qnantify ia one of ihe equal &ctoxB wliioh, 
multiplied together, will produce the given quantity. 

330. The name or degree of a root corresponds to the number 
of equal factors into which the quantify is supposed to be divided. 
Thus, 

The square root of a is one of the two equal factors whose 
product is a. 

The cube root of a is one of the three equal factors whose 
product is a. 

The fourth' root of a is one of the four equal fiustors whose 
product is a ; and so on. 

331. Evolution is the process of extracting any root of a given 
quantity ; it is the converse of involution. 

339. There are two methods of indicating evoIuti(m : , 

1st. By the radical sign^ -y/. 

When this method is employed, the name or degree of the root 
IS denoted by a figure or letter written above the radical, called the 
index of the root. Thus Xfa denotes the cuht root of a; and Vo 
denotes the fourth root of a. When no index is written, 2 is uiir 
derstood. Thus -|/x denotes the square root of x, and signifiei 
the same as V^« 

2d. By fractional exponents. 

To explain the origin of this method of indioalang rootSi we 
observe that a quantify is raised to any power, by multiplying its 
exponent by the exponent of the required power. Conversely, any 
root of a quantity may be obtained, by dividing the exponent of the 
quantity by the index of the required root Thus, the cube root of 

a, or a^, is written a , and the cube root of a' will be a • 

Hence, a fractional exponent may be analyzed as follows : 

"L^^The nwMToior denotes the power of the gwmtU^^ whose root 
is to he extracted. 

2. — The denomincUor shows whai root of thai potoer is to he 

extracted: 
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3!33« The two metliods of iniicating roots may be illustrated 
by equivalent expressions; as follows : 

/|/a, or a , denotes the square root of a; 
Va, or a*, «« " cube *« " o; 

Va, or a«, " « nth " « a. 
And if a* represent any power of a, then 

l/o", or a^, denotes the square root of o"; 
Va* ora', ** « cube *< «< o"; 

m 

Va~ era", « « »th « " o*. 
334I. A Surd is a root wbich cannot be exactly obtained .* za 
I % Va« or Va^—loh. 

A surd is called an irraHonal quantity^ while a root which can 
be exactly obtained is called a rational quantify. A root will be 
rational when the given quantity is a perfect power corresponding 
in degree to the required root ; otherwise it will be a surd. 

The root of a nnniber which is an imperfect power^ may always 
be obtained approximately. Thus, 1/6 is a surd ; but we have 

l/6=2.44, nearly; for (2.44)*= 5.9536. 

S3tl* An Imaginary root is one which is known to be impossi- 
ble on account of the sign of the given quantity. Thus, the square 
root of — a*f or v — a*, is impossible, since no quantify raised to 
tiie seoond power will produce — <i*. A root which is not imaginai^ 
is said to be real^ 



ROOTS OF MONOMIALa 

!lt36. It has already been shown that the root of a simple 
algebraic quantity may be expressed by dividing the exponent of 
the quantify by the index of the required root (333). And it 
is evident that if the exponent of the quantity will not exactly con« 
tain the index )f the required root, the result must be a surd. 
14* L 
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337. We have seen that a quantity compoeed of Beyeral fac- 
tors^ is raised to any power by involving each fiiotor separately to the 
required power ; (308). Conversely, we shall obtain the root of 
a quantity by extracting the root of each fiiotor separately. Thus, 
if (zbc, • • .A; represent the product of any number of £M^r8| then 

^abc. ...k=z Va Vh Vc . . . V^ i 

or, with fractional exponents, 

L J. JL JL JL 

(abc. • . .A;)* = a^b^c* . • . .Aj*. 

That is. 

The nth root of the product of two or more facUm u egwd to 
the product of the nth roots of the factort. 

338. There are certain properties of roots which depend upon 
the law of signs in involution : 

1. — Everj^ odd root of a quantify ii real, and hoB the tame ngn 
as the quantity itself. 

For, any positive quantity raised to an odd power is pontiye ; and 
any negative quantity raised to an odd power is negative; (310). 

2. — Every even root of a positive quantity is real, and may he 
either positive or negative. 

For, either a positive or negative quantity raised to an even pow- 
er is positive ; (310). 

3. — Every even root of a negative quantity is imaginary. 
For, no quantity, whether positive or uegative, raised to tti^eren 
power, will give a negative result. 

339. From the principles now established, we have the follow- 
ing rule for extracting the roots of monomials : 

Rule. I. Extract the required root of the numeral coefficienfM 
for a new coefficient. 

II. Divide the exponent of ecuh literal factor hy the index, of the 
required root, 

III. Prefix the double sign, ±, to oM even roois^ and the minu$ 
sign to the odd roots of a negative quantity. 

Notes. 1. When the required root of any factor is a surd, it may be 
Indicated either by a fractional exx>onent, or by the radical sign. 

2. The root of a fraction may be obtuned by taking the root of the nn 
mentor and denominator separately. 
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EXAMPLES FOR PRACTICE. 

1. What is ihe square root of 49aV ? Am, ±,*lax^. 

2. What is the square root of 25c"6* ? Am. ±Mh. 

3. What is the square root of 144aVa:y? Ana. ±:12ac*xy. 

4. What is the cube root of 125a' ? Am. 5a. 

5. What is the cube root of — 64a;' f Am. — 4x". 

6. What is the cube root of — 216aV f Am. — 6ay'. 

7. What is the cube root of 729a'«" ? Am. 9aV. 

8. What U the 4th root of 256aV t Am. ±4aa^. 

9. Find the 4th root of 16a. Am. ±2a^, or ±2Va. I 

10. Find the cube root of 27a*J5. Am. 8a»x', or SVo^ 

11. Find the 5th root of — 32x'y . Am. — 2a;V^, or— 2a;' V/. 

12. Find the »th root of a'"6"'. Am. a^h^ . 

13. Find the square root of 81a-*6'. Am. ±9a-*6'. 

14. Find the cube root of — ^216a"^c~'. Am. — 6ar*<r» 

15. Find the 5th root of 243ar*6-". Am. Zar^lr* 

36. Find the mth root of a^^y* . Am. a^y*. 

17. Find the nth root of afy«*. Am. ajy »**• 

_ 4a'a;* 2x* 

18. Required the square root of -g-y • Am. ± -^• 

.^ « . ^ ^ 1. X pl25a'5' ^ 5a5« 

19. Required the cube root of ^ , „ * Am. - — ^• 

200a' ^ 5a' 

20. Required the square root o f i og^ * •^***' ^"X 



a^a;** , aa;' 



21. Required the »th root of r_f-. Am. — . 

c*»y* c'y 

a' 5 1 -J 

22. Required the «th root of -r-* Am. a^lT^c \ 

23. Find the square root of (a — a;)V*- -^^« ± C^* — *)y** 

24. Find the cube root of (a;— 1)* (a+l)'. Am. (a^—1) (a;+l). 
^25. Find the square root of a;'y* {x — iff. Am. ±(a;'y'— «y'). 
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SQUARE ROOT OF POLYNOMIALS. 

330* To deduce a rule for the extraction of the square root of 
a poljDomialy let us first observe how the square of any binomial, as 
a -j-&) is formed. We have 

(a+iy = a*+2ab+b\ 

And the last two terms may be written as follows : 

(2a+h)h. 

Let us now consider how the process of involution may be i^ 
versed^ and the rooty a-^-hy derived from the square. 

Extracting the square root of a*, OPERATION, 

we obtain a, the first term of the root. 

Taking a" from the whole expression, a*-f-2ai-f-6*|a+d 

we have 2a5-|-6*, or X2a-f-&)6, for a a* 

remainder. Dividing the first term 2a-|-& 2a&-{-&* 

of this remainder by 2a, as a partial 2a5-{-&* 

divisor, we obtain hy which we place 

in the root, and also at the right of the 2a to complete the divisoTy 
2a-\-b, Multiplying the complete divisor by 5, and subtracting the 
product from the dividend, we have no remainder, and the work is 
finished. 

By the same process continued; we may extract the root of any 
quantity that is a perfect square. To establish* the rule in a general 
manner, let 

a-f-6+c-|-(?. . . . 

represent any polynomial. By a previous articloythe square of 
this polynomial consists of the sgtuire of e<ich termy together with 
tvyice the product of each term hy aU the terms which /oUow U; 
(317) ; and the square may be written as follows : 

a^-^^ab-^^ac+^ad +5*H-25cH-2M +c«+2«l. . . .+rf'. . . . 

And it is evident that if the root, a-\-h-\-c-\-d, • . • , is arranged 
according to the powers of some letter, the square will also be 
arranged according to powers of the same letter. 

We may now derive the root from the square, in the following 
manner: 
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OPERATION. 

l a+ftH-g+if. . . M root 

a* 

8ai-6 2ab-^2aG-^2ad. . . . +&'+2d0+2M. . . .+d'+2a2. . . .+(2". . . 

2a5 +d« 

2a-f 26+0 +2a6+2ad. . . . +26e+2dd. . . .+d'+2a2 +(2". . . 

2ae +2be +0* 

2a #-26+20+(l 2ad. . . . +2M. . . . -i-^ed. . . .+c{>. • . . 

2tfd H-2W H-2«J H-d* 

.... •«.. •••• •••• 

We find a as in the former example, and take its square from the 
whole expression. We then divide the first term of the remainder 
by 2a, and write the quotient, h, in the root, and also in the divisor 
We then multiply the complete divisor by b, subtract the product 
from the first remainder, and thus obtain a new dividend. Then 
writing 2a-)-2& for a partial divisor, we find c in the same manner 
-as we found h ; and thus we continue till the work is finished. 

If we examine the several subtrahends, taking the terms dioff' 
onally in the operation, we shall find a*, 2ab, 2ac, 2ad, etc. ; &*, 
2bc, 2bdj etc. ; c% 2cdy etc. ; c^, etc. That is, we have, in the ope- 
ration, the square of each term of the root, together vnth twice the 
product of each term by aU the terms which follow it. Thus we 
have exactly reversed the process of forming a polynomial square. 
Hence the following general 

Rule. I. Arrange the terms according to the powers of some 
letter, and write the square root of tlie first term in the quotient, 

n. Subtract the square of the root thus found from the given 
quantify and bring down two or more terms for a dividend, 

HI. Divide the first term of the dividend by twice the root already 
fofundy and umte the result both in the root and in the divisor. 

IV. Multiply the divisor^ thus completed, by the term of^the root 
last found J subtract the product from the dividend, and proceed with 
the remainder, if any, a« befoi'e. 

NoTBV — According to the law of signs In evolution, every square root 
obtained will still be a root, if the signs of all its terms be chaiLi@^L 
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SXABfPLES FOB PRAOTIOB. 

1. What is ihe square root of a*+2a5+2ac+6"+26c+c* 1 

2. Wbit is the square root of a*— 6a'6+4a' + 96*— 126+4! 

Am. a'— 36+2. 

3. What is the square root of a'+4a;*+2«*— 2a;'+6a:"— 2a;+ 
1 f An$. «*+2x*— a+l. 

4. What is the square root of 1— 2a-f 8a*--4a'+8a*— 2a*4 
a*? Am. 1— a+a«— «•. 

5. What is the square root of 4a*6*— 12a'6"+8oW+9aW— 
12aV+4a*6* f Atu. 2a*6— 8a6+2a6^, 

6. What is the square root of 9x'— 30a;•y+aV^hWr•y- 
44a;y— 48ay»+36y* ? An$. 8«'— ^a^r^— fay"+%^ 

7. What is the square root of a*— 6a'6€f+4flftk£— 2aV+96V 
— 126<;V+66ccr+4cV— 4cd'-f-ci* t Jm. a*— 36c+2«i— d*. 

3a*6* ab* h* 

8. What Is the square root of ifi^a*h'\ — j j- + t«? * 

-4IW. a*— y + j. 

9. What b the s^ttare root of as*— 6x»+lla;'— 6ar*+ar* ? 

^>M. 05* — 3a5-|-a5"*. 

10. What k the square root of a'i-'— lQa6-*+27— 10flr»6+ 
flr*6"7 ^rw. a6-»— 5+a-»6. 

11. What is the square root of a*"'+6a**c"+lla**c*"+6a*c*»+ 
c**r Ans. a"*-f-8a"'c"+c** 



SQUARE ROOT OF NTJMBERa 

331* In order to discover the process of extractiiig the square 
root of a number^ it is necessary to detemdiie 

1st The relatiye imnber of places in a number and its square 

root, 

2d. The local relations of the seycral figures of the root to the 
petioda of the number 
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8d. The law by wliich the parts oi a number are combined in ihe 
formation of iia square. 

333* The relative number of places in a given number and its 
square root may be shown by illustrations, as follows : 

!•= 1 !•= 1 

9*= 81 10*= 1,00 

99*= 98,01 100*= 1,00,00 

999'= 99,80,01 1000« = 1,00,00,00 

From these examples we perceive that a root consisting of 1 place 
may have 1 or 2 places in the square ; and that in all cases the addi- 
tion of 1 place to the root adds 2 places to the square. Hence, 

J^we point off a numher into two-figure periodsj commencing at 
the right hand^ the numher of periods wHl indicate the number of 
places m the squa/re root, 

333* K any number, as 2345, be decomposed at pleasure, the 
squares o^ the parts, beginning with the highest order, will be rela- 
ted in local value as follows : 

2000' = 4 00 00 00 

2300* = 6 29 00 00 

2840' = 5 47 66 00 

2345' = 5 49 90 25. Hence 

Hie square of the first figure of the root is contained whoUy in 
the first period of the power ; the square of the first two figures of 
the root is contained whoUy in the first two periods of the power ; 
and so on, 

334:« If the figures of a number be separated into two parts, 
and written with their local value, we may then form the square of 
the number by the/ormula for a binomial square. Thus, 

76 =70 +- 6. And if we put a = 70 and 5 = 6, then 
a-f& = 76 ; and we shall have 
a" = 4900 
' 2ah = 840 
&' = 36 

a«+2aZ»+2»'= 5776=70* 

Hence, the binomial square may be used as a formula for extracting 
the square root of a number. 
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1. liet it be required to extract the square root of 5776. 

There are two periods in the num- operation. 

ber, indicating that there Will be two 

places in the root As the square of ^'^ 76|76 

the tens is contained wholly in the a% 49 00 

first period, (333), we first seek the 2a, 140 8 76 

greatest perfect square in 57. This 2a-f&, 146 8 76 
we find to be 49, the root of which is 7, the first figure of the root 
sought Ilcnce we have a = 70, and subtracting a", or 4900, firon 
the entire number, we have 876 for a remainder, which must be 
equal to (2a+h)b ; (330). Dividing the remainder by the partial 
divisor, 2a, or 140, we have 6 = 6, the second figure of the root 
Completing the divisor, we have 2a-f& = 146 ; whence (2a-{-&)X 
h = 876, and the work is complete. 

It is obvious that we may omit ciphers, and still employ the 
figures with their proper local values, in the operation. It will not 
then be necessary to form the partial divisor separate from the com- 
plete divisor. 

If the given number consists of more than two periods, we may 
extract the two superior figures of the root from the first two 
periods, (333), bringing down another period to the remainder. 
Then a in the binomial formula will represent the part of the root 
already found, ccmidered cu tens of the next tnferiar order / and 
BO on. 

2. Kequired the square root of 226576. 
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Having found 47, the square root of the first two periods, wo 
bring down the last period, and have 5676 for a new dividend. We 
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fcben take 2a = 47X2 = 94 for a partial divisor, wbence we obtain 
& = 6, the last figure of the root We iihould observe that by 
simply doubling the 7 in the 87, we may obtain 94, the new trial 
divisor. 

From these principles and illustrations, we have the following 

Rule. I. Paint off the given number into periods of twojigure* 
tachf cownting/rom tini^s place toward the left and right. 

XL Fmd the greatest square number in the left-hand period, and 
write its root for the first figure in the root sought ; subtract the 
square number fiom the left-hand period, and to the remainder bring 
down the next period for a dividend. 

HL At the left of the dividend write twice the first figure of the 
root J for a trial divisor ; divide the dividend, exclusive of its right- 
Kaaid figure, by the trial divisor, and write the quotient for a trial 
Jigure in the root 

IV* Annex the trial Jigure of the root to the trial divisor fot 
complete divisor ; multiply the complete divisor by the trial Jigure in 
the root, subtract the product from the dividend, and to the remainder 
bring doum the next period fbr a new dividend. 

Y. Take the last complete divisor, doubling its right-hand figure, 
fin a new trial divisor, with which proceed as before, tiU the work 
is finished. 

NoTBS. 1. If there is a remainder after all the periods have been 
brought down, annex periods of ciphers, and continue the operation to as 
many decimal places as are required. 

2. If the denominator of a fraction is not a perfect square, the fraction 
may be first reduced to a decimal, and its root then taken. 



EXAMPLES FOR FRAOTIOE. 

1. What is the square root of 7225 ? Ans. 85. 

2. What is the square root of 108241 ? Ans. 829. 

3. What is the square root of 651249 ? Am. 807. 

4. What is the square root of 974169 f Ans. 987. 

5. What is the square root of 5098564 f Am. 2258 

35 
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6. What is ihe square root of 6634.1025 f Am. 81.45. 

7. What is the squaro root of 1812888064? Am. 42578. 

8. What is the square root of .839889 1 Am. .588. 

9. What is the squaro root of .00524176 ) Am. .0724. 

10. What is the squaro root of 477 1 Am. 21.8403-f . 

11. What is the squaro root of 11.09 t Am. 8.3B016+. 

12. Eequired the squaro root of -^f^j* Afu. -f^ 

13. Eequired the square root of -n^^ifii^sii ; Am. Y9\ifi* 

14. Eequirod the square root of y {. Am. '<^. 

15. Eequirod the squaro root of 54« Ami. 2.8604—. 

, CONTRACTED METHOD. 

33«S* When the roquired root is a surd, the work may be 
ahridged hy the method of contracted decimal multip?ication. To 
insure a correct result, each contracted divisor should contain it 
least one redundant place — that is, one place moro than is necessary 
to produce the required order of units in the product. This figure 
should be multiplied mentally, and the tens (increased by 1 when 
the units are 5 or more) carried to the product of the next figav»>. 

To illustrate this principle, let it be required to diyide 28337 )sf 
53194, correct to 8 decimal places. 

In multiplying the first divisor, of 
which the last figuro, 4, is treated afl re- 
dundant, we say 5 times 4 are 20, and 
reserve the 2 tens for the next partial 
product 3 then, 5 times 9 are 45, and 2 
tens added make 47, and we write the 
unit figure of this result for the first in 
the contracted product. In multiplying 
the second divisor, 5319, we have 9x3 

= 27 ; hence thero will be 3 tens to carry, because 27 is i^earcr 30 
than 20. The third divisor is 532, one unit being carried to 531 
of the preceding divisor, because the rejected figuro, 9, is greater 
than 5, 
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OPERATION. 



2.668333 ± Am. 

7.120000 

4 



1. Bequired the square root of 7.12 correct to six decimal places 

We continue the operation as usual 
until we have obtained the dividend, 
1776. At this point we omit the pe- 
riod of ciphers, and consider 533 aa 
the divisor; and in multiplying by 3, 
the new root figure, we carry the 1 ten 
from the product of the redundant 
figure 6, and 1 also from the 8 units 
in this product, making 1601 for the 
first contracted product. After this 
we drop one figure from the right, to 
form each successive divisor, and thus 
continue till the work is finished. 
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It will be observed that there are as many figures in the root thus 
obtained, as there are in the assumed number. 
From this illustration, we have the following 

KuLE. I. If necessary y annex periods of ciphers to the given 
number y and assume as many figures as there are pUutes required 
in the root ; then proceed in the usual mxmner untU aU the assumed 
figures have been brought down. 

n. Form the next trial divisor as usual^ but omit to annex to it 
the tried figure of the root^ refect one figure from the right to form 
ea>ch subsequent divisor^ and in multiplying regard the righ^ha/nd 
figure of each contracted divisor as redundant. 

KoTB. — ^If a rejected figure is 5 or more, increase the next figure at 
the left by 1. 

EXAldPLES. 

1. Find the square root of 56 correct to 7 decimal places. 

Am. 7.4833147+. 
2 Find the square root of 14 correct to 7 decimal places. 

Ans. 3.7416673 + . 
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3. Find the square root of 18 correct to 4 decima. ^ilaees. 

Ans 4.2426+. 

4. Find the square root of 19 corr^t to 6 decimal places. 

AuB. 4.358898+. 

5. Find the square root of 52.463 correct to 7 decimal placet. 

Am. 7.2431346+. 

6. Find the square root of 7 correct to 8 decimal places. 

Am. 2.64575131+. 

7. Find the Talue of 5^ correct to 5 decimal places. 

Am. 11.18034— 



CUBE ROOT OP fOLYNOMULa 

936* We may deduce a rule for extracting the cube root of a 
polynomial in a manner similar to that pursued in square root^ I>7 
analysing the combination of terms in the binomial cube. 

If the binomial, a+5, be cubed, we have 

a»+3a'6+3a5*+6». 

We will now consider how the process may be reyerscd^ and &» 
root extracted from the power. We observe 

1st. That the first term of the root may be obtained by taking 
the cube root of the first term of the power. ThuS| 

2d. The second term of the root may be found by dividing the 
second term of the power by three times the square of the first 
term of the root. Thus, 

3a«6+3a« = h. 

3d. The last three terms of the power may be factored, and 
written as follows : 

(3a«+3a6+&«)5 or {Sa*+(Ba+h)h}h. 

Thus we see^that if to the trial divisor, 3a", we add a correction, 
3a&+i', or (3a+&)5, the result will be a complete divisor, which 
multiplied by h, will give the last three terms of the power. 

Hence, the whole operation of extracting the root, a+ h, from 
the cube, a*+3a'6+3a&'+6*, may be written as follows : 
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OPERATION. 

a*+Ba*h+Bah*+V\a+h 



a* 



8a+S Sah+h" 



8a« Sa*b+Sab*+b* 

Sa*+Bab+h* Sa^b+Sah'+b* 



naying found a, the first term of tke root, we take its cube from 
the whole expression, and obtain 3a*6-|-8a2»*-|-&*. Dividing the 
first term of this remainder by 3a% we obtain 6, the second term of 
tjie root To complete the divisor, we first write the quantity Sa-\-b; 
and multiplying this by &, we have Sab-^-b^^ which added to the 
trial divisor, gives Sa*-\-Bab-\-b\ the complete divisor. Multiplying 
this by &, and subtracting the product from the dividend, there is 
no remainder, and the work is complete. 

S37« To recapitulate^ we may designate the quantities employed 
in the foregoing operation, as follows : 

Trial divisor, 3a* 

First factor of correction, 3a-l-& v /- n 

Correction of trial divisor, 3a5-}-6" r ^ ^ 

Complete divisor, Sa*-\'Sab-\'b* 

338« Next, suppose there are three terms in the root, as a-|-ft 
-[-c. 

Assume « = a-f-^ ; then s-|-c =z a-{-b-\'C ; and we have 

(s+cy == ••+3«V+3«c*+c«. 

^ K we proceed as in the last example, we shall obtain a-|-5, or 
that part of the root represented by s, and subtract its cube from 
the whole expression. There will then be left 3<'c-}-3<c'-)-c', which 
may be factored and written 

(8<*+3*c+c*)c ar {3«'+(3«+c)c}c. 

And we perceive that 38* will be the new trial div^w to obtain 
e, and that (Bi'\'c)c will be the new correction. vF 

The value of 3«", or 3(a-|-6)", maybe obtained by multiplication. 
It will be more convenient, however, to derive it by the addition of 
three quantities already used in the operation. Thus, 

IS* 
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Li8t complete diyisor, 8a*+8a54-ft" ^ 

Last oorrectioiiy 8a5+&* V (jj 

Square of last tenn of the root, ft" ) 

8«« = 8(a+6)« = Za^+Qab+W 

Let it now be required to find the cube root of tbe polynomial 

flj«-[-8«»— 8x*— llx«+6x«+12x— 8. 

OPKILATION. 

|a^+«— 2, root 






&i^+« 8aj»+a^ 



&i^-Hto— 3, — ftr"— to+4 









Having arranged the polynomial according to the exponents of Xj 
we proceed as in the former example, and obtain x*, the first term 
of the root, 3x' — 8x* — llx*+6x*-(-12x — 8 the first remainder, 
3x* the trial divisor, and x the second term of the root. To com- 
plete the trial divisor according to formula (a), we write three times 
the first term of the root plus the second, or 3x*-}~^} &' the first 
factor of the correction. Whence we have (3x*-[-x)x, or 3x'-}-x", 
for the correction; 3x*-|-3x*-|-x' for the complete divisor; (3x*-4- 
8x*-(-x")x, or 3x'-(-3x*-|-a?*, for the product; and — 6x* — 12x"4- 
6x"-|-12x — 8 for the new dividend. 

To form the new trial divisor according to formula (&), we have 
(3x*+3x«+x«)-f(3x«+x«) +x« = 3x*+6x*+3x*; whence, by 
division, we obtain — 2 for the third term of the root To com- 
plete th# new trial divisor,^ we have for the first factor of the cor- 
rection, 3(x*-}-x) — 2 = 3x'-|-3x — 2, This may be obtained in tho 
operation G^m the former factor 8x*+x, by simply multiplying its 
second te^^v 3, and annexing the — 2. We now find the correc- 
tion, comply divisor, and product as before, and the work is 
finished. It is evident that three or more terms of the root will 
sustain the same relation to the next succeeding term, that the first 
sustains to the second; or the first and second to the third. 
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Si39. From the foregoing analysis we derive the following 

Rule. L Arrange the polynomial accardtng to the powers of sonve 
kUer, and write the cube root of the first term in the quotient / tub' 
tract the cube of the root thiu found from the polynomial^ and ar* 
range the remainder for a dividend. 

TL At the left of the dividend write three times the square of the 
root already foundj for a trial divisor; divide the first term of the 
dividend by this divisor^ and write the^otient for the next term of 
the root. 

m. To three times the first term of the root annex the last term, 
and write the result at the lefty and one line hehw, the trial divisor; 
mtUtipl^ this result by the hut term of the root, for a correction of 
the trial divisor ; add the correction^ and the result wiU be the com^ 
plete divisor. 

IV. Multiply the complete divisor by the last term of the rooty 
subtract the product from the dividendy and arrange the remainder 
for a new dividend. 

Y. Add together the last complete divisory the last correctiony and 
the square of the last term of the root, for a new trial divisor ; and 
htf division obtain another term of the root. 

VI. Take the first factor of the last correction with its last term 
multiplied by 3, and annex to it the last term of the rooty for the ^ 
first factor of the new correction ; with which proceed as beforcy 
HU the work is finished. 

EXAMPLES FOB PRACTICE. 

1. Wliat is the cube root of 27a*+108o'+144a+64 ? 

Ans. 8a-|-4 

2. Wbat is the cube root of aj'+Gas^— 40aj«-f 96x--64 ? 

Ans. a;*+2x— 4. 
8. Wbat is tbe cube root of 8a;«— 86x»4-66x*— 63a5*+33a;'— &» 
41? Ans. 2x»— 805+1. 

4. What is the cube root of a'+9a»6+24a*2>*+9a"5*--24a«6» 
^9ai»— i*? Ans. a*+Sab—b\ 

6. What is the cube root of a*— 6a'+27a'— 74a*+159a'— 
234a*4-257a*— 174a'+60a^? Ans a*— 2a«+5a— 2. 
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6. Wliat 18 the cube root of »•— 8x*+6«*— 10a^+12«*— 12aJ» 
+10x»— 6x^+8x— 1 ? An$. «•— a»4-«— L 

7. What is the cube root of 8a' — 12a*6 + 86a*^ + 6a^&'^ 
86aWc— a«6«+54al>V+9a*i>"*— 27a6V+27i>V? 

Am. 2a— a5+a^ 

195»* 195a^ 

8. What 18 the cube root of a"— 12a*+ — j 70»»+ -^^ 

9. What is the cube root of «*+6x'— 64a;*— 96«»+192a^+ 
5 1 2x«— 768x— 512 ? Ans. «*+2x"— 4»— 8. 



CUBE ROOT OP NUMBERa 

340« To establish a rule for extracting the cube root of a num- 
ber, we must first ascertain the relative number of places in a cube 
and its root This relation is exhibited in' the following examples : 



BooU. 
1 


Ontwt. 
1 


Boot*. 
1 


OnbM. 

1 


9 

99 

999 


729 

970,299 

997,002,999 


10 

100 

1000 


1,000 

1,000,000 

1,000,000,000 



Thus we perceive that a number consisting of one place, maj 
have from one to three places in its cube; and that in all cases the 
addition of one place to the root adds three places to the cube. 
Hence, 

jy a nurnber he pointed off into three-figure periods^ commencwg 
at umt^ place, the number of periods wiUindicate the number of 
places in the root. 

'34:1. To ascertain how the several figures of the root are related 
in local value to the periods of the power, we may decompose any 
number, as 5423, and form the cubes of its several parts, as fdloi^s: 

5000* = 125 000 000 000 
5400* = 157 464 000 000 
6420* = 159 220. 088 000 
5423' = 159 484 621 967 Henoe, 
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!J[%e cube of the first Ji^re of the root is contained whoUy in the 
fin*9t period of the power ; the cvhe of the first two figures of the 
root- is canUdned whoUy in the first two periods of the power; and 
$o on. 

fMLfim To employ the binomial cube ajs a formula for extracting 
tbe eube root of a number, we must represent the first figure or 
figures of the root, taken with their local value, by a, and the re- 
maining figures by (. The operation will then be the same, in form 
and principle, as that employed in extracting the cube root of alge- 
braic quantities. 

1. Let it be required to find the cube root of 164,206,490,176. 

OPERATION. 

16420649()176| 5476 
125 



154 616 


7500 89206 
8116 82464 


1627 11389 


874800 • 6742490 
886189 6203323 


16416 98496 


89762700 539167176 
89861196 539167176 



There are four periods in the ^ven number, indicating that there 
will be four figures in the root. As the cube of the first figure will 
be contained wholly in the first period, (34:1), we seek the greatest 
perfect cube in 164. This we find to be 125 ; its root is 5, which 
we write as the first figure of the root sought. 

We may now consider the 5 as tens of the next inferior order in 
the root, and let a = 50, and h represent the next figure. And since 
the qube of a-{-h will be contained wholly in the first two periods of 
the number, (241), we subtract a*, or 125, from 164, and to the 
remainder bring down the next period, making 39206. Then this 
result must contain at least 3a*2>-|-3a2>*-|-&*, (336), and we there- 
fore divide it by 3a*, or 7500, as a trial divisor, and obtain 4 for 
the value of 5, or th 3 second figure of the root. 

To complete the divisor, we have Sa-{-h = 154 for the first factor 
of the correction; and }(Sa-{-h)h sz 616 for the first correction ; 

M 
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whence by addition we obtain 8116, ihe complete divisor. Multiply- 
ing this by 4, and subtracting the product from the dividend, we have, 
nfber bringing down the next.period, 6742490 for a new dividend. 

We may now form a new trial divisor, according to (338, h). 
We shall have 8116+616+16 = 8748 ; or 874800, if we give to 
the figures their local value with respect to the lowest order in the 
dividend. By division, we have 7 for the next figure of ihe root. 
To find a correction for the new trial divisor, we annex the last 
figure, 7, to 3 times the former figures of the root, and obtain 162 
for the first factor; and we then continue the operation, repeating 
the former steps, till the work is finished. 

Hence we have the following 

BuLE. I. Paint off the given number intoperiodi of three Jtffturei 
each, counting /rom units' place toward the lejt and right. 

II. Find the greatest cube in the left luind period^ and place its 
root for the first figure of the required root ; svhtract this cube 
from the first period^ and to the remainder bring down the next 
period for a dividend, 

III. At the left of the dividend write three times the square of the 
root already fov.ndy and annex two ciphers, for a trial divisor; divide 
the dividend, and write the quotient for the next figure of the root. 

IV. To three times the first figure of the root annex the last; 
multiply this result by the last root figure^ for a correction to the 
trial divisor; add the correction, and the result wiU be the complete 
divisor. 

V. Multiply the complete divisor by the last figure of the rootj 
subtract the product from the dividend^ and to the remmnder bring 
down another period for a new dividend. 

YI. Add together the last complete divisor, the last correction^ 
and the square of the last figure of the root, and annex two dphers, 
for a new trial divisor ; then by division obtain another figure of 
the root, 

VII. Take the first factor of the last correction, multiplying its 
right hand figure by 3, and annex the last figure of the root, for 
the first factor of the new correction; with which proceed as in the 
farmer steps, tUl the work is finished* 
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XXABIPLES FOB PBAOTIOB. 

1, Find the cube root of 148877. Ans. 53. 

2. Find the cube loot of 571787. Ans. 83. 
8. Find tbe cube root of 256047875. Ans. 635 

4. Find tbe cube root of 854894912. Ans. 70S 

5. Find tihe cube root of 11852.852. Ans. 22.8. 

6. Find tbe cube root of 144125088907. Ans, 5243. 

7. Find the cube root of 128100288921. Ans. 5041. 

8. Find the cube root of 105555569176. Ans. 4726. 

9. Find ihe cube root of 781189187729. Ans. 9009. 

10. Find the cube root of 1762.790912. Ans. 12.08. 

11. Find the cube root of 1061520150601. Ans. 10201. 

12. Find the cube root of 88212861.641984. Ans. 821.44. 
18. Find the cube root of 1871787997260681. Ans. 111111. 

14. Find the cube roo^of .171467. Ans. .55555-f . 

15. Find the cube root of .004285801032. Ans. .1618. 



OONTBACTED METHOD. 

34:3« In applying the method of contracted decimal divisiop to 
the extraction of the cube root of a number, we observe, 

1st. For each new figure in the root, the terms in the operation 
extend to the right 8 places in the column of diyid3nds, 2 places in 
the column of divisors^ and 1 place in the extreme left-hand column* 
Hence, 

2d. If at any point in the operation we omit to bring down new 
periods in the dividend, we must shorten each succeeding divisor 1 
place, and each succeeding term in the left-hand column 2 places. 

8d. If, however, for the first contraction in the column of divisors, 
and in the left hand column, we simply omit the extended part, and 
afterward contract according to the precept just given eaph con- 
tracted multiplicand will have one redundant Ji^re, 
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\ 



1. Find the cube root of 850 correct to 8 deinmal plMCB. 



OPXRATIOir. 



9.47268237+, root 

850.000000 

729 



274 


1096 


24800 
25396 


121000 
101584 


2827 


19789 


2650800 19416000 
2670589 18694123 


2841 


568 


2690427 
2690995 


721877* 
538109 


28 


17 


269156 
269173 


188678 
161504 






26919 


22174 
21535 




2692 


689 
538 




269 


101 
^ 81 




27 


20 
19 



We proceed in the usual manner until we reach the first contract- 
ed dividend, 721877, which is obtained in the common way, the 
period of ciphers being omitted. The corresponding trial diTisor, 
with the ciphers at the right omitted, is 2690427, the right hand . 
figure of which is redundant, being of an order lower than is 
required to obtain a product corresponding in local value to the 
contracted dividend. By division, we have 2 for a new figure in 
the root. To obtain a correction whose lowest figure shall be of 
the same order as the lowest in the trial divisor, we form the term 
2841 in the common way, but omit to annex 2, the last figure in 
the root. Then 2841 X 2,= 6682, of which 568 is the part required 
for the correction. We then have 2690995 for a complete divisor, 
538199 for a product, and 183678 for the new dividend. For the 
next trial divisor, we add 2690995 and 568, and reject one figure, 
thus obtaining 269156. The square of 2, the last root figorOi is of 
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couise rejected, on account of its inferior local value. Tlie remain- 
ing part of the operation requires no further explanation. 

It will be seen tkat.the number of places obtained in the root is 
equal to the number of places assumed in the power. Hence we 
have the following 

BuLS. L Assume as many places m the power cu there are 
plaices rehired in the rostf and proceed m the ustud manner tSl all 
the oMumed Jigures have been brought down. 

II. Form the next trial divisor as tisual, omitting the ciphers at ihe 
right; and refect one place in forming e(Mch subsequent trial divisor, 

ITT, In completing ^ first contracted divisor, omit to annex the 
new figure of the root to the correspoTiding term in the le/lhaiid 
eolumhj and refect two places in /arming each succeeding term in 
this column. 

rV. In mvltipfymgy treat the right-hand figure of ea^ih contract^ 
ed term as redundant^ both in the column ai the left, and in the col- 
umn of divisors. 

NoTB.— To SYoid complicating the process of contracting, it is bettei to 
use none but ftill periods, even if the root is thereby carried beyond the 
required number of places. 

EXAMPLES POB PBACTIOE. 

1. Find the cube root of 3 correct to 6 decimal places. 

Ane. 1.442249+. 

2. Find the cube root of 7 correct to 6 decimal places. 

Ans. 1.912931+. 
8. Find the cube root of 156 correct to 8 decimal places. 

Ans. 5.38321261+. 

4. Kttd &e cube root of 34786 correct to 6 decimal places. 

Ans. 32.643859+. 

5. Rnd the cube root of 10.973937 correct to 6 decimal places. 

Ans. 2.222222+. 

6. Find the cube root of 1500.101520125 correct to 8 decimal 
phioes. Ans. 11.44740066+. 

7. Find the cube root of 1.164132 correct to 6 decimal plapes. 

Ans. 1.051963+ 
16 
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SECTION IV. 

« 

RADICAL QUANTITIES. 

344. A Radical Quantity is a root merely indioaled, dt hertj 
the radical sign or by a fractional exponent ; as 3|/a, va — 6, 

e((i-f-2>)'i m ^»' — y*. A radical quantity may be either surd or 
rational. 

The quantity or factor placed before a radical is its coefficient 
Thus in the examples just given, 3, 1, c, and m are the coeffidentB 
of the radicals. 

34 S« The Degree of a radical quantity is denoted by the radical 
index, or by the denominator of the fractional exponent. Thus, 

|/a, (a — 6)^ are radicals of the 2d degree ; 

vx* — y, a^V^ are radicals of the 8d degree; 

V^ (x-f-y)^ are radicals of the nth d^ree. 

346. Similar Radicals are those in which the same quantity 
is affected by radical signs having the same index. Thus, ^ 

4 Va'-|-6, — #^a"+6, and 7 (a'+2»)' are similar radicals. 



I REDUCTION OP RADICALa 
'case I. 

I 

347. To reduce a radical to its simplest form. 
A radical is in its simplest form when it contains no perfect 
power corresponding to the degree of the radical. 

1. Reduce l/48aV to its simplest form. 

We have seen that the nth root of a quantity is equal to the prod- 
uct of the fith roots of its component factors; (337). Uenoe 
ire have 



REDUCTION. 188 

It will be seen that we first separate tHe quantity under the rad- 
ical sign into two factors, one of which is a perfect square. Then 
according to the principle of evolution just adduced, we have the 
product of two radicals, one of which, l/l6a*u:", is rational, and the 
other, V 3x, is a surd. The expression is then reduced by extract- 
ing the root of the rational part, and multiplying it by the surd. 

2. Reduce 3F 8x*y* — 8x*y* to its simplest form. 
Factoring as before, we have 

8^8xy— 8xy = 3 X ^8?/ X ^^^ 

— 3 X 2:ry X ^"^^ 
= %xyVx — y 
Ilence the following 

Rule. I. Separate the factors of the quantity under the radtcai 
wign into two groups, one of which sliall contain aU the perfect pouh 
ers corresponding in degree to the radical, 

II. Extract the root of Hie rational party multiply this root hy 
the given coefficient^ and prefix the product to the surd or irrational 
pari, 

EXAMPLES FOB PRACTICE. 

Reduce the following radicals to their simplest form : 

1. Vlb, An*. 5|/3. 

2. 1/98?. Ans. 7o|/2. 

3. |/l2xV -^w«. 2x\/Sy. 

4. f 54?. Ans. Sx^2^, 

5. 4^108. Ans. 12^4. 

6. Vx* — aV." Ans. xVx — a*. 

7. 6^325r ' Ant. 12a^4. 

8. 3l/28aV. Ans, ^axVla. 

9. ^a"+a«Z>V Ans. a#^i+?. 

10. (a>-^)i/2a;«— 4xV+2xy«. Ans. {x-^yV2x, 

11. (a-.5)i/2<^fc+4a6«+26«. An$, (a»— ^')j/S; 

12. M(y— 6')f Ans, bh*(h^ViK 
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13. (2a'6»— Sa»&')*. Ant. a5(2a — 8&»)V 

14. ^(a'h^+a!'h'')i. Am. a\ab*+a^V)i. 

15. l/8a**x*«. Am. 2al\xi^2. 

16. va^c^. Ans, a"crF a*c^. 

18. a-^c^oT'c^—a^cry . Am. c»(d»— a"*)*. 



3418. When the quantity under the radical ngn is a firaction, 
we may transform it in such a manner that the denominator shall be 
a perfect power corresponding in degree to the indicated root. 
Then after simplifying, the quantity remuning under the radical 
sign will be entire. It will generally be expedient to separate the 
^yen fraction into two factors, one of which shall be a perfect 
power; we may then operate upon the surd part separately, 

1. Seduce Vl^ to its simplest form. — 

OPERATION. 

|/4| = v^5rxY = i/iVxV 

2. Beduce y^^if^ to its simplest form. 

OPERATION. 

rj^ = ^^, =^^\^Xl^ = jriS, Am. 
In like manner reduce the following : 

3. ^^4. Am. jf rO 

Am. 4^75. 
Am. ]ft^|/6. 




Am. I VOa: 

7. |l/^5. ^«'- 4^^- 

8 ^xE Am. IVab. 
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CASE n. 

349. To reduce a rational quantity to a radical, or to 
introduce a coefficient of a radical under the radical sign. 

Since involution and eTolution are the converse of each other, we 

Lave 

a = |/a" = -^a" = Va*, etc. 

Whence, ire have also. 

We have, therefore, the fbllowing 

KuiJE. I. To reduce a rational quantity to a radical : — Invdvt 
it to a power denoted 6y the degree of tJie required radical^ and write 
the resuU under the radical sign. 

II. To introduce the coefficient of a radical quantity under the 
radical ngn : — Involve it to a power denoted by the degree of the rod' 
icalf and multiply the quantity under the radical by the power thus 
obtained. 

EXAMPLES FOB FRACTIOE. 

1. Beduoe a&* to a radical of the second degree. Am. V^a*b\ 

2. Keduce 5a*a^* to a radical of the 3d degree. 

Am. ^125aV/. 

3. Beduce a — cz to a radical of the 4th degree. 

Am. (a*— 4a*c2+6a*cV— 4acV+cV)i. 

Introduce the coefficients of the following radicals under the rad« 
ical sign: 

4. 4aV2xy. Ans. V^2a^xy. 

5. 3a*^ap-y. Am. f^27x'—27x*y. 

6. (a— 26)|/2a; Am. l/2a«— 8a*6+8ai>«. 
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CASE m. 

930. To redace radicals to a common indes. 

It may be shown that a" = ijT^ r being any integer whatever 



Let 


x^i^a* ) 


w 


inyolying (1) to the nth power, 


flc*= a", 


w 


" (2) « rth " 


9r=€e^, 


(8) 


taking the nrth root of ^^ 


X = cr^^ 


w 


equating values of « in (1) and (4), 


a* = a"*. 


Henoe, 



1. — 1/ both terms of a fmdtiofMd eaponeiU he mvUipUed or di- 
vided by the tame nvanber^ the value of the ea^ession will not he 
altered. 

From (3S3) we have 

m 

and a*' = "^a"*". Hence, 

2. — If both the index of a radical and the ecxponent of the ^fuan- 
tity under the radical sign be multiplied or divided by the tame 
number f the value of the eapretsion wHl not be altered. 

!• Seduce (aby and (a*x)' to a common index. 



(ab )i = (at )i = (aW)* 1 
(a«x)t = (a*x)i = (aV)^ / 



Ane, 



2. Beduoe Va*c and v^V to a common index. 






Hence, we have the following 

Rule. I. When the quantities are affected bj fractional expo- 
nents : — Reduce the given exponenU to their leaxt common denomi- 
nator; then raise each quantity to a power denoted by the number a- 
tor of it* new exponent^ and. affect each remit with a fractional 
imdex egual to the reciprocal of the common denominator. 



Am, 
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IL When the quantities are affected by radical signs : — Find tht 
lecut common multiple of the given indices for the comm^m index 
reguired ; and raise the guantUy under each radical sign to a paw* 
er indicated hff the quotient of the new index divided hy the given 
index, 

XZAMFLE8 fOK FRAOTIOl. 

1. Bediioe a^f (cd) >, and (aV)^ to a common index. 

2. Beduoe (8a*a;)', (2ax*)*, and (5aV)^ to a common index. 

Am. (81aV)T^, (8aV)T2, (25aV)^. 
8. Bedmoe (a— i)^ and (a-{-hy to a common index. 

{(a-^)j, or (a«— 3a*6+3afc'— d*)^ ; 
(a+by, or (a*+4a«6+6a*2»*+4a6«+6*)i 
4. Reduce a, raCf va^Xj and ^2ac" to a common index. 

Ans. Va'S "^^•, "^^*, "^8^c\ 
6. Beduoe 1/2^ V2| and \/2 to a common index. 

6. Beduce a", V 6«, p 2ckc, and ^4a*x to a common index. 

^n«. Va'*, *Vl5625x«, "Vl6^*, VgJ^V 

7. Reduce V » — y, "k a?+yj *^^ '^a;' — y* to a common index. 

8. Reduce Vaxj ^xy^ and ^cx to a common index. 

Ans. ^■VS^V^*, ^-V^V^ *"^?^^ 

ADDITION OP RADICALS. 

2S1. When the quantities to be added are similar radicals, it is 
evident that the common radical part may be made the unit of addi- 
tion ; the result will then be a single radical whose coefficient is the 
iom of the coefficients of the given radicals. Radicals which do 
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not appear to be Bimilary may become similar when redvoed io tUi 
simplest forms. 

1. What is the sum of 7V^ac, 8V^, and SVacI 

2. What is the sum of ^8oVJ #^27a»c, and #^SW?r 

OPERATION. 

^8oV == 2a9^ 
VThfc = 3a#^ 

Sum = (5a4-4c)K aV, jifis. 

If the given radicals are dissimilar^ the addition can only be hld^ 
oated. Hence the following 

Rule. I. Reduce each radical to its iimple9t/arm» 

U. If the resulting radicals are similar^ add their eo^jfidenit^ 
and to the sum annex the common radical; ^ distimilar^ uuUcaU 
the addition hy the proper signs. 

EXAMPLES FOB PRAOTIOB. 

1. Find the sum of V^lGa'x and V^4a*a5. Ans. 6a|/ic. 

2. Find the sum of VW, VW, and 1^128. Ans. 18 1/ 2. 

3. Find the sum of ^iS; ^135, and 1?^625. Ans. 10^5. 

4. Find the sum of ^108, 9f^4, and #^1372. Ans. 19^4. 

5. Find the snip, of |/^, |/|, and |/yg- Ans. y'2. 

6. Find the sum of f^Hy f^fj, and f^J^. Am f 3^3. 

7. Find the sum of ||/§, ^V^f, and JV^If. Ant. |4v^6. 

8. Find the sum of S\/abm*, ml/lah, and \/25ahm*. 

Ans, lOmVah. 

9. Find the sum of 2al/c*a>— ^^, ScVa^x — a*y, and 
^VaVx — aVy. ulnt. 10acVs>^ 
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10. Find ihe sum of V20a*n^-^20acm+bmc* and 
|/20mc*-^60acm4-45a*w. Ans. (c — a)v5m. 

11. Find the sum of 3F ex*, vox*, and 2T^ax*. 

Ans. Bz(^^e+f^a) 

12. Find the ram of 6a(ex*—dx*y and 2a:(a*c^— a*c)>. 
18. Find the sum of \ 15 > \ J_T 1 and 

14. Find the sum of l^(l+a)-», l/o*(l+a)-», and 
••(l+a)(l-a)-«. ,in,._i±?. 



SUBTRACTION OP RADICALa 

9tS3« When the radicals are similar, it is evident that we may 
make the common radical -the unit of subtraction. Hence the 
following 

KuLS. I. Seduce each radical to its simplest /orm, 

TL. If the resulting radicals are similar^ find the difference of 
the coefficients^ and to the result annex the common radical part ; 
if dissimilar^ indicate the subtraction by the proper sign. 



EXAMPLES 70R PRAOTIOE. 

1. From 4vl35 take 2VW. Ans. %V\b. 

2. From VTb take VbO. Ans. 6(1/8—^/2). 

3. From SV^iBo^ft take Sl/o^ Ans. (12a*— 3a)|/6. 

4. From if UTtake {f^np. Ans. ||/11. 

5. From ^y^-^ take^^-^. Ans. j^^b. 
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6. From (aV— Sc^x)* take 2(aV— W*)^. 

7. From («•— ai«-|.a«6— 60^ take (a*— 8a"6+8a5«— d*)*. 

Am. 2&(ck— 5)^ 

8. From oV — -~- take 6\/ rr- -^^w- -rsr^V^ — ^U 



MULTIPLICATION OF RADIGUUiL 

3ff S« It haa already been shown (937) iSut tha nth looi 
of the product of two or more factors is eqnal to the prodvei of 
iho nth roots of those factors. And since the oonyeraeof this prop- 
osition is true, we shall have 

VaXVft = ^*^ 
If the radicals have coefficients, the product of the ooeffioients 
may be taken separately. Thus^ 

If the radicals have not a common index, they must first \% 
reduced to the same degree. 

Let it be required to find the product of a^x and hvl?y. 

OPERATION. 

a-^x = a t/x* 

Product, ah^^''y* = abx^^^f Ana. 
Hence the following 

Rule. I. If necetsaty, reduce the given radicah to a common 

index^ 

n. Middply the quantities in the radical parts together ^ and place 
the product under the common radical sign; to this resiuUpreJix the 
product of the given coefficients, and reduce Ae whole to its tm^pksi 
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TCXAMPLTM FOB FRAOTIOl. 



find ihe following indicated produoti : 

1. 5>/5x3>/8. 

2. 4V<i2x3i/2. 

3. 8y'2x2i/8. 

4. 2|/5X2l/iOX8>/«. 
6. 2#'i4x3#^4. 

6. 5c VoxXcf a'X^oa?. 

T. (ay)^X(ic«)^XCy«)*. 

8. (x-y)^X(a5H-y)i 

9. #^T5xV1lO: 



^nt. 24|/6. 

^TM. 24. 

Ant. 120|/8. 

^nt. 12f'7. 

jin«. Soc'xVa'oB. 

^»w. V226000. 
J.nt 



11 . /IZl X \/^^^ X \f^^- ^-•- V?6=-c 



DIVISION OP RADICALS 

9S4tm Since a fraction is raised to any power by involving its 
numerator and denominator separately to the required power, it ig 
evident that any "root of a fraction will be obtained by extracting tha 
required root of each term separately. Hence we have 

b~Vb' 

Conversely, we shall have 

Va n la jj^^ j^ 



nla 
A/6 = 



Vh 



nla 



The quotient of the nth roots of two quantitiei is equal to the lUk 
root o/theur quotienL 

Upen this principle is based the rule for the dlYialon of radicals. 
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1. Divide 6aVSj by Say/c 

6aVbc 6a^ Ibe ^ ,^ 

2. Divide "Tx^ by V^ay. 

Hence the following 

EuLE. I. if necessary , reduce the radtcali to a eommum mdeoe. 

IL Divide the coefficient of the dividend by the coeffidmd of At 
divisor ; divide also the quantity in the radical part of the dimdend 
by the quantity in the radical part of the divisor ^ placing the. quO' 
tient under the common radical sign. Prefix the former guoUent 
to the laUer^ and reduce the resvU to its simplest form.. 



EXAMPLES rOE PRAOnOB. 



1. Divide 4l/50 by 2y/b. AnM. 2\/W. 

2. Divide 6^l00 by 3#^5. An». 2f^W. 

3. Divide f^20^hj VlsSd -*««• \J'^^ 

4. Divide (a'6*tr)» by d^. 

5. Divide (16a*— 12a*x)^ by 2a. 

6. Divide 45 by Sj/b. 

7. Divide (ah'c*)^ by (aWc*)* 

8. Divide 12c\a—x)^ by 4c(a— «)i 

9. Divide (a^c)'' by {ac^ . 

i/a X/a* 

10. Divide ^ by ^. 

11. Divide Va«6--a6r by V^. Am. -IV^iiZvf*. 
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POWERS AND ROOTS OP RADICAL QUANTITIES. 

3tStS« According to the rule for multiplicatioii of radicals, to 

finrm the mth power of a" , or Va^ we must take the quantity, a, 

m times .as a fiMtor, and a£fect the result by the common radical 

index. Hence, 

i_ i_ * 

(a*)" =(a")* =a*, 

«r (Va)* = Va". That is, 

The mth power of ike nth root of a quantify ts equal to the nth 
root of the mth power of that quantttjf, 

StSA* To obtain the mth root of the radical a" | or Va, we 
may proceed as follows : Let 

X = (a^)" or ijval' (1) 



LiTolYing both members of (1) to the mth power, 



1 



ar^za"^ orVa; (») 

inyolying both members of &) to the nth power, 

af^ =z a or a; (8) 

taking the flmth root of each member of (8), 

X = a"* or "Va; (4) 

lienoe by equating values of a; in (1) and (4), 

J.JL J- 

(a-r = «-, 

or, iJV« = "Va. That is, 

The mth root of the nth root of a quantity is equal to the mnth 
root of thai quantity, 

SST« Since */Va = "Va, and *n7a = "Va, ^o have 

IVa=;»/Va^ That is, 




The mth root of the nth root of a quantity is the mime as the nth 

rod of the mth root of thai quantity, 
IT H 
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OARV T. 

3S8« To inyolve a radical quantity to any ]H>w«r» 

1. Baise (ab)* to the 2d power. 
From (9SS) we have 

{(ab)^'=(ah)^ = (ab)\ Am. . 

2. Raise ^2ax to the 4th power. 
From (3StS) we hare 

But cdnce 6 = 2x3, we have, from (356), 

V16aV = ^l/l6?? = yS^ Am. 

In practice, the simplification may be effected by canceling a 
factor from the index of the radical, and extracting the correspond- 
ing root of the quantity udder the radical sign. Thus, in general 
terms/ we have 

Hence the following 

EuLE. I. If the quantity is affected hy a /ractianal esqHmeni^ 
multiply this exponent hy the index of the required power. 

II. If the quantity is affected hy the radical ngUj raise the qua/nf 
tity under the radical sign to • the required power ; and if the result 
is a perfect power, of a degree corresponding to any factor of the 
radical index, cancel this factor from the index, and extract the 
corresponding root of the quantity under the radical s^^ 

Note. — ^The coeflficient may be involved separately. 

EXAMPLES FOB PBAOTIOE. 

1. Eaise >^2a* to the 3d power. An$, avgo, 

2. Kaise vx^y* to the 2d power. Ans, xyVxy. 

3. Raise dV4:a*c to the 4th power. Ans. lQ?a*^2ac*. 

4 Uaiae (a — by to the 2d power. Ans. (a — 5)* 
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6. Raise Vl2a6* to the 5th power. Am. 2hVZa. 

6. Raise ^^^^cia — xf to the 8tli power. 

Am, (o — 05) Kc"(a— a). 

7. Raise axVaoi to the 4th power. Am. aV. 

8. Raise f^T^y* — x*y* to the 2d power. Am. a!y^ay(ap— y)'. 

9. Raise {a-^-xy to the 6th power. Am. a*-|-2aa?4-«*« 

10. Raise -*V96cx* to the 2d power. Am. — ^^Smb. 

X m 



CASE n. 



3S9. To extract any root of a radical qnantitj. 

1. What is the square root of 4#^9aV J 
Since the ooefficient is a perfect square, 

J4#^9aV' = 2 JF5^. 

But from (337) we have 

2JF^^' = 2»/l/9^V = 2^8^, -Aim. 

2. What is the 6th root of 5«f V^Sc? 

Passing the coefficient under the radical sign, we have 

6ccn/5c"= yi25cV. 
But by (3ff6), 



Reducing this result by canceling the factor 8 fh)m the radical 
index, and taking the cube root of the quantity, we haye 

Vl26c»(^ = ^b^, Am. 

• 8. What is the 4th root of (ac)l J 

By (3S6) we have 

{(ac)5 }i = (oc)^ ^ i = (oc)*, ^iii. 

Hence the following 

Rule. I. If the guantity U affected hy a JraeUonal ea^poneni^ 
divide this eapaneni h^ the index of tht required rod* 
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n. \f the quantity it affected hy the radical tig^^ eodract the 
required root of the quantity under the radical ngn, if potsiLle; 
otherwise^ multiply the index of the radical i>y the index of the 
required root, and tmplify the result a$ in Caee L 

in. ]f the given radical ha$ a> coefficienij extract its root eepor 
rately vPien pouible; othervnee^ pan the confidents under the 
radical. 



EXAMPLES FOR PRAOTIGI. 

1. Find the cube root of 2l/^ Ans, ^4ae» 

2. Find tho cube root of a'^aV^ Ans, ^a*x» 

3. Find, the 4th root of 2T?^98. ^iit. V28. 

4. Find the square root of |^^486. Ans. V8. 

5. Find the square root of 49a*\^ahx, Ans. lif^abxi 

6. Find the cube root of 5|/5. Ans. |/5. 

7. Find the 6th root of (-^j • Ans. (-i-) • 

8. Find the 4th root of ||J^f Ans. \Vl2 
360* The principle established in (3«S6), vis., that 

may be conveniently applied to the extraction of the higher rooifl 
of quantities, when the index of the required root is a composite 
number. 

EXAMPLES. ' 

1. Kequired the 4th root of 8603056. 

Sinco 4 = 2X2, we take the square root of the square root SL 
the given number. Thus, 

1/8603056 = 2916 ; l/29l6 = 54, Ans. 

2. Required the 6th root of 117619. 
Since 6 = 2X3, we have 

1/117649=348-, V^^ ==1, At«. 
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5. Ile<|uired the 4Ui root of 1296. Ans. 6. 
4. Required the 6th root of 177978515625. Ant. 75. 
5. ' Eeqoired the 6th root of 191102976. Am. fU. 

6. Eequired the 8th root of 65536. Atu. 4. 

7. Required the 4th root of a*— 8a»ft+24a*5"— 82aft'+162»*. 

Ans. a — 2b. 

8. Required the 6th root of a"+6a"5+15aV+20aWH-15a*6* 
+ 6aV+6'. Ans. a*+h. 



OENERAL THEORY OF EXPONENT& 

3A1« It has abreadj been shown that 

~~ ^"' _ 
a^X** = a"'+*, ~ => a"*^, and (a*)* = a"", 

171 and n being integers, and either positive or negative. To prove 
that the above relations are tnie universally, it remains only to show 
that they hold true when m and n are /ractumcU. 

We will therefore place 

m = — and n = — 

- - '+- 
L To show that a* xc^=^a' ' . 

Reducing the exponents to a common denominator^ we have 

But fixmi the nature of fractional exponents, (333), the seo- 
ond mem])er of this equation may be written 

and as the two factors have the same radical index (337) the 
result reduces to 

and since jM and ^r are integrcUy this last result becomes 



17* 
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wbioh was to be prored. 

n. To Bhow that (f-^-if — n?"*. 

By tnyBtfomiatioDS similar to ihose just empkjedi we kaive 

a^ or _ (€ry 



\* fl^ (<0 



if« 



1 



=(5); 



wlucL was to be proved. 

9 t jr 

nL To show that (o^)*"- a^. ' 
Let us place 

Involying (1) to the power denoted by $^ 

by (3SS) equation (2) becomes 

Involving (8) to the power denoted by j, 

of = a'^j (4 

extracting the root whose index is qs, 



X = aV; 



<n 



hence, by equating values of x in (1) and (5), 

which was to be proved. 

We conclude, there/ore^ that in multiplication, dwinonf invobiiw% 
and evoltUwn, the same rule wHl apply, whether the ea^panents otrt 
poxiiive or negative, integral or fractionaZ 
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EyAMPr«K8. 



1. Multiply ijflh* by a^6>, and simplify die product 
a^b^X<J^h^ = (a^Xa^) X (^^^X^^^) = ah = ahVa, 

2. Simplify the expression (x^X^ ) • 

8. Multiply «^— 8aji+xi by x^— 2»i— «. 

OPERATION. 

«i— 2x^—8 
«* — 8x-|-x* 

— 2x+6x^— 2xi 

— 3x^+9xi— 3xi 

a;i— 5x4-4xi+7xi— 3x*, -4n«. 

4. Divide x-^SVx'- 7^»«— Sj/x-^^x by ^x*— 2|/aj+ 

OPERATION. 

a._^Vx»+7^x«— Sy'x— 6|J^x [ |?^x'--2|/x+3f^x 

g~-2Vx'+3|?^x' l ^g;— 3Vx— 2, ^ni , 

-^•/x»+4^x«— 6i/x 
-^Vx*+6Va?*— 9|/x 

— 2^x«+4/x—6fx 

— 2^x*4-4|/x--6^x 

5. Multiply X* by x*. Am. x^. 

6. Multiply a"fti by aHi ^n«. a^Vah. 

7. Find tiie product of a*, a*, a', and a *. iiiw. ^oT" 

8 DifideaMbyaM Am. (t\. 

16344 
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9. Divide (J)* by (ak)^. Am. llY. 

10. Multiply a^-^^ by J+1. Jm. a*-«i 

11. Multiply 2^x*4-l/^by 8f x— V^ 

Ans. 6a?+3Viy— 2Va-y— ay, 

12. Multiply a^— 2a"^+a-» by cS —a"*. 

13. Diyide a — b by i/a +i/b. Ant. |/a — j/h, 

14. Divide af — 2a2+ai by J —1. Am. a*-«l 

15. Multiply J+a'h^+Jbi+ab^+ah^+h^ by a*— di 

10. Divide «^+»M+a^ by x^+xM+a^. 

Am. x" — x'a'+a». 

17. Simplify (J-Jy^. Am J 

18. Simplify /l^^V. ^«i. 2±|/6. 

19. Simplify , ^ > ^ ^ ^^ . -4n#. I — I 

4 •//.»/'«»//.>•//»•■ v"^ ^c/ 



20. Simplify 4 J^- ; C • .l.^ jVf 

C 3^72 • 3/3)5 ^ 



{Vc"(Vc)'Va'}"* 
( 2^/3 • 2^108 ) ^ 

3(3^ 
21. Simplify I ^f^~^} 0- \ *• ^w- §(2^6-SV2)i. 

23. Simplify / ^-a(VN-V^(y6-V2) |». 

t (l/l3+3X^/l3H-|/8)(Vi3— 1/8) J 

.Am. }. 
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IMAGINARY QUAltaTIES. 

3A3« It lias been shown (3^38^ 3) that an even root of a nega- 
tive quantity is imaginary j an expression for such a root being a 
symbol of an impossible operation. Thus if we take a*, which is 
numericallj a perfect square, and affect it with the minus sign, we 
can not obtain the square root of the result. For we have 

Hence the indicated root, V — a*, is not real but imajginary. Such 
ezf^essions are, however, of frequent occurrence in analysis and its 
application to physical science, and conclusions of the highest impor- 
tance depend upon their use and proper interpretation We there- 
fore proceed to investigate the rules to be observed in operating 
with such quantities. 

303. When a real and an imaginary quantity are connected in 
a single expression, the whole is considered imaginary on accoxmt of 
the presence of the imaginary part Thus the binofiiial, 4-|-V^< "^ 
oonadewd as a ringle quantity, is imaginary. 

3641* According to (337), we may have * 

VCli = i/aX(— 1) = i/a • V'^ ; 

also, i/— a*— 6*4-2a5 = l/(a— 6)*X(— 1) = {ar--b)V~\. 
Hence, if we regard only quadratic expressions, every imaginary 
quantity may be reduced to the form, 

a±lV^\, 

in which a is the rec^L part, h iLo coefficient of the imaginary part, 
and "k— i the imaginary factor. Thus we may employ only the 
single symbol, k •^l, to indicate that a quantity is imaginary. 

36tS« For convenience in multiplication and division of imagi- 
nary quantities, we will now obtain some of the successive powers 
of the symbol v — 1, and deduce the law of their formation 

(/-!)•= (/-I) X (V^l) = -1, _ 

(i/-iy = (-1) X (/-i) = -V-\, 
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Multiplying these, powen^ in their order^ by the 4th, we shal. 
obtain the 5th^ 6th^ 7th and 8th, the same as the Ist, 2d, 3d, and 
•Ith ; and so on. 

366* The common roles for mnltiplication and divisioii of 
radicals will apply to imaginary qnantities, with a simple modifieO' 
Han retpecting the law of signs. 

Let it be required to find the product 6t V — a and V — 5. 



To obtain the true result, we must separate the imaginary symbol 
V^ — 1 from each factor. Thus • 



=z\/abX(—l) [FromaeS], 

a real quantity, and negative. 

But if we multiply by the common rule for radicab| (SS3), we 
shall have 

a result erroneous with respect to the sign before the radical. 
Proceeding as in the first operation we find that 

(«-l/Z:i)X(— l/— 2>) = +l/i^ • (—1) = — V^ ; 

(+l/— a)x(— t/~0 = —Vab • (—1) = H-V"^. 

Thus, like signs produce — , and unlike signs produce -f- Hence, 

1. — The product of two imaginary terms wiU he realy and the 
sign he/ore the radical wiU be determined hy the common rvle re- 
vei'sed. 

We may operate in like manner in divinon of imaginary quanti- 
ties. Thus, 



^l/— a +|/a -y— 1 



= + V^6/ 



7=r- = 7=- = — 1/6. 

^l/— a +|/a -l/— 1 

That is, like signs produce -|- <uicl unlike signs produce — . Henoei 



\ 
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8. The guoHerU of one imaginart/ term divided hy another will 
he realf and the tign before the radical wHl be governed by ike cunt^ 
fMOH nde. 

30T* Let UB assume the equation 

a+ bV~\ = a'+ft'vdi, (I) 

b wUch a and a' aie reaL By transposition, 

*-a' = (6'_&)l/=i. m 

Now it is evident that in this equation 

a = a\ 

For, if a >> a' or a Kfl'j ^en the first member of equation (3) is 
differtml from zerOj and real. But this can not be, beoause the seo- 
ond member is either nothing or imaginary. Henoe a=: a*i and 
equation C^ beoomes 

= (b'-^)V—l, 

which can only be satisfied by putting 

b = b'. Hence, 

If tvHK knagnuxry ^niitiee are egwd^ then the real parte a^ 
egualf and the coefficienU of the imaginary tyrnbol are alao equal. 

30S. These principles may now be applied in the following 

BXA,MPT.F.B. 

1. Multiply aV:^ by bV^. Ang. —oftV"^ 

2. Multiply 2V^ by V—15. Ans. — 6l/ia 
8. Multiply —1/ ^^ by l/^I^ Ane. aVa. 

4. Multiply zV—2 by |/6. Ane. 3l/^=10. 

5. Multiply Z+V^ by 7— V^^. Am. 26+4l/^. 

6. Multiply |/a +V^ by V^^^c. Ane. {a+c)V~\. 

7. Divide 9V<=10 by zV—2. Ane. 3|/5. 

8. Divi4e al/^^Tby cl/=:X ^nt. ^/^ 




oc. 
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9. Heduce — . to simpler terms. Jtn$m j^i/8. 

2l/— 3 "^ ^ 

10. Expand (a+V^y. 

Am. a*— 6aV+c"+(4a*— 4ac)|/^ 

11. Divide a'+V^^ by a-^V^^ Am. o+V^^^^^^flk— 1. 

12. Find the values of x and y in the equation a-|-y-h^^ — ^ 
-c+x+yl/— a. ^^^ C« = a+l/ar; 

PROPERTIES OF QUADRATIC SURDS. 

369. A Quadratic Surd is the square root of an imporfeol 
square. 

370. The root of a number will be a surd, when the number 
contains one or more irrational factors. Thus k 12 is a surd^ for 
K 12 =2|/3. The surd factor y^3, is called the trratumal part of 
the given surd. 

271* A quantity may be a surd when considered algebraically^ 
even though its numerical value is rational. Thus, the quantily, 
Va-{-2b is a surd, considered as an algebraic expression. But if 
a = 13 and & = 6, we have Va^2h = l/l3+12 == l/25"= 5, 
a rational quantity. 

272* The following properties of surds are important both in a 
theoretical and a practical view. The radical expressions are sup- 
posed to represent irrational numbers. 

L — The product of two quadratic surds which have not the sam^ 
irrational part^ is irrational. 

Let a^h and c\/d be the two surds, reduced to their simplest 
form. Their product will be 

acVhd. 

Aji4 since, by hypothesis, h and d are not the same niLXibers; 

one of them must contain at least a factor which the other does 

not But this factor must be iiradou^, oVkend&Q thft ^ven srrdf 
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are not in iheir simplest fonn. Therefore the product acVbd, is 
irrational; (370). 

2. — The sum or difference of two quadratic surds which have not 
the same irraiumdl pa/rt^ can not he equal to a rational quantiti/. 

Let i/a and i/h be the two surds ; and; if possible^ suppose 

y^a+y'h = c, (1) 

€ being rational Squaring both members, and transposing a-|-&, 

2l/a6 = c*— a— 6. (3) 

That is, we have an irrational quantity equal to a rational quan- 
tity^ which is impossible. Therefore equation (1) cannot be true. 

In like manner it can be shown that tiie difference of two surds^ 
not haying the same irrational part; can not be rational. 

3. — The sum or difference of two quadratic surds which have 
not the same irrational jpartj can not he equal to another quadratic 
9urd. 

If possible, suppose |/a-|-y^ft = y^c, in which c is rational, but 
y/c a surd. 

Squaring both members, and transposing, 

2Vah = c — a — hj 

which is impossible, because a surd can not be equal to a 'rational 
quantity. 

^ — In any equation which involves hoth rational quantities and 
quadratic surds^ the rational jparts on each side are equal, and also 
the irrational parts* 
Suppose we have 

a'\-hi/x = c-}-c?y^y, (1) 

tiie surds being in their simplest form. By transposition, 

hi/x — d^/y = c — a. (2) 

Since the second member is rational, equation (3) can not be true 
if the surds have not the same irrational part; (2). Therefore 
l/x = i/y, and the equation may be written, 

(h — d)i/x:=:c — a, (3) 

which can be true only when h — d = and c — a = ; for^ other- 
wise, we should have a surd equal to a rational quantity or to zero* 

Hence, in (1), a=sc. and &i/x = d\/y. 

18 
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SQUARE ROOT OF A BINOMIAL SURD. 

373, A Binomial Surd is a binomial^ one or both of wboee 
terms are sards. ThiiS^ ^-fl/^ ^^^ l/7 — l/^ ^'^ binomial surds. 

374* If we square a binomial surd in the form of a ± ^/h or 
|/a ±z y^5, the result will be a binomial surd. ThuS| 

(3+|/6)" = 14+6|/6 ; 

(^7— y^2)« = d—2\/U. 

Hence, a hvnomud mrd in the form of a± |/& may tomeHmet 
he a perfect square, 

37S* To obtain a rule for extracting tlie square root of a 
binomial surd in ihe form of a ih \/hj let us assume 

in wbicb one or botb of the terms in ihe first member must be 
irrational, because the second member is a surd. 
Squaring both members, 

x+2V^+y = a+y^b. m 

Hence from (273, 4) we have 

x+y = a, (8) 

2|/^ = |/ft. (4) 

Subtracting (4) from (3), and then taking the square root of the result, 

l/x-^y = Va^y/b. (5) 

Multiplying (1) by (5), 

ac— y = va* — 6. (!) 

Combining (8) and (Q we obtain 

Now it is obvious from these equations that x and y will be 
rational when a* — h is a perfect square. Moreover, the values of 
X and y in (7) and (8) will evidently satisfy equations (1) and (5). 
Hence, to obtain the square root of a binomial surd, we may pro- 
aeed as followB : 
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Let a represent the rational part, and i/& tlie radical part, and 
find the yalues of x and y in equations (7) and (8). Then if the bi- 
nomial is in the form of a-\-^b, as in equation (1), the required 
root will be 

But if the binomial is in the form of a — 1/&, as in equation (5), the 

required root will be 

l/x — |/y. 

EXAMPLES FOR PBAOnOS. 

1. Required the square root of 7+4y^8. 

In this example a = 7, and |/& = 4|/8 ; or 5=48. HenoOi 

7J.1/49— 48 , 

«= — ■ r -=s 4: 

2 

7_l/49_48 ^ 

V =1 : =S O. 

^ 2 

And we haye 

l/op+i/y = 2+1/8, ^n«. 

2. Required the square root of 11 — 8k — 5. 

In this examplea = 11 and y^ft = SV"^, or 6 = —820. W« 
haye, therefore, 

11+1^121+ 320 
aj= 2 = ^^' 

11—1/121+320 
^ 2 

Eenoe, |/aj — |/y = 4— V^^, -int. 

3. Required the square root of 5m* — c+4my »»■—«. 



W« haye a = 6m"— c, and 6 = 16m* — 16m"c. Whence 
6m*— c+V'CSm'— c)«— (16m*— 16m'c) 

fl5 = = 4^ J 

_ 6m*— o^-l^CSm'— c)'— ( 1 6m*-^16m'c) _ , 
y — 2 "" ^'^ 

ind we haye 

|/a;+|/y as 2m+l m* — c^ JLni. 



208 BADIOAL QUANTITIES. 

4. What is the square root of 11-f 6y^2 J Am. 3+|/2. 

5. What is the square root of 7 — 4|/3 f Am. 2 — 1/8. 

6. What is the square root of 7— 2|/10 J Am. j/b—y/^2. 

7. What is the square root of 94+42|/5 J Arts. 7+8|/5. 

8. What is the square root of 28-f 10|/3 ? Am. 5+i/3. 

9. What is the square root of np+2m* — 2mKi^>+m*? 

Ans. r f^-|-w* — nu 

10. What is the square root of 5c-|-2&1^2»o— 2»* J 

Am. h+V%^. 

11. What is the square root of 7+30^^ f 

^iw. 6+3i/^isr 

12. Find the value of \16+80V<— i+\16— SOV^^l. 

Am. 10. 

13. Find the value of \ll+6|/24. \7— 2|/10. 

Am. 3-|-|/5. 

14. Find the value of \31+12l/I^+ \- 1- 

* Am. 8+2l/^. 

15. Find the value of Vl7+12^2. • Am> l+i/2. 




RATIONALIZATION. 

376* It is sometimes useful to transform a fraction whose de- 
nominatoi^ is a surd, in such a manner that the denominator shall 
become rational. The fraction is thus simplified, because, in gen- 
eral, its numerical value can be more readily calculated. ThiB 
transformation is usually effected by multiplying both terma of the 
fraction bj the same factor. 
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37T* The process of clearing a quantity of radical sl^s by 
mnltiplioatioii, is called Rationalization^ and we will now consider 
how we may find ihe factor which will rationalize a surd quantity, 
in some of the more important cases. 

JB78, To find a fisictor which will rationalize any mo- 

DomiaL 

It is evident that the &ctor in this case will be the monomial it- 
self, with an index equal to the di£ference between unity and the 
given index. For^ we have in general terms, 

i 1-1 

1. Badonalixe j/a. 

The factor is |/a; for, i/aXl/» = <h 
a rational quantity. 

2. Eationalize a;'. 

The factor ia x^ ', for, «» X^' =s a; • =s as. 

379. To find a factor which will rationalize a bino- 
mial in the form of a±Vft, or Va±Vft, w and n being 
each some power of 2. 

The product of the sum and difference of two quantities is equal 
to the difference of their squares. Hence, if we multiply the given 
binomial in this case, by the same terms connected by the opposite 
sign, the indices of the product must be respectively the halves of 
the given indices } and a repetition of the process will ultimately ra- 
tionalize the quantity, provided m and n are any powers of 2. 

1. Rationalize a-|-|/c. 

The factor is a — |/c; for we have 

(a-f^c) (a — |/c) = a* — c. 

2. Rationalize j/a — V^* 

(l/o — Vx) (j/a+Vx) = a — i/x j 
(a— y^a) {a+i/x) = a«— «, 

^ rational result; and the complete multiplier is 

(\/a-\-Vx) (a-\-i/x'). 

18* 
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A triiuimtal may be treated in a similar maimer^ wben it QOBf 
tuna only radicals of the 2d degree. 

8. Badonaliie |/5+|/2 — /3. 

v/6+v/2 +i/B 
6- 






4+2|/10 
4— 2|/1Q 

16—40 = —24 

a Tational result; and the complete multiplier is 

(v/8+|/2+l/3) (4-2v'10). 

Thus we perceive that it is necessary simply to change the rign 
of one of the terms of the trinomial, and multiply by the xesolt, 
repeating the process with the product. 

380. To find a factor which will rationalize any 
binomial surd whatever. 

Let the binomial be represented by the general form, 

Put X = a *'and y = 6' ; and let n be the least common mvUiple 
of r and s. Then af^dz^/"* will be rational. But a+y will exactly 
divide a;*-|-y* when n b odd, and x* — y* when n is even j and x — y 
will exactly divide a;* — y* whether n is odd or even; (80). Thes^ 
quotients will therefore be the factors that will rationalize th^ 
respective divisors. HencC; let q represent the required &ctor; 
then 

W ^ = ^1 9 for a'-j-ft* , when n is odd ; 

W S' = , > for a*' +&*! when n is even ; ] 

W S' = ^ for a' — 6* , n being odd or even. 
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1. Sationalize the binomial a^-|-6^. 

Sinoe » = 6, an eren number, we bare from (2), ' 

the factor required ; and 

(J+bi) X (J^b^+ah^—ah+ah^^) =r a*-4»*, 

the rational result 

The forcgcnng methoda may be applied in the solution of the foL 
lowing 

KXAMT»T«ra. 

1. Beduoe -5L to a fraotion whoee denominator shall be rational. 

e 

2. Aeduoe y^ to a fraotion whose denominator 8hal\ 

V^ — /_ 

be ratronaL ^ 2l/l5 — 3k 10 

8. Beduoe -7- to a fiaction wbose denominator shall be rational 

Ans.5iZ. 
a 

, 1/2 

4. Beduoe ^g to a fraetion whoso denominator shall be rational 

Ans. • 

8 

5. Beduoe to a fraction whose denominator shall be 

taiionaL ^^, 5(^7 — ]/3) 

4 

6. Beduce "^^ — to a fraction whose denominator shall be 

ya — i/c 

rationaL ^^ a+l/oc 
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7. Beduoe ll — Xl.— to a rational denommator. 

8 

8. Bednoe y^. . ^q to its amplest fonn. An$. k 11 — 1/8. 

9. Beduoe -y= — / — to its rimpleet fonn. JLiu. 4+r 16. 

10. Iledaoe 7 — to its amplest fonn. * ' 

11. Simplify 2±i^ (!+^^J=a An. i^rs. 

(fi—V^J (v 3+1) 

12. Simplify — y ■ ^iM. iZ . 

1+a — y 1 — a" a 



13. Find the factor wbicli will rationaliie |/6 — V2. 

Ans. 5|/6+l/lO+6V2+V8. 

14. Beduoe to a rational denominator. 



a'— 6^ 



Atu, 



a*h^+ah^+aV+ahi+ah » +a*ft* 



a»-^^ 



RADICAL EQUATIONa 

981* A Badical Equation is one in wbicli the unknown quan 
titj is affected by the radical sign. 

283* In order to solye a radical equation, it is necessary in the 
first place to rationalize the terms containing the unknown quantity. 
In case of fractional terms, this may be effected in part by methods 
already explained. But the process b commonly one of involution. 

The following are examples of simple eguations containing radical 
quandtieg. 
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L Given l^«+ll+l/»^ = 5 to find «. 

OPERATION. 

by taransporitioB, l/ac+ll = 6 — Vx — 4 ; 

Bquaring and reducing, as-j-ll = x-f21 — lOl/x— 4 ; 

transpoeing and reduoingi l^x — 4 = 1 ; 
aqnaring and lednoing, a? = 5. 

2. Given -^^ 7= = — r — to find or, 

l/a+l/aj— 6 o 

OPERATION. 

y/a;— l/^Z5 _4x--«D 
l/a+l/aj— 6 6 

ratdr, (279), ) ^ ^ 

elearing of fraetiona, etc., — 2l/a* — 6a; = 2x — 80 ; 

dividing by 2, — l/a* — 5a5 = x — 15 ; 

squaring and redumngi 25x = 225 ; 

whence, x = 9. 

_ --, c fn-t/a tn ^ . 

8. Given -7 — ; — 7- -A — = -7 y to find x. 

yx^ya ' « — a -^a; — i/a 

The least oommon multiple of the denominators is x — a=i 
(l/«-|-i/a) {^y/x — ^a) ; and the solution will be as in the fol< 
lowing 

OPERATION. 

« my/ a m 

y^x+i/a* X — a -^/x — i/a 

c(l/a? — |/a)+m^a = wi(i/«+y^a), 
(c — m)y X = cy^aj 

yx = -J^ — , 

^ c — m 
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From these illnstratioiiSy we deriye the following precepts for tihe 
iolution of radical oquationB : 

1. — It is sometimes advantageous to rationalize the denominatof 
of a fractional term^ before transposition or inyolntien. 

2. — An equation should be simplified as much as possible before 
involution ; and care should be taken so to dispose the terms in the 
two members as to secure the simplest results after involution. 

EXAMPLES FOR FaAOXIGI. 

Find the values of the unknown quantity in each of tbe follow* 
ing equations : 

1. Vx+l+\/xz=l. Am. o; 35 9. 

2. ac+S = !/«•— 4x+69'. Jitu. a: = 6. 



8 



x-\-4& — j/a = Vx. Anu. X = 16. 

a* — 4a 



o. ■ - -j — / =«= / :> An9, xzsi%, 

Vl+x VI— a^ VI— oc* 



7. i/^^^y^ An..x= ^^ 

Vc+x 2c 

8- x—\9+xV^^ =: 8. Am. x = Sf 

9. 2/a;— 2l/aj— 32 = 1/827 -iiw, « =s 50. 

a a4'C e . • / a-4-c\* 

l/a — 2 X — 4 yx-\-2k \ a — c/ 

11. — 7= — ^^ — = —} — , — • Jim. x=-mc 
Vcx—i/c yx+c 

^^' Ya*--3a'x + xV3oH^=<i--x. Am, x^Sa—l. 
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18 x+V^c^^ax= y =' An$.xsz 

K C* CLX 



• ^ + ^='>S+M+1- ^ * = 20. 



15. l/o— « = ^a+ac*. iliif. x = 



2 



17. f'S+i+f'S^ = fl5. iliM. » = 6. 

18. i/x+l/^^ = :j^- J«..a5 = |. 



19. op+a = J<i^+xV b*+a?\ 



4a 



Viix—2 4V^6aj— 9 

20. -7= = — 7=z— • iliif. 05 = 6^ 

V6a;+2 4l/6x+6 

21. r64+a;«-8a; = ^7|=- 

22. 1/5+i+i/aj = 77F=- -^•"- « = 4- 



^jit. » = 8 



23. 



Vx—i/i 



;+|/: 



„^ l/a^-.ft ZVax^2h , Oh* 

24. y = — 7= . Am. X = — • 

Vax+b dVax+&b ^ 

V4x+i~y4x ^ 

Zy^x--4 3i/a+l5 
|/a-|-2 |/a-|"4Q 

27. i^±i^=j=:^. ^«.«=«(^^ 



l/rc — V X — a ^ 
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SECTION V. 



QUADRATIC EQUATIONS. 

383. A Qnadratio Equation b an equation of the aeeond 
degree, or one whioh oontains the second power of tho unknown 
qoantity, and no higher power ; as Sx* = 48, and oaf — 26« = c 
That term of the equation which does not contain tho unknown 
quantity, is called the absolute term. 

384. Quadratic equations are divided into two dasMS — ^Pure 
Quadratics, and Aflfected QuadraUcs. 



FURS QUADIIATIO& 

ftSS. A Pure Quadratic Equation is one whioh oontains the 
second power only, of the unknown quantity ; as So;" — 7 := 20. 

NoTB. — ^A pure equation^ in general, is one which contains but a single 
power of the unknown quantity. 

286* It is evident that by the rule for solving simple equationsi 
every pure quadratic may be reduced to the form of 

X* = a, 

in which a may be any quantity, real or imaginary, positive or 
negjitive. 

Extracting the square root of both members of this equation, we 
have, 

X = +|/a or — |/a 
Hence, 

Every pure quadratic equation ha$ two roots, eqyal m mamericiu 
value^ but of opposite signs. 

1. Given — g J — = - — 32, to find the values of x. 
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OPERATION. 



aj*-4 «•— 24 »• „„ 
:i-=o-32; 



6 



elearing of fraofions, 2x*— 8— 3a"+72 = 6Jb»— 884 ; 
oolleoting temuSi ^x* = 448 ; 

diyiding by 7, as* = 64 ; 

by eyolution, a; = +8, Ant. 

We have tbereforei for the solation of pure quadratics, the 
foUowing 

Rule. Reduce the equation to the form o/x* = a, and then take 
lie tgmare root of both members* 

KXAUPLES rOB PBAOTIOX. 

Find die Talpes of a; in each of the following equations : 

1. Sac*— 16 = x*+2. Aru. x=±S 

2. 2x"— 54 = 126^--S»". Ans. x = ±6. 
8. 7«*+8 =5Y+3ir' + 15. Ans. x = ±4. 



4. h2^+2d = 2cx"+a. Ans. x=i ±^^^ 



^^. 



-2d 
6— Tc 

6* aa5*-|-l = (ar-«) (a-j-«), Ans. x = ±:Va — 1. 

_ «44 , a? — 4 10 . o 

6- r^ + 5Xi = T- Ans.x^±S 



x+2 , a>— 2 18 . ^-^ 

^ X — 2 * X'\r2 6 

^ x+a X — a ^ . 3a' 

»• — ^ 4- — r- =s 7. -AJW. a? = ±— 7H- 

. a? . a a? . 6 . _/ — 

10. -4-- = - J--. -4n«. « = ±Vac. 

19 
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12. ?^=|V^ _ ±^ == 1- V^2. AmM.x^ ±(l-rv'2). 

18 

13. a;'+2« = 9+ — . Am. « = ±8 

SB 

14. rf. — ^ = 1. ^JM. » = ±1.096445+. 



2 8 



16. 



_ (a^)(a^+6) ^,^^^ ^.r.= ±4.64924+. 



12 , a+4 



AFFECTED QUADRATICa 

387. An Affected Qnadratie Equation is one wliicli contaiiu 
both the first and the second powers of the unknown quantity; aa 
2aj"— 3aj = 12. 

Notes. 1. The two classes of qnadratica, pure and affected^ are some- 
times called, respectiyelj, incomplete and oompUie equations of the second 
degree. 

3. A complete equation, in general, is one which contains every power 
of the unknown quantity, from the first to the highest inclusiye. Thus 
a complete equation of the third degree must contain the first, second, 
and third powers of the unknown quantity. 

388« Every affected quadratic equation may be reduced to the 
general form, 

ac*+2aa5 = 6, 

in which 2a' and h are positive or negative, integral or fractional. 

For, to effect thiS; we have only to bring all the terms containing 
the unknown quantity into the first member^ and all the known terms 

into the second member, and divide the result by the coefficient of a? 

389* To solve a quadratic, suppose it first redueed to the 

form, 

aj*+2aa; = 6. 

To both members add a*, or the square of one half the coefficient 
of X ; thus 

a*+2aa;+a* s= a'+6. 
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The fiisi member is now a complete tquaare. Taking the aqoare 
root of both members, we Lave 

whence by tranapoaition, 

Thna the equation has two roots^ which are unequal in all eaaea 
except when a^-^-h = ; in this case i^e shall haye 

X = a±0, 

and the equation is said to have two equal rooti. Thus take the 
equation^ 

«»— lOaj = —26. 

Adding 25 to both members^ 

««_10aj+25 =s J 

whencOi bjerolutiony 

that IB, « = 5db0 = 5 of 5. 

X X I 1 18 
1. Given — r-;+— ^ =-s-s to find the yahies of x. 

OPERATION. 

X . a^f 1 18 



x+l/ X 6 

clearing of fiactioDa, 6»'+6x'+12cc+6 = 13a5"+18a5 j 

reducing terms, oc'-j-x = 6 ; 

adding (})" to both membera, a^+x+l = ^ • 

by evolution, a5+j| = Hh| ; 

whence, x ^ 2 or — 3. 

HencC; for the solution of an affected quadratic equation we have 
the following 

Rule. L Redttce the given egucUum to the form o/*z*-|-2az = b. 

n. Add to both Mee of the equation the square of one half the co- 
efficient ofXj and thejlrst member wVH he a complete square, 

in. Extract the square root of both members^ and reduce tk§ 
resulting equation* 



220 
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990* Wlien the equation has been reduced to the foim of 

its roots may be obtained directly by the following obvious rule : 

Write one half the coefficient of x voiiK its coniraay t^f piuB or 
mvmu the square root of Hit second member increased by the square 
of one half this coefficient 

1. Oiyen a:* — 6x = 66. to find the Talues of x. 



OPERATION. 

fl;=:8db8 = llor 



, Am, 



EXAMPLES TOB PEAOTIOB. 



Find the values of the unknown 
equations : 

1. a5'+2« = 16. 

2. «•— 6a; = 16. 

8. «•— 20x = —96. 
4. «"— 6x— 7 = 88. 
6. a;'-28a;+80 =—116. 

6. ^•+6a;+l = 92. 

7. a;*+12x = 589. 

8. a;"— 6x+10 = 65. 

9. ^•+12a;+2 = lioi 

10. »•— 14a; = 51. 

11. a;"+20a;+19=0. 

12. «•— 6a;+6 = 9. 

13. a;«+8a; = 12. 

14. a«+12a; = 10. 
16. 3x«— 15a; = — 12 
16. 4x'+12x = 40. 
17 2;F"-f 28 = 18x. 



quantity in each of the following 

Ans. OS = 8 or — 5. 

Ans, X = 8 or — %. 

Ans. a; = 12 or 8. 

Ans. 05 := 10 or — 4. 

Ans. SB = 15 or 13. 

Am, x = 7 6t — ^13. 

Ans. 05 = 19 or — 31. 

Ans. OS = 11 or — 5. 

Ans. 05 := 6 or — 18. 

Ans. X = 17jor — 8. 

Ans. X = — 1. or — 19. 

^iM. a; = 3±2|/8. 

Ans. 05=? — 4:±:2|/7. 

Ans. « = — 6±l/46^ 

Ans. 05 = 4 or 1. . 

Ans. 05 = 2 or — 6. 

^fif. 05 3x7 or2 ^ 
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18. (8aj— 6) (2aj— 2) = 2(a;'+15). An$. a: = 5 or —1. 

19. (2a;+2)(5aj— 8) = (»+l)(6x+4). Ans. a = 4 or —1. 

20. (3x+4)' = 64aj. Am. a = f or |. 

2X 7 J « .r 

21. »• — YS = 12" « = S 0' — Tf • 

22. 15a:'+ -g- = 6. -^liw. a = | or — |. 

23. 4x« y^=i8. -**«• « = Aor -A- 

2^- 2-0CT) + ^ = i- ^i«.a. = 6or 4». 

4 5 12 ^ « . 

25. — pf + -To = -To- -int. » = 8 or — !• 

fic+l a;+2 x+o ■ 



SECOND liETHOD 07 COHPLETINO THE SQUABE, 

391. It frequently happens in reducing a quadratic to the form 
of x*'\-2ax == hy that 2a, the coefficient of x, becomes fractional, 
thus rendering the solution a little complicated. In such cases it 
will be sufficient to reduce the first member to the simplest entire 
terms. The equation will then be in the form 

ox'-j-^x = c, (1) 

in which a and h are integral in form, and jfrtme to ecLch other^ and 
c is entire or fractional. 

To render the first term of equation (1) a perfect square, multiply 
both members by a ; thus. 

Adding -^ to both members, we have 

where the first member is a complete square. Now if 5 is even, -j 

will be entire ; but if 5 is odd, -j will be fractional, a result which 
19* 
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we wiah to ayoicL To modify the rale to Buii the latter em^ stp- 
poee equation (8) to be multiplied by 4; thus, 

AaV+^alx+b* = 4ac-^h\ (4) 

The first member is now a complete square, and its terms are entire. 
Moreover, we observe that (4) may be obtained directly from (1) by 
multiplyid^ (1) by 4a, and adding 2»* to both sides of the result 

Hence, for the second method of completing the square in the 
first member, we have the following 

RlTLE. I. Reduce the equation to the form o/*ax*-|-tx = o, vihtrt 
a and b art prime to eaich other. 

TLIfhii even, muUipli/ the eguation hy the coefficient of z*, 
atid add the tguare of one hcUf the coeffUnenU of "x^to both mmhen* 

m. If h iM odd^ multiply the equation by 4 tim^ the coeffidant 
of.X*j and add the square of the coefficient of Tto both memben. 

The above rule may be considered as more general than the first ; 
for if applied to equations in the form of x*-\-2ax = 5, the opera- 
tion will be the same as by the first rule, with the simple modifica* 
tion of avoiding fractions in the first member, when 2a is fractionaL 

1. Given 5x* — Qx = 8| to find the values of a;. 

OPERATIOir. 

5x'— 6x = 8. 
Multiplying by 5, and ad-") 
ding 3', or 9, to both mem- V 26x'— 30a;-|-9 = 49 ; 
bcrs, J 

by evolution, Sx — 8 =: ±7 j 

whence, 5« = 10 or — 4 ; 

or, 05 = 2 or — |. 

2. Given 16x*— 65x = 850, to find x. 



OPERATION. 

16x*— 56x = 850. 

Dividing the given equation by 5, Sx* — llx = 70 ; 
multiplying by 12, and ad- 
ding 121 to both members, 

by evolution, Qx — 11 = ±81 ; 

whence, reducing, 05 = 7 or — -V. 



id-) 

J I 36aj«— 132a:+121 = 961 ; 
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We will now apply this rule to an equation in the fcrm of 
9f-\-2ax = 6, where 2a is odd. 

8. Given ac* — 7x = 44^ to find x. 

OFlRATIOir. 

«■ — 7x = 44. 

Multiplying by 4 tlmee 1, | 4x--28a;+49 = 225 : 
and adding 7* to both ddes, 3 

by eyolution, 2x — 7 = dtl6 ; 

whence, ai ^ 11 or — 4. 

Thus we may always operate in such a manner as to avoid frac- 
tions in the first member ; and indeed in the second member, if we 
trst reduce both members of the equation to entire temu. 



XXAIIPLES rOB PRACTICE. 



Solve each of the following equations : 

1. 5a5"44a; = 204. Am. « = 6 or — ^. 

2. 5a:*-|-4« = 278. Ans. » = 7 or — ^. 
8. 7:*;'— 20x = 82. Ans. a; = 4 or — f 



4. 6a*-}-15x = 9. Ans. a; = ^ or 

5. 2x" — 5a5 = 117. Ans. a; = 9 or — ^j^. 

6. 21a:*— 292x = —500. Ans. x = ll^f or 2. 

7. ex*— 18x+6 = 0. Ans. x = | or |. 

8. 7x"— 8x = 160. Ans. x ^ 5 or — y. 

9. 8x»— 53x = —84. Ans. x = 17 or f . 

10. x'+lSx— 140 = 0. Ans. x = 7 or — 20. 

11. 8x"— 8x = 5+4|/3. Ans. z = 2+|/3 or | — 1/3. 

12. x'+llx— 80 = 0. Ans. x = 5 or —16. 

72x 

13. 7x+ ,^_g = 50. Ans. a? = 2 or \Y. 

944x x+7 

14. — j-^ H !-= = x+14. Ans. X =s 28 or 9. 
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15. ^ ^ =26 — 4a5. Am. aJ=6 or J. 

2a: — 8 8a: — 5 5 

,_ Sx— 2 , 2x— 6 10 J ,. t 



TREATMENT Of SPECIAL 0A8I8. 

393* Either of the two preceding rules is sufficient for the 
solution of any quadratic equation whatever. There are certain 
cases, however, where the solution may he much simplified, either 
bj a modification of one of the common rules, or by a special prep- 
aration of the example. 

393. When the coefficient of the highest power of 
the unknown quantity is a perfect square. 
In this case the equation will be in the form of 

a^x^-^-hx = c. (1) 

• Let the quantity to be added to complete the square in the first 
member, be represented by f. Then 

a*x*+hx+e =z c+e. (3) 

Now in any binomial square, the middle term is twice the product 
of the square roots of the extremes. Hence, 

2ty,ax =zhx} 

_ h 



~ \2a) ' 



"'4?- 



And equation (2) becomes 

which may be used as the formula for completing the square, in this 
case. Or we may proceed according to the following 

EuLE. Divide the coefficient of x by twice the square root of the 
corfiiuent of x*, and add the sgtiare of thu tcsuU to hotk members. 
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1. Giyen 25x* — ^20x = — 3; to find tiie values of x. 

In this example the number to be added to complete the square is 

and the whole operation will be 

25x*— 20x = —8, 
25x*— 20a;+4 = 1, 

5x— 2=±1, 

x = { or I, Am. 

2. Given -j^ — o = ^> *o ^^ *© values of x. 

49 2 64 

For this example we have 

/=(2 ^^l) ^(s) =64' 
and the solution is as follows : 

4x|_»__51 
49 2 •" 64' 

4x* X 49 100 
49 ""2 "*'64"" 64' 

2» 7 _ 10 

7 8 "^'8' 



EXAMPLES FOB PBAOTIOE. 

1 16x*-f 12a; = 10. iiM. irsr^or— |. 

2. 86aj* — bx = j\^. ^na. ir=|J or — ^V* 

8 81a;* — 12x = — ]. Ans. as = ^ or xfij. 

. 49x« . 6» 40 ^ ,^ 

^•^ + T- = 4r ^nt.x = i«or-|?. 

• 841x* 58aj ,, . 

"626 T "^ ^='W, or -S*- 

6. — -; 1 J--= lOaj+S. Ans. « = 2 or — J| 
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394* When the equation is in the form of 

3^+ 2ax = {2a+m)m. 0) 

In this case we may avoid tedious numerioal operatioiiS| by tbo 
use of the auxiliary quantity, 2a. 

1. Given x* — 5x = 6; to find the values of x. 

Put 2a = 6 ; then 2a+l = 6> 
and the equation becomes 

as* — 2ax = 2a-|-l ; wbeno6| 

«•— 2ax+a* = o» +2a+l, 
X — a == db(«+l)i 
X = 2a-|-l or — 1, 
a; = 6 or — 1, Am. 

2. Given «*+19« = 92, to find x. 

Assume 2a = 19 ; then 4(2a-f 4) = 8a+16 = 92 ; 
and the solution will be as follows : 

a'+2ax = 8a+16, 
a?+2ax+a* = a'+Sa+lB, 
aj-j-a = ±:(o+4), 

0? = 4 or — 23, Ans. 

Let it be observed that we always put the coefficient of x equal 
to 2a. Then the method will apply, provided the second member is 

2a+l, 
or 4a-f 4, 
or 6a+9, 
or 8a+16 ; 

or, in general, 2am-f-m* ; that is, any multiple of 2a pha tfu 
tquare of the muittplier, 

EXAMPLES FOB PBAOTIOE. 

Solve the following equations : 

1.x* — 7x = 8. Ans.x = 9 or — 1. 

2. a;*+llx = 26. Aru. « = 2 or —13. 

3. »•— 17cc = 60. Ana. a; = 20 or —3 

4. z*+2^ X = 46. AoM. X =*: 2 or —23. 
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6. ac* — Ibx = 76. Ans. a ;= 76 or — 1. 

6. a5'+72« = 385. Ans. a; = 6 or —77. 

. 7. «•— 825x == 3350. ^ Ans. x = 335 or —10. 

999. When largo numerals may be avoided in the 
operation, by the use of an auxiliary quantity. 

Ab all the examples of this kind can not be included in any 
general classification, we give the following illustrations : 

1. Given rz;*+9984a; = 160000, to find the values of x. 

Pat 2a ::£ 10000 ; then 2a —16 = 9984, and 32a = 160000. 
Whence, a^-|-(2a— 16)aj = 32a, 

aj«-|-(2a— 16)a?+(a— 8)« = a«+16a+64, 
a?+(a— 8) = ±:(a+8), 

aj = 16 or — lOdOO, Am. 

2. Given x*+4:5x= 9000, to find x. 

Put a = 45 ; then 200a = 9000. 

x*'\-ax = 200a, 
4x*+4ax+a* = a«+800a, 

2x+a = d:T/a(a+800) = l/45x845. 

Muldplj one of the factors under the radical by 5, and diyide the 
other b J 6 ; then we have 

2x+a = 1/225x169, 

2x+15 • 3 = ±15 • 13, 

2a; = 16-10or — 15 • 16, 

05 = 75 or —120, Ans. 

8. Given lQji^—22bx = 225, to find x. 

Put 15 = a^ then 16 = o+l ; 

whence, (a+l)aj* — a^x = a*, 

4(a + 1) V— 4a*(a+l)x+a* = a*+4a«+4a% 

2(a+l)aj— a* = ±(a«+2a), 

2(a-f 1> = 2a*+2a or —2a, 

(a-|-l)aj = a(a-}-l) or— a, 
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EQUATIONS IN THE QUADRATIC FORM. 

396* There are many equations wbicliy thougli not really qnad« 
ratio, or of tlie second degree, may be solved by methods similar to 
those employed in quadratics. All such equations are reducible to 
the following form : 

in which x represents a simple or a compound quantity, and n jb 
positive or negative, integral or fractional. It is always necessary 
thai the greater exponent should he twice the less. 

1. Given x* — 16x* = — 28, to find the values of x. 

OPERATION. 

«•— Ifo" = —28. 
Adding 8«, or 64, «*— 16x«+64 = 36 ; 
extracting the square root, «* — 8 = ±6 ; 
by transposition, a;' = 14 or 2; 

whence, x = ±|/14 or ±i/2, Am. 

2. Given x — 6x^ = — 5, to find the values of x, 

OPERATION. 
X — 6x' r=s —6. 

Compledng the square, x — Qx^-\-9 = 4 ; 

by evolution, ps*-— 3 = db 2 ; 

or, «' = 5 or 1 ; 

involving to the 2d power, a; = 25 or K Am. 

3. Given ar«+10ar > = 24, to find the values of x. 

OPERATION. 

ar*+10ar » = 24, 
Completing square, ar«+10ar * +25 = 49 ; 
extracting square root, oT*^ 4-5 ^ +7 i 

transposing, jc-i _- 2 or —12 ; 

iaiing the Jieoiprocals, x = \ w — ^^^ .i«s. 
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4. Given (a;*+2a)*--23(a;*+2aj) = —120, to find the values of a;. 

This equation is in the quadratic form, for it contains the first and 
second powers of the compound quantity, x*'\-2x. 

For convenience, let us assume 

y ^ a*-|-2a5. 

Then bj substitution in the given equation, we have 

y*— 23y = — 120; 
whence, y'— 23y+A|A =- y, 

y =r 15 or 8. 

We have now the two equations, 

{c*+2x = 16 and x'+2aj = 8, 

irhich are solved as follows : 

x*+2x = 15, a»+2» s= 8, 

a^^2x+l = 16, to«+2a;+l = 9, 
x+1 = ±4, a+l =: ±8, 

« = 3 or — 5. X = 2 or — 4. 

Thus the equation has four roots, 

, 0, i5, 4, 

and it will be found bj trial that any one of these four values will 
satisfy the given equation. 

Equations of the third and fourth degrees may often be solved 
like quadratics, even if they do not, at first, present themselves in 
the quadratic form, like the last equation. If any equation is sus- 
ceptible of such a solution, it will be found to contain the first and 
second powers of some compound quantity, with known coefficients. 
To determine whether this be the fact in any particular case, we 
may proceed as follows : 

Transpose all the terms to the first member; and if the highest 
power of the unknown qunntity is not even, multiply the equation 
through by the unknown letter, to render it even. Then extract 
the square root to two or more terms, as the case may reqtiire ; and 
if at any time a remainder occurs, which, with or without the abso- 
lute term, is a multiple, or an altquot part of the root already ob- 
tained, a reduction to the quadratic form may be effected. Other- 
wise it will be impoBsible. 
20 
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5 Giyen a;*— 4a;*— 14x'-f 86x-f 46 = 0, to find a^ 

SOLXTTIOM. 



«* 



tcc«+ 4x" 



— 18x"+86x+45 
Or by factoring, — 18(a^— 2«)-i-45 
Hence the given equation may be written ihiu : 

(«•— 2x)*— 18(x«— 2«)+45 = 0. 

Without substituting any letter for the compound quantity, 
OS* — 2x/the remaining part of the operation will be as follows : 

(j»»— 2x)*— 18(aj*— 2a;) = -45, 
(«•— 2«)*— 18(a*-2a;)+81 = 86, 

(aj*— 2«)— 9 = ±6, 
whence, «• — 2x = 15, ,0) 

or, «■— 2aj = 8. W 

From (1) we obtain sb = 5 or — 3 ) j 

«< . (2) <« « . « = 3 or — 1 f *"* 

6. Given aj*+4aa5*+2a*a5 — 4a* = 0, to find x. 

As the highest exponent of a; is oddj we multiply the equation 
by X, and obtain 

«*-|-4aaj'+2aV— 4a'aj = 0. 

Taking the square root of two termS; and factoring the remainder, 

(x"+2aa;)*— 2a'(a;*+2aa5) = 0. 

Assume y=a:'-|~^^'^ ; ^^^° 

y*— 2aV = 0, 
/-2aV+a* = a*, 

y — a* = ±a*, 
y = 2a* or 0. 
Hence we have two equations, solved as follows : 

«*+2ax = 2a*, x*+2ax = 0, 

os+a = d:a|/3, «*= — 2aa5, 

35 = — a±a|/3. aj = — 2a. 
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1 5 

7. Given 26«"— 8+ j-, = |, to find iB. 

The two extremes in the first member are perfect squares. We 
will therefore seek for a middle term which will render the square 
complete. This will be tunce the product of the sgwxre roots of the 
fjxtrem^ ; or 

5»X 2^ X2 = 5. 
Ws therefore add 1 to both membeiSi and solye as followB : 

^^-25 = ±2' 

lOa^— 1 = dt^aJ. 
10x"T8cc = 1; 
100a:*q:80x+| = 10+j = y, 

lOajTi = ±5. 

10j5 = 5 or — ^2, or 2 or —6 ; 

«= dzj or Ti> -^•w- 

8. Given x-^-A^x := 21, to find the values of x. 

OPERATION. 
X^^y/X = 21, 

x+4y/x^4: = 25, 
l/x+2 = ±5, 
|/x = 3 or — 7, 
2c = 9 or 49, Ana, 

It should be observed here that when the equation contains a 
radical, as in the last example, it cannot be satisfied bj the roots 
obtained^ withotU a trial of signs. The roots found in the last solu- 
tion are 9 and 49 ; but we have 

|/9 = +3 or —8, 

t/49"= +7 or —7. 

Now we may venfy the given equation, if we take i/x =-|-8 or 
— 7 ; but not otherwise. 
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Thus, putting x = 9 and j/x = 3 in the given equation, we hart 

9+12 = 21 ; 
also with X = 49 and i/x = — ^7, we have 

49—28 = 21 ; 
and the equation is satisfied in both cases. 
But putting X = 9 and i/x= — 3, we have 

9—12 = 21; 

also with X = 49 and j/x = -|-7, we haye 

49+28=: 21; 
both of which are false. 

In general, it will be found that a radical equation can be satisfied 
by each of the roots of solution, under at least oik of the possible 
combinations of signs. 

2 

9. Given 21/05+ — 7- = 5, to find x. 

-yX 

We have here a radical equation which is not in the quadratio 
form. In such cases, it is generally better to clear the equaticm nit 
radical signs, either entirely or partially. Thus, 

2a;+2 = 5|/», 
2x— 5|/a; = —2, 
Mto— 40t/x+26 = 9, 
4|/a5— 6 = ±8, 
4|/x = 8or2, 
|/x = 2 or I, 
X = 4 or ^, Amb 



EXA^IPLES OF EQUATIONS SOLVED LIKE QUADRATICS. 

1. X*— 84x" = — 225. Am. x = ±6 or ±3. 

2. x«— 35x»+216 = 0. win*. X = 2 or 3, 

3. X*— 4x^—621 = 0. Ant. x = 8 or f'^^^ 

4. ;r'*+31x*— 82 == 0. Xiw. a?. = 1 or — i 
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5. «•— «^ = 66. Am. « = 4 or #^49. 

6. »*— 2a- =r 8. ^^5. x=Vl or Vi:2". 

s 1 

7. 20a:-— SLc- = —12. -Aiw. x = (|)» or (|)». 

8. Sf^x*—10f^x = —3. -4/w. a? = 27 or j^- 

9. ac+S- V^aj+S = 6. Am. « = 4 or —1. 

10. (aj+12)*+(«+12)l = 6. An$. x = A OT 69. 

11. (x+a)^+2h(x+a)i = 8i«. ^iw. a; = 6*— a or 81ft*— <». 

12. x+V^Sx+lO = 8. -4iif. a; = 18 or 8. 
18. 9a;+4+2l/9^+4 = 16. -4iif. « = | or f 

14. i/lO+x— Vio+aj = 2. Am. aj = 6 or —9. 

15. (a;_5)»— 3(a>— 5)^ = 40. ^iw. aj = 9 or 6+^(— 5y. 

16. 2(l+«— «•)— (l+«— a^O'^+i = ^• 

Ans. x=i±:}i/ir or i±jvir 

17. x+lQ-^Vx+lQ = 10. ^tw. a: = 9 or —12. 

18. 81a'+17+-i = 99. Am. aj= ±1 or ± j. 

4 955 

19. 25x»+6+g-s = -^. ^iM. a; = ±2 or ±j\. 

20. a;*+2x»— 7x«— 8x+12 = 0. Ans. aj = 1, 2, —2, or —8. 

21. aj*— 8a;»+19x— 12 = 0. Am. « = 1, 3, or 4. 

22. a;*— 10a:»+35a»— 5005+24 = 0. Am. « == 1, 2, 3, or 4. 

23. aj*— 8aa:'+8aV+32a'x— 9a* = 0. 

Am. X = a(2±VlS) or a(2±i/8). 

24. y— 2cj^*+(c*— 2y+2cy =c*. 



20* 
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PBOlflSCUOUS 1XAMPLI8 IK QUADRATICS. 

1. x*+lLr = 80. Atu. x = 5 or —16. 

8x— 8 8ac— 6 



«— 8 ~ 2 • 



Atu. X = 4 or — ^1. 



R JLm^^— jIim. « = 2or-8. 

*• 2(x"— l)""4(x+l)=8" -4itt.«-.»ar— o. 

_ OB— 1 , »— 2 2x+15 . c • 

«• a;>-6x+9 ="^' ^«.« = lar-28. 

7. a* — 2ax+a^ = &. An$. x = aT"|/^ 

8. a^—2ax+V = 0. jIiw. a = a±Va*'-b\ 



9. mx* — 2mxi/n = na* — imi. Am. x = 



l/m^^l/n 



,^ 4a^ 8« 20 

49- + 21==y ^iw..aj = 7or— 11|. 

11. ^ _]^ = ._32. Am. x = 152 or 78. 
861 19 

13. aj'+ll+l/?+ri =42. Am. aj = ±5 or dtV^38. 
1 L aj»— 2x+6V'ar«— 2x+5 = 11. ^n«. a; = 1 or 1 ±21^15. 

15. x*+ -^= 34X+16. ^n#. « = 2, —2, —8, or -4. 



2 

16. x—1 = 2H — y^. Am. a; = 4 or (— IV. 

4-j-yx yx 
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18. X ^tij/2-^ = ^. Am.x^ ±(2±|/2)i 

19 .^Pll_-y/l_i=^. An.. X =: i(l±i/6). 

20. i ^____^. ^1m.«s±J. 

l_l/l_a* l+v/l_a;« as" 



22. f?±]:^=?r=aj— 2. ^w. « = 5or8. 

23. «*+«* = 766. ^fw. « = 243 or —Sp'sml. " 

24. &•"— 13*" = —6. Am. o; = V| or Vf. 

25. i/TPf^+iz = c(l— «). -inf. « = 1 or 



(c+2)* 

26. (aj+a)»-<aj— ay =^ 852a\ 

^iw. X = dtzay^b or ±:aV^ — 7. 

27. ax+ ^-j = ^i^ ^iw. « = 2^ (2c+6± V'2?I=4c»). 

28. — r^r-\ — = — h ^ + — -^w** * = — « ^W^ — ^ 
a+6-|-a5 a 6 « 

^ 2a . o* — «• a;*--a' + 16 . 

29 — r T = 7i • Am, x = ±a. 

X ax oa- 



l/aj-Lo — V^ ^ 

30. x-Z. = « . ^. X = ±2av'f 

V x-Ya-fV X — a 2a 

81- 1?^ + ^=^ = ** ^~- * = 2 (1±»^^> 

«+* I l/26-** ) 
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SIMULTANEOUS EQUATIONS CONTAINING QUADRATlCa 

99 7« Having treated of quadratics containing one unknown 
quantity, we will now consider certain cases of simultaneous 
equations where one or more is of a degree higher thiin the first 

998* In general, the solution of two quadroHc €^tuUums, mvolv- 
ing two unknown quantities^ depends upon the solution of a single 
equation of the fourth degree^ containing one unknown qwmtitjf. 

To show this, let us represent the two e<][uations under a general 
form, as follows : 

ar*+aay+ V+«c+^^+« = 0, (1) 

«*+a'ay+^y+c'a+c?'y+«' = 0, (2) 

in which the coefficients a, hj c, etc., and a', &', c', etc.; maj have 
any value, positive or negative, integral or fractional. 

Arranging the terms in these equations with reference to x^ and 
factoring, we have 

«*+(«y+0^+%*+^?y+« =0, " (3) 
Subtracting (4) from (3), we have 

[(a— a')y+o— c'lx+cft— 2^'y+(^— ^Oy+C^— «') = 0. 

By transposition, we have 

whence we obtain 

(o — 0')y-\-(c — c') 

This value of x substituted in either equation, (3) or (4), will give 
a final equation involving only y. Without actually making this 
substitution, which would lead to a complicated expression, it is 
obvious that the resulting equation would be of the fourth degree. 
For the value of a; is in the form of 

ry-\-s 

in which y is involved to the second power. Therefore the term 
coDtmniDg X* in (3), or (4), must involve i/ to tbe f(mr(h power. 
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Hence, two equations, essentiallj quadratic, and containing two 
unknown quantities, can not, in general, be solved by the rules for 
quadratics. 

399* There are certain cases whene simultaneous equations, 
involving one or more of the unknown quantities to a higher degreo 
than the first, may be solved by means of a final equation in the 
quadratic foruL Most of the examples of this kind are embraced 
in these three oases : 

1st. "Where one of the equations is simple^ and the other 
quadratic. 

2d. Where both of the equations are quadratic, but homogeneous. 

3d. Where one or both of the equations are symmetrical, 
involving the different letters in a similar manner with respect to 
coefficients and exponents. 

The following are illustrations : 

1st SiHFLB AND QUADRATIC EQUATIONS. 

Th^ solution is effected in this case by the ordinary methods of 
elimination. 



1. Given P^-^5 = 5ltofinda:andy. 



From equatifui (2), x 



2y 

OPEBATION. 

6a:»— 6ay = 8, (I) 

8»— 2y = 6. (■) 

6+2y- 



8 



18O+120!y+2Oy— 108y+3%' = 72, 
16/— 12y = 108; 

,- . ,„ 9 441 

16/_12y+_ = _j 

,3 21 

^-2 =±2-' 
4y = 12or— 9; 
whence, y = 3 or -rr-J, 

and .aj = 4ori 
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2d. HoHOOSNaouB Equatiohb. 

In tlie case of homogeneous equations, an auziliaiy quantity 10 
employed in the elimination. 

2. Given J ^^f "^"^ ^ g J to find the yalues of aj and y. 

SOLUTION. 

Pat x^=vy} then the ^ven equations become 

2t»y-iy' = 6, «r y* s= ^_ ; W 



whenoe, 



2y-+8.^ = 8,ary-=^; » 

6 8 . 



2v^—v "" 2+3t;' 

Q+Qv = 8»*— 4v, 

8t>*— 13t> = 6, 

V = 2 or — |. 

Taking v = 2, equation (2) gives 

y == +1 ; whenee x = :t:2. 

Taking v = — J, the same equation ^ves 

8 ^ 8 

y =3 ± -^ ; whence x = qp -7^. 

It may he observed here^ that in thb example, as in all other 
examples of simultaneous equations, the different sets of vahu» 
which are capable of satisfying the equations, will be found by tak- 
ing the signs m their order ; — ^that is, the upper signs should be 
taken throughout, ^and the lower signs throughout. ThuS| 

when y =: +1, x = -f"2 ; 

" y = — 1, « = — 2; 

8 3 
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8d. Sthmetbigal EquATiON& 

When the equations are of this description^ thej may be solved 
by taking advantage of multiple forms, and of the necessary rela- 
tions existing between the ^sum, difference, and product of two 
quantities. 

8. Given -J "" «., f to find the values of x and y. 

C a^ 1= 31 i 





OPERATION. 






x-^y = 10, 


(1) 




ay = 21. 


W 


Squaring (1), 


a:*+2ay+y* = 100 ; 




gabtracting 4 times 9), 


«■— 2ay+y' = 16 ; 




by evolution, 


a— y = ±4; 




but in (1), 


* a;+y = 10; 




whence^ 


OS = 7 or 3 ; 
y = 3 or 7. 





4. Given { jjj^+y^ jJJ jtofind theydues of xandy. 

OPEfLATION. 

Put *+y = *) *^d K ay =.p. 

Then the given equations become 

,+i, = 19, (1) 

««-;P« = 183. (?) 

Dividing (2) by (1), #--p = 7j (8) 

whence from (1) and ^ « :^ 13, 

and ^ = 6 ; 

that is^ ^+y == ^^9 

and ay = 36. 

Prooeeding now as in the third example, we have 

^•+2ay+y' = 169, 
«•— 2ay+y« = 25, 
a;— y=±5, 

a; r= 9 or 4, 

y = 4 or 9 



240 
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6 OiTOn 






find X and jr. 



OPERATIOir. 



Put 
then 



j= 



= P, andy» = Q; 



i_ 



i^ 



a!»=P',Juidy»=G'- 



I 



Subadtnting tlieae yaloes in the given eqUatioM^ 

P«+2PC+C* = 86; 
2PC =16; 



From(l) 
taking (2) from (8), 
taking (4) from W, 
bj evolntioni 



CO 

m 



P=:4or2; 
Q =r 2 or 4. 



yV = 2or4j 
y == ?2 or 1024. 



#nenoe w<» lave 

«'=4or2, 

05* = 64 or 8, 

flc = ±8 or ±2|/2. 

In this example, the auxiliary letters were used to avoid frac- 
tional exponents in the operation. This practice, however, is not a 
necessity, but only a convenience. The auxiliaiy letters should be 
made to represent the lowest powers of the unknown quantities. 



0. Given 






find sp and y 



Assume 



X 



I- 



=^p, 



OPERATION. 



hen, 
uid 



X 



i- 



a* = F' 



y' = C 



Substituting these values in the given equations, and factonng, 

'P\P'\-Q)= 208 = 1316, (1) 

§«(§4.P) — 1053 = 13-81. &) 
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Dividing (2) by (D, |i = fg^ ^ 



Q 9. 



C4 



Sobstitating these valaos in (1) and (2), we luiTe 

P*-\-~ = 1316, «) 

C* + -^= 13-81. (7) 

From (6), P»==x» = 64; 

from (7), g«=/ = 729; 
wlienee, 05= ±8, 

and y = ±27. 

If we iake the minus sign in the second member of equation (4). 
we shall obtain 

( x+y = 8 ) 
7. Given i t i ^ 1 ^9 f ^ ^^ ^® values of a: and y. 

OPERATION. 

ir+y = 8, (1) 

a;*+y» = 162. (2) 

Cubing (1), «'+3xV+3iry*+y* = 612 ; (3) 

taking (2) firom (3), 3xV+3xy* = 360, (4) 

xy(^x+t/) = 120 ; (5) 

dividing (6) by (1), xy = 15. (6) 

Whence, by combining (1) and (6) as in the 3d example, 

X = 5 or 3, y = 3 or 6. 

300. For examples of more than two unknown quantities, no 
additional illustrations are necessary. The few cases which lead to 
a final equation in the quadratic form are to be treated by the same 
methods that apply to the preceding. And skill in the management 
of this whole class of examples, must depend less upon precept 
dian upon practice. 

21 Q 
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301. Ab ixiliarj to the solution of certain question?^ paiiioii- 
larly in geometrical progression, we give the following 

Problem. — Given x-f-y = « and ay ==p, to find the values of »• 
+i^*) a;'-|-^*, a;*+y, and ic*+y*) expressed in terms of « and^. 

SOLUTION. 

x+y=s8, (1) 

ay=p. (B) 



Squaring the first, 


aj»+2ay+/ = ««; 




2ay =2p; 


1st result, 


aj»+y" = «•— 2p. 


Multiplying (A) hy (1), 




4 


K'+a^v+a^'+y = «"— 2p«j 


subtracting 


iry(x+j^) = ps*f 


2d result, 


»•+/ = #•— 3p«; 


Again, squaring (A\ 






x*+2xy+y* = «*— 4«'i>+4jp«;. 


subtracting 


2xy = 2p* ; 


Sd result, 


»♦+/ = «*— 4««i>+2p*. 


Multiplying (A) by (15), 




a' 


^+^V+^/+y' = •'-6«*j?+6^«; 


subtracting 


a^y(«+y) = sp*; 



(Al 



W 



(C> 



4th result, aj*-|-y* = «* — 5s'j?+6«p*. (2^ 

The following example will illustrate the use of these formulas* 

1. Given \ *^"»^ I to find the values of aj and v. 

I a;*+y — 2417 ) 

In this example we have 

« = 9, «« = 81, «* = 6561. 
Hence, from (C), we have 

6561 — 324p+2/ = 2417 ; 
p*— 162p = —2072, 
!>•— 162p+6561 = 4489, 
p- 81 = ±67, 
ocff =zp = 148 or 14. 

If we take rry = 148, the values of x and y will be ima^nary 
Taking xi/ = 14, with the equation x-\-t/ = 9, we readily obtain 

a; = 7 or 2, y =: 2 or 7. 
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EXAMPLES or SIMULTANEOUS EQUATIONS. 

Find the valaes of the unknown quantities in the following 
groups of equations : 

( x—2^ = ) ly = 3 or —2^. 

2. W+2/ = 120) ^„.i«'=8or 17i 

(2a;4-y = 22 J (y = 6or-13|. 

3 {^+y- = 251. ^ Jx = 9or-14V 

{,405 =9y) (y = 4or— 6^. 



4. 



J5x»-y = 86) ^«.j^ = »«' 



(5x4-y = 25) *(y = 10or45. 

. l3x*— «» = 8) U = ±3. 



Ux+y = 40J (y = — 72or— 8. 

ja-y+i,* =126) J«.i*=±15' 

1 5(a;+y) = 7x ) ly = ± 6. 

t 5(a5— y) = 4y ) ly =: ±6. 



9. i*'+^=12l. ^„,.i''=±2, 

iy+ay = 24) ly=±4. 

10. • i * -2«^-^' = n Ans.\''= ±v;f . 

I a+y =2) ly = 2Ti/i. 

II (a^+a:y =56) .^ f x = ±4^/2 or ±14, 

Uy+2y' = 60) ' ( y = ±S|/2 or T 10. 



JO (3x»+ay =68) . ( a!=db4 or ±V>^3, 

• 1 4y»+8ay s= 160 r ' l y=±5 or Th'^S. 



18. •{ V . V An* 



( x*+ay = 12 I 
(xy-2y»= if' 




QVADKAtlC KQDAnONfl. 



+^=21}. j^ |«=±4or±8|/8, 



= 8)* 

^^ ( a = 6 or 9, or — Sii/e 
t jr s 4 or 1, or — 8^(/5 



16. K^+y)*+2(«+*)*i20>. 

I xy-y s= 8 J 



ig. 


6x'+V= 5.^+12) 


5 
'-— PTl 


17. 


{'•+^ = ^}- 


l» = ±4 or ±7 


18. 


{'•Z-1\- 


j^ (^ = 8«-6, 
^ l, = 6or-8. 


19. 


(»■+,■ = 4914). 
I ai+ji= 18) 


^^(« = 17«1, 
ly=lotl7. 


20. 


( .•+,■ = 1891. 


An, i» = 5'>'*. 
<y = 4or6. 


21. 


)(.<?+,•) (»^) = 131 


^ -{;=!■ il: 


22. 


1 .+,= 4 1 


-• 1:=^ 


23. 


J 3 A*-2^ = 11. An,. i'=^ 1" " i."^. 
t » = 2j) ly=±J)'2or±{Cr5. 


24. 


(^+/ = 18>j.l. 
t .+y = 12 f 


-• i;:!rs; 


25. 


{':!£="i}- - 


l<=»orlor4±V— 1U5, 
1 y=: or 7 or 4Tl/_105. 


26. 


(«'j+iy = 12). 
t.-,+ J' = 18) 


Am. i- = 2"J. 
tj. = 2«rl6. 


27. 


f«'+/=2jy(a:+,)) 
I »»=!» i 


A„. J'=±2>^_±2. 
)y=±2)'5T2. 
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28. I'Wj'J^-} 

29. i«*-y-(*+y)= n ^n,. i' = ^ 

(ay = 6 ) (y = ±}l/a+26=F: JVoI^. 

81. J [. Ans. ] ] /— _;, 

y|/a;+|/y = 21 ) ( x = 4 or (jjg)*, 

82. ■ ' 



y = 9 or S24. 



fy|/x+|/y= 21) 
I. ^ V. Ans, 

(ay«+y =833) 

( x+y =35) ^^ fx = 

(x^yi= 6) "*■ \lf = 

m 



= 27 or 8, 
8 or 27. 



= 10 
85. ^ te . fv 6 V- -^w'- 







87 



88. ^«'+y' +2x^+2^* = 




!^^=23f 



. (x = 27,8,— l,or— 216j 
• ly = 8,27, — 216,or— 1 

21* 
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89. 

An,, i* = ±8' ±V2, «r {i(_7±v^r7)}^ 
|y = 32, 1024, or {iC-T+^lT)}* 



41. f -M =2/|. ^„. |- = 

(8x5^ = 14 ) (y = 

42. j-MyM= 1009? ^^J« = 
( x'+a; V+y* = 582193 ) (^ = 



= 2744 or 8, 
9604 or 4. 



= 81 or 16, 
16 or 81. 



43. p-«f.=«^|. ^^ = !i' 

(y— 2x='y'= 4) (y=16. 

I ^+ir = 6/ ]i. = 2,3,-6,orl. 



fx«+y = 8 1 (x = ±2,) (x=±2, 

45. |l 1 1 >. .4n«. / „ l-or^ 

46. j«''^* = 80931 ^n,.|* = 5or-^, 
ix—y = 8) ty = 2or— 5. 

47 f«'+ay+y*= 7) . (x = ±2orT3, 

' ( x«+xy +y«=r 188 J ■ 1 y = t3 or ±2. 



48 






/ 1 5 
l*=2 " 26' 


Am. 


) 1 • 15 
y=3 " 13' 




1 \ \b 
r = 4" 44- 
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THEORY OF QUADRATICS. 

30S« Having treated of the practical methods of solving quad- 
ratic equations, we will now proceed to consider certain general 
principles relating to quadratics. 

303. Let us resume the general equation, 

x*+2ax = 5. (J) 

If w? solve this equation, and represent one root by r and the 
other by r', we shall have 

r = —a+Va^+b (1) 

r' = ^-a^V^^+b. (2) 

By adding these equations, and also multiplying them together, we 

obtain 

r-f-/ = _2a, (3) 

rr' = —6. (4) 

That is, 

1, — The sum of the two roots is equal to the coefficient of x tdlcen 
with the contrary sign. 

2. — The prodiict of the two roots is equal to the absolute term 
taken with the contrary sign. 

304:* From equations (3) and (4) in the last article, we have 

Substituting these values in (^), and transposing the absolute term, 

we have 

x^—(r+r')x+rr' = ; 

or by factoring, 

(x — r)(x — r') = 0. Hence, 

If an the terms of a quadratic equation be transposed to the. first 
member J the result wiU consist of two binomial factors, formed by 
annexing the two roots with their opposite signs to the unlcnojtvn 
quantity. 

SOS* A Quadratic Expression is one which contains the first 
ftnd second powers of some letter or quantity. 

By the principle established in the preceamg article, any quadratic 
expression whatever may be resolved into simple factors. 
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1. Let it be required to resolve tlie expression, a:*-|-12a; — 45, ii* 
tv. simple factors. 

A ssume aj'-f 12x — 45 = . 

This equation readily gives 

X = S, X =z — 15. 
Hence, a;*+12a>-45 = (aj— 3) («+15), -dnt. 

:2. Separate 5x' — 8x-|-3 into simple factors 

We first separate the factor 5 ; thus, 



K--t4)- 



We may now &otor the quantity within the parenthooB, as in tlit 

lust example; thus, 

. 8a; 8 

._8x W 1 

6 "•" 25"~ 26' 



'"-5=±6' 

, 3 

a = 1 or ^ 
5 

And the given quantity is factored as follows : 

5x«_8x+3 = 5(a^l) (x— |), An$. 

EXAMPLES. 

! . Resolve o?-{-2x — 120 into simple factors. 

Ans. (a—lO) (aj+12.j 
*.*. Resolve x* — ^9x-|-14 into simple factors. 

Ans. (x— 2)(a:— 7) 
H. Resolve aj'-j-Sx+lS into simple factors. 

Ans. (x+S)(x+S). 
4. Resolve x* — 35a:-}-300 into simple factors. 

Ans. (x— 16) (a— 20) 



x 3 
0. Resolve x' — j — — into simple factors. 



Am. (x-^) (x+i) 
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6. Besolve 15x*-)-19a;-}-6 into simple factors. 

Ans. 16(x+f ) (x+l). 

7. Besolve ex* — 2ax+c*a: — 2ac* into simple factors. 

Ans, clx )(^+c')' 

306. The same principle also enables us to construct an equa- 
tion whose roots shall be any given quantities. This is done by 
multiplying together the two binomial factors, which, according to 
ihe principle in question, the required equation must contain. 

1. Find the equation whose roots shall be j and — 1|. 

Fwstori, 1^ i 



; 6a5*-j-aj-~ ^ •=: 0, Ans, 



EXAMPLES. 

1. Find the equation whose roots shall be 6 ai d — 15. 

Ans. jr*+9x— 90 = 0. 

2. Find the equation whose roots shall be 3 and — 15. 

Ans. a;*-f-12a;— 45 = 0. 

8. Find the equation whose roots shall be 16 and 9. 

Ans. x*— 25x4-144 =r 0. 

4. Find the equation whose roots shall be 84 and — 1. 

Ans. x«— 83x— 84 = 

6. Find the equation .whose roots shall be | and — ). 

X I 

Ans. 7^ — 5" — Q — ^ 

6. Find the equation whose roots shall be | and — \. 

. 17x 1 ^ 

Ans. X — -tt: « = " 

56 2 

7. Find the equation whose roots shall be ^ and \. 

Ans. 8x*— 6x+l = 0. 

8. Find the equation whose roots shall be 2a and — c. 

Ans. X* — (2a-^c)x — 2ac rs 0. 
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DISCUSSION OF THE FOUR FORMS. 

307* In ihe general equation x*'\-2ax =: h, the coefficient of x, 
as well as the absolute term, may be either positive or negative. 
Hence, to represent all the varieties, with respect to signs, we must 
employ ihe/our/orms, as follows : 

x*+2ax = +6, 0) 

a^—2ax = +6, W 

a^+2ax = —6, (8) 

x*—2ax = —b. (4) 

From ihese equations we obtain 

X = — a±l/a*+6, (1) 

05 =r ^a±Va*+bj (8) 

4; = — aifcl/a*— 6, (B) 

a = +a±'/a'— 6. (4) 

We may now consider what conditions will render these roots real 
or imaginary, positive or negative^ equal or unequal. 

308. Real and imaginary roots. 

In the first and second forms, the quantity a*-\-h, under the rad 
ical, is positive, and the radical quantity is therefore real. But in 
the third and fourth forms, the quantity a* — 5, under the radical, 
will be negative when h is numerically greateif than a* ; in which 
case the radical quantity is imaginary. Hence, 

1. — In each of ihe first and second forms^ hoth roots are always 
real. 

2. — In each of the third and fourth forms, "both roots are tmagu 
nary when the absolute term is num^ertcaUy greater than the sguar$ 
of one half the coefficient of x ; otherwise they are real. 

309. Positive and negative roots. 

Since a'+& > «' and a' — b < a*, we have 

Va^+b > a and T/a*^T< a 

It follows, therefore, that the signs of the roots in the first and 
second forms will correspond to the signs of the radical ; but the 
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signs of the roots in the third and fourth forms will correspond to 
the signs of the rational parts. Hence, 

1 — In each of the first and second formSj one root is positive and 
the other negative, 

2. — In the third form both roots are negative, and in the fourth 
form both roots are positive, 

310. Equal and unequal roots. 

It is obvious that in the first and second forms the two roots are 
always unequal ; for in each of these forms, one root is numerically 
the sum of a rational and a radical part, and the other the difference 
of the same parts. 

The same may be said of the third and fourth forms, if we ex- 
cept the case where a' = 5 ; in which case the roots are equal, and 
we have, for the third form, 

X = — a±:0 = — a or — a, 

and for the fourth form, 

X = -|-a±0 = -|-a or -|-a. Hence, 

1. — In e<ich of the first and second formSj the two roots are always 
vnequal, 

2. — In each of the third and fourth forms, the roots wiU he equal 
when the absolute term is numerically equal to the square of one half 
the coefficient of x; otherwise they will be unequal. 

In the first and third forms, the negative root consists of the sum 
of the rational and radical parts ; while in the second and fourth 
forms, ^e positive root consists of the sum of the two parts. Hence 
if we exclude the case of equal roots, 

3. — In the first afid third forms the negative root is numerically 
greater than the positive, 

4 — In the second and fourth forms J the positive root is numerical- 
^ greater than the negative. 

The principles which we have now established, respecting 
the roots of quadratic equations, are all that are of importance, 
either theoretically or practically. 
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DISCUSSION OF PfiOBLEMa 

311. In the solution of particular problems involving qnadrat- 
L's, we shall find that in certain cases both roots of the equation 
w !1 answer the conditions of the problem, while in other cases only 
one of the roots is admissible. 

The reason is, that the algebraic expression is more general in its 
ii leaning than ordinary language; and thus the equation which rep- 
i-osents the conditions of the given problem, will sometimes be found 
ii represent the conditions of other analogous problems. 

1. A man bought a horse for a certain price. Now if lie selb 
i..m for $24; he will lose as much per cent, as the horse cost; re- 
«iuired the price of the horse. 

Let X denote the price. Then x X -ttttt , o'-iTm) "^^ ^ *^* ^*>i ^ 
he sells him for $24. Hence, we have 



X 



or, a;*-100x = —2400 j 

«•— lOOx+2500 = 100 ; 
whence, x — 50 = ±10; 

or, 05 = 60 or 40. 

Both values of x fulfill the conditions. For, 

60X.60 = 36 ; and 60—36 = 24. 
40X.40 = 16 ; and 40—16 = 24. 

2. A person bought a number of sheep for $240 ; if he hao 
bought 8 more for the same sum, each sheep would have cost $1 

less. How many sheep did he purchase ? 

240 

Let x = the number of sheep purchased ; then = cost of 

x 

one. Had he purchased 8 sheep more, the cost of one would have 
^ 240 „ 240 , 240 

reducing, x*-\-%x = 1920 ; 

^•+8x+16 = 1936 ; 
or, a;-f-4 = '±44; 

wbsDoe, X = \^ Qt — ^&« 
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Id tills case only the first value of a; is admissible. The negative 
result, — 48, is numerically- the answer to the problem which would 
be formed by substituting in the above, the word more for the word 
less, and the word less for the word more. 

INTERPRETATION OP IMAGINARY RESULTS. 

313. We have seen that when the absolute term of a quadratic 
is negative, and numerically greater than the square of one half the 
coefficient of the second power of the unknown quantity, the roots 
of the equation will be imaginary. Now the imaginary roots will 
always satisfy the equation, and it is necessary to ascertain what 
they indicate respecting the conditions of the problem which the 
equation represents. 

1. Let it be required to divide 20 into two such parts, that their 
product shall be 140. 

Let X = one part; then 20 — x = the other. Hence, 

a;(20— a;) = 140 j 
or, . a;*— 20a; = —140, 

a;*— 20^+100 = -40, 

ic— 10 = ±l/Il40, 

The result is imdtjinary ; how shall it be interpreted ? Recurring 
to the problem, we find that the greatest possible product that can 
be formed by multiplying together two parts of 20, is 10X10 = 
100, the product of the halves of 20. Thus we find that the prob- 
lem IS impossible. 

2. A farmer would inclose 50 square rods in rectangular form, by 
a fence whose entire length shall be 24 rods. Kequired the length 
and breadth of the inclosure. 

Let X = the length, and i/ = the breadth ; 

then x-\-2/ = 12, 

and a;^ = 50 ; 

««+2ary+y« = 144, 

«•— 2ajy+y« = —56, 

whence, x = 6±l/^^^, y = 6ipV^^^-\i. 
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Thus, again, the results are imagiDarj. The problem, however, 
is impossible. For, if any given area is to be inclosed in rectangular 
form, the perimeter will be the lectst when the figure is a square. 
But the square root of 50 exceeds 7 ', hence the field will have a 
perimeter of more than 28 rods, and can not be inclosed bj a fence 
24 rods long. We conclude, therefore, 

That imaginary roots indicate impossible coTuUtions in the 
problem. 



PROBLEM OF THE LIGHTS. 

313. To illustrate more fully the rules of algebraic interpreta- 
tion, we present for discussion the following general 

Problem. — ^Find upon the line Which joins two lights, A and B, 
the point which is equally illuminated by them ; admitting that ihe 
intensity of a light at any given distance, is equal to it& intensity at 
the distance 1^ divided by the square of the given distance 

c^; A c B c; 

T • i I I 

Let a represent the intensity of the light A at the distance 1, 
and b the intensity of the light B at the distance 1. 

Let c denote the distance AB, between the two lights. 
Assume A as the origin of distances, and regard all distances 
measured from A toward the right as positive. 

Finally, let C denote the point of equal illumination, and let x 
represent the distance of this point from A. Then c — x must be 
the distance of the same point from B. That is, 

AC = X, 
BC = c^x. 

But by the conditions of the. problem, the intensity of the light 
A at the distance x is — ^, and the intensity of the light B at the 

X 

distance c — x is- rr. But these intensidea are equal, because 
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G represents the poiBt of equal illumination ; hence we have the 
equation, 

a h 



«■ "" (o— »)• 



(m) 



or. 



ic-xy 



> i = — ; 

x" a 



or. 



c — X ±\/h 
X \^a 

By reducing this equation, we obtain two values of x^ as follows : 



X 






W 



^ l/a — i/b 

Since the two values of a; are real, and also unequal^ we conclude, 

That there are two points of eqkwil iEumination on the line A13, 
or on this line produced. 

This is evidently the conclusion to which we ought to arrive by 
an algebraic solution of the problem, in order to satisfy its condi- 
tions in a general manner. For, whatever may be the relative 
intensities of the two lights, there must always be one point of 
equal illumination between them. And if the lights are of unequal 
intensities, there must be another point of equal illumination, in the 
prolongation of the line, on the side of the lesser light. 

We will now discuss the values of x, under several hypotheses. 

1 st Suppose a > 6. 

In this case, both values of x are positive ; therefore, both poInUi 
of equal illumination arc situated to the right of A. 

The first value of a is less than c ; because . ^ — 77 is less than 

ya+yb 

unity, being a proper fraction. This value of x is also greater than 

one half of c ; for we have 

|/a =^a; (1) 

and since a > 5, y/a+i/b < 2y^a, (2) 

Dividing (1) by (2), we have, 
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^ Of 



and oonsequcntly, y^ / > -. 

Hence, the first point of equal illumination is at C, between A and 
B, but nearer B than A. 

The second value of x is greater tban c ; for, — r-i- — — is greatei 

ya — 1/6 • 

tban unity, being an improper fraction. Ucnce, the second point is 

at C, in the prolongation of tbe line beyond B. 

These conclusions are evidently correct For, the supposition 
that a is greater than by implies that B is the feebler light ; both 
points should therefore be nearer B than A. 

2d. Suppose a < 6. 

The first value of a; is positive. It is, moreover, less than one 
half of c. For we have 

'^a = ^/a; (1) 

and since a < Z», -[/a-^-^/h ]> 2j/a. (2) 

Dividing (1) by (2), we obtain, 

_Va_ 1 

^a+i/h^ 2' 

c\/a c 
and therefore, -7 — ; — 77 < =. 

ya-\-yh 2 

Ilence, the first point of equal illumination falls between A and B, 
and nearer A than B, as it should, because A is the lesser light 

The second value of x is negative, since the denominator,|/a — j/6, 
is negative. 

Now in the statement of this problem, we considered distances 
reckoned from A toward the right as positive ; hence, according to 
the rule for interpreting negative results, previously established, 
(181), we must consider the negative result in this case, as a 
distance to be reckoned from A toward the left. Hence, the second 
point will be situated to the left of A, at C". And this is as it should 
be, because A, under the present supposition, is the lesser light 
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8d. Suppose a = 6. 

In ibis case, the first value of x is positive, and equal to r.. 

Hence the first point of equal illummation is midway between A 
and B. 

The second value of a; is -Kr- = oo* This result indicates that 

there is no other point of equal illumination in the line AB, or in 
AB produced, at a finite distance from A. 

These conclusions are obviously correct. For, under the present 
supposition, the two lights are equally intense. Hence any point, 
to be equally illuminated by them, must be equally distant from 
them ; and the only point which fulfills this condition is the point 
midway between them. 

If, however, we consider a and h as two varying quantities, at first 
unequal, but continually approaching equality, then the second value 
of X will become greater and greater by degrees, until it reaches 
infinity. Under these conditions, the second point of equal illumi- 
nation will continually recede from A, moving toward the right or 
toward the left, according as a is greater, or less than 5, until it is 
finally removed to an infinite distance. In this view of the case, it 
is sometimes said that there are two points of equal illumination^ 
under the hypothesis, a =z h; one point being at an infinite distance 
from A. 

4th. Suppose a = 6 and c = 0. 

' 
The first value of x reduces to ^r—r = : henoe the first point 

is situated at A. 
The second value of a; is _, the symbol of indetermination; 

(188. 4). This result shows that there are an infinite number of 
other points equally illuminated by the two lights. 

These interpretations are evidently correct. For, as the lights, 
under the present hypothesis, are equally intense, and both situated 
at A, every point in space must be equally illuminated by them 

5. Suppose c == 0, and a > 6 or a < 6. 

Both v|dues of x now reduce to ; and the common rule for 
interpreting zero might lead us to suppose that the two points of 
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equal IllumiDatioii coincide with ihc point A. *Bat tliis condasion 
is not strictly correct; for it is obvious that when two lights, of 
unequal intensities, occupy the same place, there is no point in space 
equally illuminated by them ; not even the point in which they are 
both situated. 

Let us return to the original equation (m), which truly represents 
the conditions of the problem. If we put c = 0, the result is 

a ^ h 

an equation which can not be satisfied 5y any value of x uihateverj 
while a > 6 or a < Z>. For by substituting any value for x we 
shall always obtain two unequal fractions. If a; =r 0, the two mem- 
bers are two unequal infinities. 

We conclude, therefore, that under the supposition, c = 0, while 
a and h are unequal, the problem faiU altogether, and is impossible. 

Thus we learn that zero may be the answer to a possible, or an 
impossible problem. And whenever we obtain this symbol as the 
result of a solution, we must not interpret it on the assumption that 
the thing required in the problem is possible ; but we must first 
dctciiuinc whether the conditions are rational or absurd, by consid- 
ering the nature of the problem, or by substituting zero in the 
original equation. 
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314. It will be found that some of the following problems 
may be solved by a single unknown quantity, while others require 
two. Still others may be conveniently solved by means of either 
one or two letters. It is left to the judgment and skill of the 
learner to discover the mode of solution, in each example, which is 
most simple. 

1. It is required to divide the number 14 into two such parts, 
that 9 times the quotient of the greater divided by the less, may be 
equal to 16 times the quotient of the less divided by the greater. 

Ans, 8 and 6. 
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2. A company, dining at an inn, agreed to pay $3.50 for the 
entertainment ; but before the bill was presented, two of the party 
left, in consequence of which each of the others had to pay 20 
cents more than if all had been present. How many persona 
dined? Ans. 7. 

8. There is a certain number, which being subtracted from 22, 
and the remainder multiplied by the number, the product will be 
117. What is the number ? Ans. 13 or 9. 

4. It is required to divide the number 18 into two such parts, 
that the squares of these parts may be to each other as 25 to 16. 

Ans, 10 and 8. 

5. The difference of two numbers is 4, and their sum multiplied 
by the difference of their second powers, is 1600. What are the 
numbers ? Ans. 12 and 8. 

6. What two numbers are those whose difference is to the less as 
4 to 8, and whose product multiplied by the less is equal to 504 ? 

Ans. 14 and 6. 

7. A man purchased a field, whose length was to its breadth as 8 
to 5. The number of dollars paid per acre was equal to the number 
of rods in the length of the field ; and the number of dollars given 
for the whole was equal to 13 times the number of rods round the 
field. Bequircd the length and breadth of the field. 

Ans. Length, 104 rods; breadth^ 65 rods. 

8. There is a stack of hay, whose length is to its breadth as 5 to 
4, and whose height is to its breadth as 7 to 8. It is worth as many 
cents per cubic foot as it is feet in breadth ; and the whole is worth 
at that rate 224 times as many cents ae there are square feet on the 
bottom. Required the dimensions of the stack. 

Ans. Length, 20 feet; breadth, 16 feet; height, 14 feet. 

9. There is a number, to which if you add 7 and extract the 
square root of the sum, and to which if you add 16 and extract the 
square root of the sum, the sum of the two roots will be 9. What 
is the number ? Ans. 9 

NoTB.— Represent the number by «■ — ^7. 

10. A and B together carried 100 eggs to market, and each 
received the same sum. If A had carried as many as B, he would 



260 QUADRATIC EQUATIONS. 

have received 18 pence for them ; and if B had taken as many u 
A, he would have received 8 pence. How many had each ? 

An^. A 40, and B 60. 

11. The sum of two numhers is 6; and the sum of their cuhes is 
72. What are the numbers ? Ans. 4 and 2. 

12. A man traveled 36 miles in a certain number of hours; if he 
had traveled one mile more per hour, he would have required 8 
hours less to perform his journey. How many miles did he travel 
per hour ? Ans, 3 miles. 

13. The sum of two numbers is 100, the difference of their 
square roots is two ] what are the numbers ? Ans, 36 and 64. 

14. A gentleman bought a number of pieces of cloth for 675 
dollars, which he sold again at 48 dollars a piece, and gained by the 
bargain as much as one piece cost him. What was the number of 
pieces] Am. 15. 

15. A merchant sold a piece of cloth for 39 dollars, and gained 
as much per cent, as it cost him. What did he pay for it ? 

Ans. $30. 

16. A merchant sent for a piece of goods and paid a certain 
sum for it, besides 4 per cent, for carriage ; he sold it for $390, and 
and thus gained as much per cent, on the cost and carriage as the 
12th part of the purchase money amounted to. For how much did 
he buy it? Ans. $300. 

17. From two towns, 396 miles apart, two persons, A and B, set 
out at the same time, and traveled toward each other ; after as many 
days as are equal to the difference of miles they traveled per day, they 
met, when it appeared that A had traveled 216 miles. How many 
miles did each travel per day ] Ans. A, 36 ; B, 30. 

18. Divide the number 60 into two such parts that their product 
shall be 704. Ans. 44 and 16. 

19. A vintner sells 7 dozen of sherry and 12 dozen of claret for 
£50, and finds that he has sold 3 dozen more of sherry for £10 
than he has of claret for £6. Required the price of each. 

Ans. Sherry, £2 per dozen ; claret, £3. 
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20. A set out from C towards D, and traveled 7 miles a day. 
After lie had gone 32 miles, B set out from D towards C, and went 
every day j'^ of the whole journey; and after he had traveled as 
many days as he went miles in a day, he met A. Required the 
distance from C to D. Ans. 76 or 152 miles. 

21. A farmer received $24 for a certain quantity of wheat, and 
an equal sum at a price 25 cents less per bushel for a quantity of 
barley, which exceeded the quantity of wheat by 16 bushels. How 
many bushels were there of each ? 

Ans. 32 bushels of wheat and 48 of barley. 

22. Two travelers, A and B, set out to meet each other, A leaving 
C ^t the same time that B left D. They traveled the direct road, 
and met 18 miles from the half-way point between C and D ; and 
it appeared that A could have traveled B's distance in 15| days, 
and B could have traveled A's distance in 28 days. Eequircd the 
distance between C and D. - Ans. 252 miles. 

23. Find two numbers, whose difference, multiplied by the differ- 
ence of their squares, is 32, and whose sum, multiplied by the sum 
of their squares, is 272. Ans. 5 and 3. 

24. A and B hired a pasture at a certain rate per week, agreeing 
that each should pay according to the number of animals he should 
have in the pasture. At first A put in 4 horses, and B as many as 
cost him 18 shillings a week; afterward B put in 2 additional 
horses^ and found that he must pay 20 shillings a week. At what 
rate was the pasture hired ? Ans. 30 shillings per week. 

25. If a certain number be divided by the product of its two 
digits, the quotient will be 2 ; and if 27 be added to the number, 
the digits will be inverted. What is the number ? ^ns. 36. 

26. It is required to find three numbers, such that the difference 
of the first and second shall exceed the difference of the second and 
third by 6, the sum of the numbers shall be 33, and the sum of 
the squares 441. , Ans. 4, 13, and 16. 

27. What two numbers are those whose product is 24, and whoso 
gam added to the sum of their square? is 63 ? Atu. 4 and 6. 
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28. It is required to find two numbers, suoh that if their prodact 
be added to their sum, the result shall be 47 ; uid if tl^ir sum bo 
taken from the sum of their squares, the remainder shall be 62. 

Aiu. 7 and 5. 

Note. — In many examples of two unknown quantities, giying rise to 
8yifimetrieal equations, it will be found conyenient to denote one of the 
unknown quantities by x+y, and the other by x^y, 

29. The sum of two numbers is 27, and the sum of their cubes 
is 5103. What are the numbers ? Ans. 12 and 15. 

30. The sum of two numbers is 9, and the sum of their fourth 
powers is 2417. What are the numbers ? Ans. 7 and 2. 

31. The product of two numbers multiplied by the sum of their 
squares, is 1248 ; and the di£ference of their squares is 20. What 
are the numbers ? Ans, 6 and 4. 

32. Two men are employed to do a piece of work, which they 
can finish in 12 days. In how many days could each do the work 
alone, provided it would take one 10 days longer than the other ? 

Ans. One in 20 days ; the other in 30 days. 

33. The joint stock of two partners was $1000 ; A's money was 
In trade 9 months, and B's 6 months ; when they shared stock and 
gain, A received $1,140 and B $640. What was each man's stock? 

Ans. A's, $600 ; B's, $400. 

84. A speculator, going out to buy cattle, met with four droves. 
In the second were 4 more than 4 times the square root of one half 
the number in the first ; the third contained three times as many 
as the first and second ; the fourth was one half the number in the 
third, and 10 more ; and the whole number in the four droves was 
1121. How many were in each drove ? 

An^. 1st, 162 ; 2d, 40 ; 3d, 606 ; 4th, 313. 

35. Find two numbers, such that if the sum of their squares be 
subtracted from three times their product, 1 1 will remiiun ; and if 
the difference of their squares be subtracted from twice their prod 
uct, the remainder will be 14. Ans. 3 and 5. 

36. Divide the number 20 into two such parts, that the product 
of their squares shall be 9216. Ans. 12 and 8. 
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87. Divide the number a into two such parts, that the product 
of their squares shall be 6. 

a 1 1 

{Greater part, 2+2 O^^-^V^)* 
a 1 1 

Less part, 9—9 (a*— 4y^6)2. 



Ans, 



38. The greater of two numbers is a* times the less, and the 
product of the two is 2>*. Find the numbers. Ans. -, and ab. 



a 



39. A certain number is formed by the product of three conseo- 
utive numbers; and if it be divided by each of them in turn, the 
sum of the quotients will be 74. What is the number ? 

. ( 120; that is, 4- 5 -6; or 
^' t— 120; that is, (—4) • (—5) -(—6). 

40. An engraving, whose length was twice its breadth was mounted 
on Bristol board, so as to have a margin 3 inches wide, and equal 
in area to the engraving, lacking 36 inches. Find the width of 
the engraving. Ans, 12 inches. 

41. A man has two square lots of unequal dimensions, containing 
together 25 A. 100 P. If the lots were contiguous to each other, 
it would require 280 rods of fence to embrace them in a single in- 
closure of six sides. Kequired the dimensions of the two lots. 

Ans, 62 rods and 16 rods, 50 rods and 40 rods. 

42. A person has £1300, which he divides into two portions, and 
lends at different rates of interest. He finds that the incomes from 
the two portions are equal ; but if the first portion had been lent 
at the second rate of interest it would have produced £36, and if 
the second portion had been lent at the first rate of interest it would 
have produced £19. Find the rates of interest 

Ans, 7 and 6 per cent 

48. A sets out from London to York, and B at the same time 
from York to London, both traveling uniformly. A reaches York 
25 hours, and B reaches London 36 hours, after they have met on 
the road. Find in what time each has performed the journey. 

Ans. A, 55 hours ; B, 66 hours. 

44. A ^wns a village lot, in square form, containing 36 square 
rods ; B owns the adjacent lot on the same street, which is also a 
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square, but greater than A's. Now if A should purchase all the 
front of B's lot, so as to extend the rear boundary line of his own 
through B's lot, parallel to the street, the two neighbors would pos- 
3eh9 equal quantities of land. Find the length of one side of B's 
lot Ans, 6(I-f-i/2) rods. 

45. There are three numerical quantities having the following 
relations to each other ; — the sum of the squares of the first and 
second, added to the first and second, is 32 ; the sum of the squares 
of the first and third, added to the first and third, is 42 } and the 
sum of the squares of the second and third, added to the second 

and third, is 50. Required the quantities. 

11st, 3 or — i ; 
2d, 4 or — 5 ; 
3d, 5 or —6. 

46. What is the side of that cube which contidns as many solid 
units as there are linear unite in the diagonal through its opposite 
comers. Am. V3. 

47. It is required to find two quantities such that their sum, theii 
product, and the sum of their squares, shall all be equal to each 
other. Ans. i(S±l/^)y and K^TV^^). 

48. Find those two numbers whose sum, product, and difference 
of their squares, are all equal to each other. 

Ans. l(S±i/5), and i(l±i/b). 

49. Find two numbers, such that their product shall be equal to 
the difference of their squares, and the sum of their squares shall 
be equal to the difference of their cubes. 

Am. ±:i|/5, and ^(5±y'5). 



PBOPOBTION. 265 



SECTION VI. 

PROPORTION, AND THE THEORY OF PERMUTATIONS 

AND COMBINATIONS 

PROPORTION. 

mSm Two quantities of the same kind may be compared, and 
their numerical relation determined, by finding how many times one 
contains the other. This mode of comparison gives rise to ratio 
and proportion, 

316« Ratio is the quotient of one quantity divided by another 
of the same kind regarded as a standard of comparison. 

There are two methods of indicating the ratio of two quantities. 

1st. By writing the divisor before the dividend, with two dots 
between them ; thus, 

a : h 

indicates the ratio of a to h, where a is the divisor and h the 
dividend. 

2d. In the form of a fraction ; thus, the ratio of a to 5 may be 
written b 

a 

317* A Compound Ratio is the product of two or more ratios. 
Thus, 

Simple ratios, •< ^ ,' 

Compound ratio, ac : hd 

318* The Duplicate Ratio of two quantities is the ratio of 
Jieir squares. 

319. The Triplicate Ratio of two quantities is the ratio of 
ihcir cubes. 

330. Proportion is an equality of ratios. Thus, if two quan- 

ities, a and &, have the same ratio as two other q^iantities, c and d, 
23 



h 
d 
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the four quantities, a, h, c, d, taken in theur order, are said io be 
proportional. 

Proportion may be written in two ways ; thus, 

a : h::c : rf, 

whicli is read, aisto5ascistocf; or thus, 

a : b =zc : d, 

which may be read as the other, or, the ratio of a to 5 is equal to 
the ratio of c to cf. The second method of writing proportion is reo- 
ommended as the more appropriate. 

331. A Couplet is the two quantities which form a ratio. 

332* The Terms of a proportion are the four quantities which 
are compared. 

323. The Antecedents in a proportion are the first terms of 
the two couplets ; or the first and third terms of the proportion. 

324. The Consequents in a proportion are the second terms of 
the two couplets ; or the second and fourth terms of the proportion. 

339. The Extremes in a proportion are the first and fourth 
terms. 



336« The Means in a proportion are the second and third terms. 

337* When the first of a series of quantities has the same ratio 
to the second, as the second has to the third, as the third to the 
fourth, and so on, the several quantities are said to *be in continued 
proportion^ and any one of them is a mean proportional between 
the two adjacent ones. Thus, if 

then a, 5, c, c?, and e are in continued proportion, and 5 is a mean 
proportional between a and c, c a mean proportional between h and 
d] and so on. 

328« One quantity is said to vary directly as another when the 
two quantities, by reason of their mutual dependence, have always 
a constant ratio, so that if one be changed the other will be changed 
in the same proportion. 

Thus, f jr illustration, suppose, in the purchase of a commodity, a 
certain quantity, A^ costs a certain sum, B, Now if the price of 
unity remain the lame, it \s evident that 2 A will cast 2B ) 8 J. will 
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cost 3^ ; and in general, mA will cost mB, In this case the cost 
is said to vary directly as the quantity. 

329* One quantity is said to vary inverseli/ as another when 
the first has a constant ratio to the reciprocal of the other. 

330. One quantity is said to vary as two others jointly, when it 
has a constant ratio to the product of the two. 

331. The Sign of Variation is the symhol oc ] thus, the expres- 
sion. Ace Bf signifies that A varies as B. 

From the definition of variation, it is evident that the expression, 
Ace B, is equivalent to the proportion, 

A : B = m : 1, 

where m is a constant. This proportion gives 

A =z mB. 

Hence the general truth. 

If A vary as B, then A is equal to B multiplied hy some constant 
quantity, 

PEOPOSmoNS IN PEOPOETION. , 

33!3. A Proposition is the statement of a truth to be demon 
Btrated, or of a problem to be solved. 

333. A Scholinm is a remark showing the application or limit- 
ation of a preceding proposition. 

3341. K in the proportion 

a I h z= c : dy 

the socond method of indicating ratio be employed, we have 

h d 

which is the fundamental equation of proportion ; and any proposi 
tion relating to proportion will be proved, when shown to be con- 
sistent with this equation. 

Proposition I. — In every proportion^ the product of the ea^ 
tremes is equal to the product of the means. 
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Let aib^c :d represent any proportion; 

then by formula C^), - = - ] 

, a c 

olearing of fractions, be = ad. 

That is, the product of b and c, the means, is equal to the prod« 
uct of a and d, the extremes. 

ScHOUiTM. — From the last equation, we have 



The first mean, & = — 



c 



The second mean, 



The first extreme, 




(1) 



(» 



The second extremOi 

Hence, 

Ist Either mean is equal to the 2>roduct of the eoctreme* divided 
by the other mean. (1) 

2d. Either extreme is equal to the product of the msans divided 
by the other extreme. (2) 

Proposition II. — Conversely: — If the product of two quantitiet 
is equal to the product of two others, then two of them may be tahea 
for ilie m£anSf and the otJier two for the extremes of a proportion. 

Let be =: ad. 

Dividing by ac, - = - i 

a c 

hence by formula (-4), a : Z> = c : ef , 

in which the factors of the first product, bc^ are the means, anu 

the factors of the second product, ad, are the extremes. 

Proposition HI. — If four quantities be in proportion, they will 
he in proportion by alternation ; that is, the antecedents will It 
to each other as the consequents. 

Let aib=iCi d] 

then by formula (^), - == - i (t) 
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he 
multiplying (1) by c, — = c? : (2) 

a 

e d 
dividing (2) by 6, - = -; > W 

a 

hence, a : c == 5 : c?, 

in wbicb a and c, tbe antecedents o£ the given proportion, are pro- 
portional to b and dy the consequents of the given proportion. 

Proposition IV. — If /our quantities he in proportion^ they will he 
in proportion hy INYERSION; tlvat is, the second wiH he 'to thejirst^ 
as the fourth to the third. 

Let alh=:zcl d\ 

h d 
then by formula (J.), — = — ; 

a c 

clearing of fractions, hc = ad\ 

hence by Prop. II, h \a=^dic, 

SoHOLiUM. — The last two propositions are but modifications of 
Prop. II. Thus we learn that from every equation three different 
forms of proportion may bo derived. 

Let ad=:^hc\ 

then, a : 6 = c : £?; 

or, a\ c^=zh I d) 

or, h I a=zdi c. 

Proposition V. — Qtiantities which are proportional to the 9amt 
quantities are proportional to each oilier. 



If 


a 


: 2> = m : n, 


W 


and 


c 


I dz=^minj 


(9 


we are to prove that 


a 


ih c id 




From (1), 




h n 

_ ^— _ • 




from (2), 




d n 

— ^m» — • 

C 911 




hence, 









or, a:h ^eid. 

28* 
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Proposition VI. — If four magnitudes he inproporHofiy they muA 
he in proportion hy COMPOSITION or DIVISION; UuU is, the first is to 
the sum or difference of the first and second, a>s the third is to the 
sum or difference of tJie third aiid fourth. 



If 




a :h =z c: df 


we are to 


prove that 


a ; o±5 = c s odod. 


• 

By formula {A), 


b d 
a=7' 


whenco, 


• 


a ' c 


or, 




a c 


from (3), 




a+b c+d 
a - c ' 


from (3), 




a — h 0— <f 

— • 


hence from (4), 


a : a+5 = c : c-j-^J 


and from 


(5), 


d : a — h = c : c — d. 



0) 



» 



(B) 



(4 



<S) 



ScnouuM. — ^In like manner, it may be shown that 

a-\-h : h = c-\~d : d, 
a — h : h = o — d : d: 

Proposition Vil. — If four quantities he in proportion, the sum 
of the first and second is to their difference, as the sum of the third 
and fourth is to their difference. 

If a : 6 = c : cf, 

we are to prove that a+6 : a — h = c-\-d : c — d. 
By Prop. VI, a : a+6 = c : c+c? ; (1) 

also, o : a — h = c : c — d\ (2) 



from (1), 






= 9 

a c 


from (2), 






a — h c— ef , 
a c 


dividing 


(4) by (8), 




a — h c— ^, 
a-\-h c-\~d 


whence, 




a+h 


: a — h — c-{-d : o— <?. 



W) 



w 
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I^OPOSITION Vm. — If there he a proportion^ consisting of three 
or more egual ratios^ then either antecedent will he to its consequent^ 
as the sum of aXiihe antecedents is to tJie sum of aM the consequents. 

Suppose a :h=:c : d = e : f= g :h=j etc. 

Tlicn by comparing the ratio, a : h, first with itself, and after- 
ward witli each of tho following ratios in succession, we obtain 

ah = hay 
ad = hcy 
af=he, 
ah =-z hg^ etc. ; 

whence, a(6-{-cf-f-/-|-J^-f" ^^^O = ^(^+^+^+5'+ etC')> 
or, aih = a-\-c-\'e-{-g-{- etc. : &+^+/+^+ ®*®' 

Proposition IX. — If four quantities he in proportion^ the terms 
of either couplet mmf he multiplied or divided hy any numher^ and 
the results wiU he propordonaZ, 

Let a ih =zc\ d*j 

h d 
then, . — = — 

a c 

And since the value of a fraction is not changed by multiplying or 
dividing both of its terms by the same number, we have 

nh d 

- = -, (^y 

na c 
h nd 

or, - = —; ' («) 

a nc 
in which n may be either integral or fractional. If n be integral, 
we have, from (1) and (2), 

a : h =z nc : nd; (4) 

in which the terms of the given couplets are multiplied. But put 

II = — ; then (3) and (4) become 

- : - = : <l, (5) 

m m 

t c d 
m m 
m which the given terms suie divided. 



272 pROPORTioir. 

Proposition X. — If four quantities he in proportwriy either th 
antecedents or the consequents may he multiplied or divided hy any 
nuniher, and the results in every case will he proportional. 

Let a\h ^i^cid^ 

tlien, - = - ; tl> 

, nb nd -^ 

whence, — = — ; • QS) 

a c ' 

b d 
or, -=-; (3) 

na nc 

in which n may be either integral or fraptional. If n be integral, 

wo have from (3) and (3), 

a : nh = c : nd; (4) 

naih =:nc : d; (5) 

in which the given antecedents and consequents are multiplied. Fat 

n = — : then (4) and (5) become 
m 

h d 

a : — = c :— , 

a '^ c 

— : ft = — : a; 

971 tn 

in which the given antecedents and consequents are divided. 

Proposition XI. — If four quantities which are in proportion y he 
multiplied or divided, term hy term, hy four other quantities also in 
proportion, the products, or quotients, taken in order, wiU he proper* 
tional, ' 

If aihzzzcid, (1) 

and a; : y = 911 : 91, (2) 

then we are to prove that 

ax ihy :=z cmi dn^ 

ah c d 
and —:—= — : — 

X y m n ' 

From (1) and (2), we obtain 

adzrzhc; (jB) 

7cn r= ym } (4) 
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multiplying (?) by (4), {ax){dn) = (hi/)(cm) ; (5) 

whence, &om (5)^ €ix : bi/ =z cm : dn ; 

a b c d 
and from ifS)^ —: — = —: — 

X y m n 

Proposition XII. — If /our quantities he in proportion^ lik€ 
powers or roots of the same quantities will he in proportion. 
Let a :h =zc : d; 

h d 

Raising (1) to the nth power, also taking the nth root of the same, 

i:=^, (2) 

a* c* 

h^_d^ 

~ T* (8) 

H euoe from (2), a* : 5* = c* : c?* ; 

J- JL L L 

and from (3), a* : 6* = c* : d"". 

Proposition XIIL — If three quantities he in continued propor^ 
tion, the product of the extremes is ^qual to the square of die mean. 
Let aih=ih ic\ 

then by Prop. I, cui:=hh=^ 6". 

Scholium. — Taking the square root of the last equation, we have 

h = Va/i ; hence, 

The mean proportional between two quantities is equal to the square 
root of their product. 

Proposition XIV. — If three quantities be in continued propor^ 
tion, the first is to the third, as the square of the first is to the square 
of the second ; " that is, in the duplicate ratio of the first and second. 

Let a ih:=b ', c] 

then b* z=ac^y 

multiplying by a, ah* = a*c ; 

whence, by Prop. II, a \ c:=s^a* \ &*. 

B 
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Proposition XV. — If four quantities be in continued propor^ 
tion, tlie. first is to tJie fourth, as the cube of the first is to the cube 
of the second; that is, in the triplicate ratio of the first and second. 

Let a :b =:zb ic = c :di 
then ac = Z>*, (1) 

and c* = bd ; 

multiplying (1) by (3), ac* = b*d ; 

whence, by I'rop. II, * a : d=b* ic*; 

or, a : d = a* : b*. 



PROBLEMS IN PROPORTION. 



To show some of the applications of the preceding principles, we 
give the following problems : 

1. Find two numbers, the greater of which shall- be to the less 
as their sum to 42, and as their difference to 6. 

Let^x = the greater, and y = the less. 

By the conditions, ] • •/ "" « ^ • "■' 
•^ ' I a; : y = a; — y : 6. (2) 

Prop. V, x+y : 42 = a;— -y : 6, (3) 

Prop. Ill, x+y : x—y = 42 : 6, (4) 

Prop. VII, 2x : 2^ = 48 : 36, (5) 

Prop. IX, a; : y = 4 : 3, («) 

From (1) and (6), Prop. V, 4 : 3 = x^y : 42, CO 

« (2) " (6), « «4:3 = a;— y:6, (8) 

'* (7), Prop. I, a;+y = 56, 

« (8) « « «— y = 83 

whence, a; = 32 1 . 

and y = 24 J 

2. Divide the nnmber 14 into two such parts that the quotient 
df the greater divided by the less, shall be to the quotient of the 
less divided by the greater, as 16 to 9. 
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Let X = tlie greater, then 14 — x = the less. 

By the oonditioas, =-. : = 16 : 9, 

L-± — X X 

Multiplying terms, Prop. IX, x* : (14 — x)* = 16 : 9, 
extracting square root, x : 14 — x = 4:3, 

fey compositiofi, Prop. VI, « : 14 = 4 : 7, 

iiyiding consequents, a; : 2 = 4 : 1, 

^^"'''^^ U-l = 6 } 



Ans. 



3. There are three numbers in continued proportion; their su^ 
is 52, and the sum of the extremes is to the mean as 10 to 3. Be* 
quired the numbers. 

Three num]>^rs in continued proportion may be represented by 
«, ccy, xi/*} for we observe that the product of the extremes will 
then be equal to the square of the mean. Hence, 

By tto conditions, j =^+f +-^* = f J ^ <^^ 

^ ' i x^*+x -.3^ = 10:8. (2) 

From (2), y*+l : ^ = 10 : 3, (3) 

or, y'+l : 2y = 10 : 6, W 

by Prop. Vn, y*+2y+l : /— 2^+1 = 16 : 4, 

taking sqoaro root, y+1 • if — 1 = 4:2, 

by Prop. VII, 2y:2 = 6:2, , /}., 

or, ^ : 1 = 3 : 1, 



whence, y = 3 ^ 



and from (1), x 

4. The product of two numbers is 112 ; and the difference of 
their cubes is to the cube of their difference, as 31 to 3. What ar6 
the numbers ? 



By the conditions, . 


{. 


cry -112, 0) 


J ' 


'—y* : (x-yy = 31 : 3. (2) 


From (2), Prop. TX, x^+x^+f 


: x'—Zxy+y* - 31 : 3, (3) 


by Prop. VI, 




3xy : (,x-yy = 28 : 3, (4) 


by substitution. 




336 : (x—yy = 28 : 3, (5) 


whence. 




(_x-yy = 36, (6) 


or. 




x-y - 6. (7) 


From (1) and (7), we obtain 




a: = 14, y = 8 



i 
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5. What two numbers arc those whose difference (s to their sum 
as 2 to 9, and whose sum is to their product as 18 to 77 ? 

Let X and y represent the numbers. 

By the conditions, \ ^-^ ' ^+y = ^ : 9, (1) 

•^ ' U+y: iry = 18:77. ' (2) 

From (1), Prop. VH, 2x : 2y = 11 : 7, (3) 

^ = ^^. (4) 

From (2), by substitution, -y : -^ = 18 : 77, (5) 

by Prop. IX, 18y : IV = 18 : 77, (6) 

or, 18 : lly = 18 : 77, (7) 

or, 1 : y = 1:7, . (8) 

whence, y =s 7. 

6. Two numbers have such a relation to each other, that if 4 be 
added to each, they will be in proportion as 3 to 4 ; &nd if 4 be 
subtracted from each, they will be to each other as 1 to 4. What 
are the numbers ? J:is. 5 and 8. 

7. Divide the number 27 into two such parts, that their product 
shall be to the sum of their squares as 20 to 41. 

Ans. 12 and 15. 

8. In a mixture of rum and brandy, the difference between the 
quantities of each is to the quantity of brandy, as 100 is to the 
number of gallons of rum; and the same difference is to the quan- 
tity of rum, as 4 to the number of gallons of brandy. How many 
gallons are there of each ? Ans, 25 of rum, and 5 of brandy. 

9. There are two numbers whose product is 320 } and the differ- 
ence of their cubes is to the cube of their difference as 61 to 1. 
AVhat are the numberj ? Ans, 20 and 16. 

Note. — In the last example, put x+y = the greater, and «— y = the less. 

10. Divide 60 into two such parts, that their product shall be to 
the sum of their squares as 2 to 5. Ans, 40 and 20. 

11. There are two numbers which are to each other as 3 to 2. 
If 6 be added to the greater and subtracted from the less, the sum 
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and tlie remainder will be to each other as 3 to 1. What are the 
numbers ? Ans, 24 and 16. 

12. There are two numbers which are to each other as 16 to 9, 
and 24 is a mean proportional between them. What are the num- 
bers ? • Ans, 32 and 18. 

13. The sum of two numbers is to their difference as 4 to 1, and 
the sum of their squares is to the greater as 102 to 5. What are 
the numbers ? Ans, 15 and 9. 

14. The number 20 is divided into two parts, which are to each 
other in the duplicate ratio of 3 to 1. Find the mean proportional 
between these parts, ^ Ans, 6. 

15. There are two numbers in the proportion of 3 to 2; and if 6 be 
added to the greater, and subtracted from the less, the results wil] 
be as 9 to 4. What arc the numbers ? Ans, 39 and 26. 

16. There are three numbers in continued proportion. The 
product of the fii*st and second is to the product of the second and 
third, as the first is to twice the second ; and the sum of the first 
and third is 300. What are the numbers ? 

Ans, 60, 120 and 240. 

17. The sum of the cubes of two numbers is to the difference of 
their cubes, as 559 to 127 ; and the square of the first, multiplied 
by the second, is equal to 294. What are the numbers ? 

Ans, 7 and 6. 

18. The cube of the firet of two numbers is to the square of the 
second as 3 to A, and the cube of the second is to the square of the 
first as 96 to 1. What are the numbers ? 

Ans. 12 and 24. 

19. Given the proportion (x-fl)* : (x— 1)* = 2(a;+l)" : (x— 1)«, 
io find the value of x. . 1/2+1 

20. Prove that a : h = c : d, when 

(ja~{-h-\'C'\-d) \a — h — C'\'d) = (a— &-f c— c?) (a-f-J — c — d). 



H6> .' "^^^^ -' ^ 
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PERMUTATIONS AND COMBINATIONa 

33tS. The Permntations of things arc the diffeient results 
obtained by placing the things in every possible order. In form- 
ing permutations, all of the given elements, or a part only, may be 
taken at a time ; but in any proposed system, the different results 
must contain the same number of things. 

Thus, the permutations of the letters, a, h, c, taken two at a tijme, 
are 

o^, 5a, aCj ca, he, cb. 

The permutations of the same letters taken all at a time, are 

cab, achj ahc, cba, hca, hae. 

Note. — The results obtamed by permuting things, where less than all 
are taken at a time, are sometimes called vanationa or arrangements; the 
word permutations would then be resti'icted to the case in which aU the 
things are taken at a time. 

336. The Combinations of things are the different collections 
that can be formed out of them, without regarding the order in 
which the things are placed, the same number of elements entering 
into all the results. 

Thus, the combinations of the letters, a, 5, c, taken two at a time, 
are 

a6, oc, he. 

It will be observed that if the letters be regarded as factors^ the 
combinations which may bo formed by taking n at a time will con- 
stitute all the different products of the nth degree, of which the 
letters are capable. 

337. To find the number of permutations of n things taken i 
at a time. 

Suppose the things to be n letters, a, 5, c, d 

First : — ^If we take each of the n letters by itself, there will be m 
every case n — 1 other letters, or n — 1 reserved letters. 

Now if to each of the n letters we annex each of the reserved 
letters successively, we shall form all the permutations with two 
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letters eacli, of Tfhicli the n letters are susceptible. But we shall 
obtain every time, n — 1 results ; thus, 



with a. 


ahf 


acy 


CUty • • • • 1 


(n— 1 


results) ; 


« J, 


hay 


hcy 


OCLy • • • • , 


(( 


(( 


« c, 


cay 


ch, 


CQ/y • • • • • 


a 


a 


" d, 


da. 


db-y 


Ct/Cy • • % , 


ti 


u 


etc. 




etc. 






etc. 



Now since there are n letters, each to be combined with n — 1 re 
Bcrved lotters, there will be in all n(n — 1) results. That is, 

The number of permutations of n letters taken two at a time, is 
n(n— 1). 

Second: — If we consider each of the permutations of the n hU 
ters with two in a set, apart from the other letters, there will be in 
every case n — 2 reserved letters. Hence, to permute the n letters 
with tJiree in a set, we shall have n — 2 reserved letters, to be annexed 
successively to each of the n(n — 1) permutations with two in a set, 
thus forming n(n — l)(n — 2) new results. That is. 

The number of permutations of n letters taken three at a time^ is 
n(n— 1) (n— 2). 

If the permutations of the n letters taken r — 1 at a time were 
formed, there would be with respect to each, n — (r — 1), or n — r-|-l, 
reserved letters. And we might conjecture from the two preceding 
cases, that the number of permutations of n letters taken r at a time, is 

n(nr-l) (n— 2) (w— r-^1). (A) 

or, ^ product of the natural numbers from n down to n — r-|-l, 

indusive. 
This may be demonstrated in a general manner, as follows : 
Let X and x' represent any two consecutive numbers less than ?i, 

80 that x-\-\ = x\ ' (1) 

Let P represent the permutations of n letters taken x in a set, 
and P* the number of permutations of the letters taken x-\-\ or 
jc' in a set. 

Now if we consider each of the P permutations apart from the 
other letters, there will be in every case n — x reserved letters. 
Thus we have n — x reserved letters to be annexed successively to 
•ach of the P permutations, in order to form the P' permutations 



280 PERMUTATIONS AND COMBINATIONS. 

with x+1 or «' letters in a set This will |pve I\n—'t) resulta ; 
and wo therefore have 

P(n— x) = r. (2) 

Now we will show that if, according to the law already eunnciated, 

Pz=n (n— 1) (n— 2) .... (n— x+1), (3) 

then the value of P' will be expressed by a similar formula. For, 
multiply both members of equation (3) by n — x, and equate -the 
result with the second member of (2) ; we have 

r=z'n (n— 1) (n— 2) .... (n—x). (4) 

But from equation (1), we have 

X z=z X* — 1. 

Substituting this value of x in equation (4), gives 

r = n(n— 1) (n— 2)\ . . . (ti— x'+l). (5) 

Equations (3) and (5) are similar in form. Thus we have shown 
that if formula (J.) holds when the letters are taken x at a time, it 
will hold when the letters are taken x-\-\ at a time. But it has 
been proved to hold when the letters are taken three at a time ; 
hence it holds when they are taken four at a time ; hence also it 
holds when they are taken five at a time^ and so on. Thus it is 
true universally. 

Note. — In the practical application of formula (^), it will be well to 
remember that the number of factors is equal to the number of letters 
taken in a set. 

338. To find the number of permutations of n things taken all 
at a time, put r = n in formula {A) ) the result will be 

w(n— l)(?i— 2) 1. ip) 

That is, 

Tlie number of permutations of n things taJcen all together in a 
set, is equal to the continued product of the natural numbers from 
n down to 1, inclusive, 

330. To find the number of combinations of n things taken t 
at a time. 

Let Z = the number of combinations of n things, taken r in a set , 

P= the number of permutations of n things, taken r in a set ; 

P' = the number of permutations of r things, taken all together 
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Now it is evident that all of tlie P permutations can be obtained, 
by subj ecting the r things in each of the Z combinations to all the 
permutations of which they are susceptible. But a single combina- 
tion of r things produces P* permutations, taking all the things in 
a set; hence the Z combinations will give Zy^P' permutations, and 
wo shall therefore have 

p 

Whence, ^=75^. 

But by (33 7), P = n(?i— l)(n— 2) .... (n— r+1) ; 

and by (338), P' = r(r— l)(r— 2) .... 1. 

Ilence, wc have 

n(n~l)(n— -2) (n.— r-f 1) 

That is, . 

The number of combinations of n letters taken r at a time, is 
equal to the continued product of the natural numbers frpm n down 
to n — r+1 inclusive^ divided by the continued product of the nat' 
ural numbers from r down to 1 inclusive, 

34.0* It is evident that for every combination of r things which 
we take out of n things, there will be left a combination of n — r 
things. That is, every possible combination containing r things, 
corresponds to a combination of n — r things which remain. Hence, 

TJie number of combinations of n things taken r at a time, is 
equal to the number of combinations of n things taken n — r at a 
tims. 

This proposition may be demonstrated algebraically as follows : 

Let Z represent the number of combinations of n things taken r 
tt a time, and Z the number of combinations of n things taken n — r 
at a time. Let it be observed that the last factor in the numerator 
of Z' will be n— (»— r)+l = r+1. Then 

_ w(^ — 1)(^ — 2) .... (ji — y+1) ^ 
^ - r(r-_l)(r— 2)....i ' 

^ ^ ^(n— l)(r^2) .... (r+1) 
(n — r)(n — r — 1) .... 1 
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Bj diyision we obtain 

Z _ w(n~l)(w^2).,. .l _ 
Z'"" fi(»i— l)(n— 2), . . .1 "" * 

Wlicnce, Z=Z. 

3 J.1* To find for what value of r, the number of comlnnatifmi 
of n things taken t at a time is the greatest. 

Consider r as a varying quantity, being at first unity, and cbang* 
ing to 2, 3, 4, • • • • successively. 

Let Z represent the number of combinations for any value of r, 
and Z' the number of combinations for the succeeding value of r. 
We have 

n(ro— l)(n~-2) (nr'^+2) (n— ^+1) 

- r(r— l)(r— 2)....l ' W 

And if in this equation we change r to r-^-l, the result must be 
the value of Z} thus, 

n(n — V)(n — ^2) .... (n — r-j-l)(n — r) 
• (r+lXr)(r—l)....l ' ^ 

Divide (2) by (1), observing that in the second member of (2), the 
factor which immediately precedes (n — r-|-l) is (« — '•+2); we 
have 

Z fl— 7* 

whence, Z' = Z'X (^)- 

Now Z is greater or less than Z, according as — — r is greater or 

less than unity. That is, when 

• n — r 



>1, 



r+1 

the number of combinations will be increased by giving tor its 
Bucoeedingr value ; but when 

n — r 

the number of combinations will b^ diminished by giving to r its 
succeeding value. 
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But if -TT>1; tlienr<~--. 

Andif «-'--.. - n-1 



jq-j<l, thcnr>-2-. 



Hence; that value of r which will give the greatest number of 
combinations^ must not be less than — ^— ; or greater than — j-l, 

or — ~— ; hence, it will have one of the three values, 

n — ^1 n n-|-l 

1st. Suppose n even. Then the first and third values will be 
fractional^ and therefore impossible for r ; hence in this case 

n 

2d. Suppose n odd. Then the second value will be fractional, 
and consequently impossible for r ; hence, in this case r must have 
at least one of the other values. We will show that it may have 
either of them. For, suppose 

n — 1 
'■=-2- 

By (34:0), the number of combinations will be the same, if 

n — 1 n+1 

That is, when n is odd, the greatest number of combinations will 

be obtained by making 

n — 1 n+1 

the two values of r giving the same result. 

EXAMPI.ES OF PERMUTATIONS AND COMBINATIONS. 

1. How many different permutations may be formed of 10 letters 
taken four at a time ? Ans. 5040. 

2. How many different permutations may bo made of 6 things 
taken all together in a set 7 An^. 720. 
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3. How many different permutations may be made of 10 things 
taken all together ? Ans. 3628800. 

4. How many different numbers can be formed with the five 
Arabic characters, 4, 3, 2, 1, ; each of the characters occurring 
once, and only once in each number ? Ans, 96. 

5. How many different combinations may bo formed of 8 thicga 
taken 4 at a time 7 Ans, 70. 

6. How many different combinations may be made of 16 things 
taken 5 at a time ? Ans, 4368. 

7. How many different parties of 6 men each can be formed 
from a' company of 20 men ? Ans. 38760. 

8. In how many different ways can a class of 6 boys bo placed 
in line, one boy being denied the privilege of the head 7 

Ans. 600. 

9. Find the greatest number of different products that can be 
formed with the prime numbers under 40, tho products beir»g all 
composed of the same number of factors. Ans. 1716. 

10. The number of permutations of n things takon 5 at a time, 
IS equal to 120 times the number of combinations of the n things 
taken 3 at a time 3 find n. Ans, n = 8. 

11. At a certain house there were 8 regular boarders ; and one of 
them agreed with the landlord to pay $35 for his board so long as 
he could select from the company different parties, equal in number, 
to sit each for one day on a certain side of the table. At what 
price per day did he secure his boai'd ? Ans. $.50. 

12. A and B have each the same number of horses; and A can 
make up twice as many different teams by- taking 3 horses together, 
as B can by taking 2 together. Required the number of horses 
that each has. Ans. 8. 

13. There are 12 points in a plane, no three of which ate in the 
same straight line with the exception of five, which are all in the 
same straight line. How many different straight lines can be 
formed by joining the points. Ans. 57. 
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SECTION VII. 



OF SERIES. 



34:3« A Series consists of a nmnber of terms following one 
another, but so related tliat each may be derived from one or more 
of the preceding, by a fixed law. 

A series may be finite or infinite, converging or diverging. 

34:3* A Finite Series is one which by its law of development 
must terminate, or have only a finite number of terms. 

844:* An Infinite Series is one which by the law of its devel- 
opment can never terminate, but may have an infinite number of 
terms. 

34.«S« A Converging Series is one whose successive terms con 
tinually diminish in numerical value. 

34.6* A Diverging Series is one whose successive terms con- 
tinually increase in numerical value. 

ARITHMETICAL PROGRESSION. 

347* An Arithmetical Progression is a scries of numbers or 
quantities increasing or decreasing from term to term by a common 
difference. 

We may consider the common difference as a quantity continually 
addedf in the algebraic sense ; hence, it will be positive in an in- 
creasing series, and negative in a decreasing series. Thus^ 

J., o, 0, I, «/,.... 

is an increasing arithmetical progression^ in which the common dif- 
ference is -f-2 ; and 

20, 18, 16, 14, 12,.... 

is a decreasing arithmetical progression, in which the common difi 
ference is — 2. 
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34:8. To investigate the properties of an arithmetical progres- 
sion, we may suppose the series to terminate ; there will then be 
five parts or elements ; — the first term, the last term, the number of 
tormS; the common difference, and the sum of the terms. The first 
term and last term are called the extremes, and all the terms between 
the extremes are called arithmetical means, 

34:0. In an Arithmetical Progression, the last term is equal to 
the first term plus the common difference multiplied hy the number 
of terms less 1. 

Let a denote? the first term, I the last term, d the common differ- 
ence, and n the number of terms ; then the series will be represented 
thus : 

a, (a-|-<0, (a-j-2c?), (a-j-3c?),,.,,t 

And we perceive that in every term the coefficient of c? is equal t6 
the number o^ preceding terms; hence, 

I =: a+(7i^ l)(f, {A) 

in which d is positive or negative, according as the series is an in- 
creasing or a decreasing one. 

3«>0« In an arithmetical progression the sum of any two terms 
equidistant from the extremes is equal to the sum of the extremes. 

Let t denote a term of the series which has r terms before it, and 
t' a term which has r terms after it ; then the terms, t and <', will 
be equidistant from the extremes. Suppose the series to be increas- 
ing ; then from the nature of the series, 

t = a+rd ; (1) 

<' = ?-— rcf; ® 

whence, by addition, 

t+f = a-\-l 

351. The sum of tJie terms of an Arithmetical Progression H 

iqual to one half the sum of the two extremes, multiplied by the nuWf 
ber of terms. 

Represent the sum of the scries by /?; then wo have 

S = a+(a+cZ)+(a+2cZ)+ ....+1 (1) 

By writing the series in a reversed order, we have also , 

S = l+(l^d)-\-(l-.2d)+ . . . . +a. 0J 
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Therefore, by addition, 

2S = (a+0+(«+0+(«+0+ • • • • +(«+0- (^) 
Now equation (3) exurcsscs tlie sum of n terms each equal to 
(a-\-l); hence, 

2>y=w(a+0i 
and dividing by 2, we obtain the formula, 

353. To insert any number of arithmetical means between two 
ffiven terms. 

Let n' denote the number of means to be inserted. Then the 
number of terms in the completed series will be w'-{-2 ; and we 
shall have n = w'-f 2. 

This vahie of n substituted in formula iA)^ (349), gives 

I — a 
whence, d = ^^. (^) 

Having the common difference^ the means are readily obtained. 

APPLICATION OP THE FORMULAS. 

» 

3«S3« The two formulas, 

I =z a+(nr-'l)d, (A) 

n 

contain in all five quantities, a, ?, ti, c?, >S, four of which enter each 
equation. Now if any three of these quantities be given, the other 
two may be found ; for, if the values of the three given quantities 
be substituted in the formulas, there will result two equations con- 
taining only two unknown quantities. 

1. The first term of an arithmetical series is 5, the common dif- 
ference 3, and the number of terms 24. Find the last term, and 
the sum of the series. 

We have given, a = 5, r? = 3, w = 24 ; 

hence, by formula (^), Z = 5+(24— 1)3 = 74)^^ 
and by formula (B), S^x^^b+W) =948) "^ 



288 SERIES. 

2. Given a == 15, c2 = — 2, and >S^ = 60^ to find the nnmber of 
terms. 

Substituting the given values in (A) and {B), we have 

^=15— 2(ii-~l), a) 



60 = ? (15+0; » 



whence, from (1), I = 17 — 29i, 

«.dftoM(2), ,_120-15» 



n 
120— 15»i 



= 17— 2«, 



n 

120— 16»i = 17n— 2»i«, 
«•— 16?i = — 60, 
n— 8 = ±2, 
n = 10 or 6. 

Both values of n are possible ; for there are two series answering 
to the given conditions, one having 6 terms, and the other 10 ; 
these are 

16, 13, 11, 9, 7, 5, 8, 1, —1, —8, 

and 16, 13, 11, 9, 7, 6. 

The sum of either series is 60. 

EXAMPLES FOB PRAOTIOE. 

1. The first term of an arithmetical series is 7, the common 
difference 3, and tl^e number of terms 36 ; find the last term. 

Ans. 112. 

2. The first term of an arithmetical series is 276, the last term 
5, and the number of terms 46 ; required the sum of the terms. 

Ans. 6440. 

3. The sum of an arithmetical series is 156, the number of 
terms 8, and the common difference 5. Required the two extremes. 

4. Find the sum of the terms in an arithmetical progression, 
knowing that the first term is 1, the common difference }, and the 
number of terms 101. Ans. 2626. 
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5. Required to find four arithmetical means between 7 and 37. 

Am. 13, 19, 25, 31. 

6. The first term of an arithmetical series is 3, the number of 
terms 60, and the sum of the terms 3720; required the common 
difkrenoe, and the last term. Ans, c^= 2, ^ = 121. 

7. What will be the sum of the series if 9 arithmetical means be 
inserted between 9 and 109 1 Ans. 649. 

8. If three arithmetical means be inserted between \ and ^, 
what will be the common difference ? Ans. ^. 

9. What debt can be discharged in a year by paying 1 cent the 
first day, 8 cents the se^nd, 5 cents the third, and so on, increasing 
the payment each day by 2 cents ? Ans. 1332 dollars 25 cents. 

10. A footman travels the first day 20 miles, 23 the second, 26 
the third, and so on, increasing the distance each day 3 miles. How 
many days must he travel at this rate to go 438 miles 7 Ans. 12. 

11. Find the sum of n terms of the progression 1, 2, 3, 4, 
*'^' ••••• Ans. S=l{\+n). 

12. Und the sum of n terms of the progression 1, 3, 5, 7, 

Ans. S = n*. 

18. The sum of the terms of an arithmetical series is 950, the 
oommon difference is 8, and the number of terms 25. What is the 
first term 7 Ans. 2. 

14. A man bought a certain number of acres of land, paying for 
the first || ; for the sedond, || ; and so on. When he came to 
settle he had to pay $3775. How many acres did he purchase ? 

Ans. 150 acres. 

15. The 14th, 184ih, and last terms of an arithmetical progress 
rion are 66, 666, and 6666, respectively. Required the number of 
terms Ans. 1334 
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BSBIB8. 



THE TEN CASES. 

3S4« Given any three of the guantUtei^ a, 1, n, d| S^ Ip find 

the other two. 

This problem will present ten aisesy each giviDg rise to twa foi 
mulas, making in all twenty different formulas^ or four Tallies foi 
each letter. The results in each case may be obtuncd directly from 
the two fundamental equations, or those of any particular case may 
be deriyed from some preceding case, as is most conyenient. The 
whole will be left as an exercise for the student 



No. 
1 

2 
3 

4 

5 
6 

7 
8 
9 

10 


Giyon. 

a J df, n 
l,d, n 

a, n, I 

cf,n, S 

rt,W,/S 

l,nyS 
a, dj I 

a,l,S 
a,d,S 

Ifdy S 


To Find. 
l,S 

a,S 

d,S 

d,l 

dytt 

n, S 

Uyd 
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. PKOBLEMS m AIirrmiETICAL PROGl^SSION 

10 WHICH THE FORMULAS DO NOT IMMEDIATELT APSLT. 

3S«S» When in the conditions of a problem no three of the 
five parts, a, I, n, dy Sy are directly given, the general formulas will 
not directly apply. It is usually necessary in such instances to 
represent the several terms of the series by means of two or more 
unknown quantities ; and for this purpose there are two methods 
of notation. 

1st Let X denote the first term and y the common difference ; 
thus, 

«> (aJ+y), (^+2y), (a;+3y). . .. 
This method of notation, however, is seldom the most expedient. 

2d. When the number of terms is odd, denote the middle term 
by X, and the common difference by y ; then we shall have, 

for three terms, (x — y), a;, (aj+y) ; 

for five terms, (x — 2y), (a:— y), a;, (a;+^), (x-f 2^). 

And when the number of terms is even^ represent the two middle 
terms by x — y and x-f-^ respectively, 2y being the common differ- 
ence; thuS| 

(«— 3y), (x-^), (x+2/\ (x+Sy). 

The advantage of the second method is, that the sum of all the 
termSy or the sum and difference of two terms equidistant from the 
extremes, will each contain but a single unknown quantity. 

1. There are three numbers in arithmetical progression ; the sum 
of these numbers is 18, and the sum of their squares is 158. 
What are the numbers ? Ans. 1, 6, 11. 

2. There are five numbers in arithmetical progression ; their sum 
18 65, and the sum of their squares 1005. What are the numbers ? 

A718. 5, 9, 13, 17, 21. 

8. It 18 required to find four numbers in arithmetical progression, 
such that their common difference shall be 4, and their continued 
product 176985 Ans. 15, 19, 23, 27. 
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4. There are foar numbers in arithmetical progression ; the sum 
of the extremes is 8, and the product of the means 15. What are 
the numbers ? Ans. ly H, 5, 7. 

5. A person starts from a certain place and goes 1 mile the first 
day, 2 the second, 3 the third, and so on ; in six days afler, another 
sets out from the same place in pursuit, and travels uniformly 15 
miles a day. How many days after the second starts before tEcj 
are together 7 Am. 3 days, and 14 days. 

NoTB. — Reconcile these two values. 

6. A man has borrowed $60. What sum shall he pay daily to 
cancel the debt in 60 days ; interest being allowed on the sum 
borrowed for the whole time, and on each payment from the time it 
is made to* the end of the 60 days, at the rate of 10 per cent, for 
12 months of 30 days each 7 Ans, $1 ijil^» 

7. There are four numbers in arithmetical progression ; the sum 
of the squares of the extremes is 65, and the sum of the squares 
of the means is 61. Eequired the numbers. Ans. 4, 5, 6, 7. 

8. The sum of four numbers in arithmetical progression is 24, 
and their continued product is 945 ; what are the numbers ? 

A71S. 3, 5, 7, 9. 

9. A certain number consists of three digits, which are in arith- 
metical progression ; if the number be divided by the sum of its 
digits the quotient will be 26, and if 198 be added to the number 
its digits will be inverted. What is the number 7 Ans. 234. 

10. From two towns which were 102 miles apart, two persons, 
A and B, set out to meet each other ; A went 3 miles the first day, 
5 the next, 7 the next, and so on ; B went 4 miles the first day, 6 
the next, 8 the next, and so on. In how many days did they meet ? 

Ans, 6. 

11. A quantity of corn is to be divided among 21 persons, and is 
calculated to last a certain time if each of them receive a peck every 
week ; during the distribution it is found that one person dies at 
the end of every week, and then tho corn lasts twice as long as was 
expected, lacking one week. Required to find the quantity of corn. 

Ans, 231 pecks. 
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GEOMETRICAL PROGRESSION. 

'•V 

3S0. A Geometrical Progression is a series of qnantities, 
each of which is equal to the preceding one multiplied by a con- 
stant factor. 

3«S7« The constant factor is called the ratio ; and if the first 
term is posiliTe, the progression will be an increasing^ or a decreas' 
ing series, according as the ratio is greater or less, than unitj. 

Thus, 2, 6, 18, 54, 162, .... 

is an increasing geometrical scries, in which the ratio is 3 ; and 

81, 27, 9, 3, 1, I, i, . . .. 

is a decreaang geometrical series, in which the ratio is j. 

3«S8« When a geometrical progression is supposed to terminate, 
the first and last terms are called extremes^ and all the terms between 
the first and last are called geometrical mean*. 

3S9« To find the last term of a geometrical progression. 
Let a denote the first term, r the ratio, I the last term, and n the 
number of terms. Then the series will be represented thus : 

a, arj ar , ar^j • . • • I. 

Now we perceive that in any term the exponent of r is equal to th^ 
number of preceding terms. Hence, we shall have 

Iz^at^K (A) 

300* To find the sum of the terms in a geometrical progression. 
Denote the sum of the scries by S; then 

iS = a-f. ar+ar*+ar* +ffr^S W 

and rS = ar-^-ar^-^-ar* +^^'*" ' +ar*. (3) 

Hence by subiraction, remembering that at^ = rl, 

riS— /S t= ar»— a, (8) 

or, rS— S = rl — a. (4) 

Thus we obtain two expressions for S, as follows: 

/?= i-. W 
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301. To find the turn of a decreatimg geometrical tertes, when 
the number of tertn$ i$ infinite. 

By changiDg signs in the numerator and denominatori equation (fl) 
may be written 

1 — r 

Now suppose r less than unity ; then the larger n is, the smaller 
will r* be ; and by making n large enough, r* may be made less than 
any assignable quantity, or zero. Hence, if the number of terms is 
infinite, r" may be neglected in comparison with unity; and we shall 
have as the formula for an infinite seriosi 

303* To insert a given number of geometrical m^ans between 
two given quantities. 

Let n' denote the number of means to be inserted; then the 
whole scries will consist of n'^2 terms. Ilence, putting n = n'-f -2 
in equation {A\ we have 

Whence we obtain, 



""^nS- 



w 



Haying found the ratio, the required means may be obtained. 

363* Since the terms of a geometrical series, taken consecu- 
tively, have the same ratio one to another, it follows that they fire in 
continued proportion ; (337). Hence, 

Ist. When three terms are in geometrical progression^ the product 
of the extremes is equal to the square of the mean. 

2d. When four terms are in geometrical progression^ the product 
of the m^ans is equal to the product , of the extremes. 

APPLICATION OF THE FORMULAS. 

304* TKe two primitive equations, 
contain the five quantities, a, r, 7, n, S, any three of which being 
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given, the other two may be found ; for, by substitation of the 
given valnes, the result will always be two equations involving but 
two unknown quantities. 

In this general problem there will be ten cases, as in the corres- 
ponding problem of Arithmetical Progression. We can not, howev- 
er, obtain a solution of all the cases, by simple or quadratic equations. 

1st. The quantity n enters the two equations only as an eocponent, 
and its value can not be obtained by the common methods of reduc- 
ing an equation. The process involves the principle of logarithms, 
and will be presented in its proper place. 

2d. The quantity r is affected by an exponent in both equations ; 
and its value must be obtained by extracting the (fi — T)th or the 

• _____ 

n^i Toot of a quantity. When n is not large, r can readily be 
found by inspection or trial. 

3d. The values of a, I, and S will be found by means of simple 
equations, as in Arithmetical Progression. 

1. The first term of a geometrical progression is 8, and the ratio 
2 ; find the 12th term, and the sum of the series. 

We have given 

a = 3, r r= 2, n = 12. 
Whence by fiormulas (-4) and (J5), 

I = 3X2" = 3X2048 = 6144 

S = ^^_j^^ = 3X4095 = 12286 

2. The sum of a geometrical progression is 1820, the number of 
terms 6, and the ratio 3 ; find the first term, and the last term. 

We have given, 

By formula (^, 

,««/. a(3«— 1) 

1820 = o_t = 364a ; 

a = 5, first term. 
Then by formula (^), 

I = 5X3* = 1215, last term. 
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3. It is required to find 3 geometrical means bctirocn 6 and 486 
By formula (2>), we have 

r = VI|i = Vsi = 8. 

Therefore, the series is 6, 18, 54, 162, 486, Ans. 

4. Find the sum of the series 6, 2, §>§••• .to infinity. 
We have given, a = 6, f = j ; hence, by formula (C7), 

S = z — r = 9, Ans. 
^ — s 

5. Find the exact value of the decimal .454545. . . .to infinity 
Tllis is a circulating decimal, and may be expressed thus : 

45 45 45 

100 + 10000 ■•" 1000000 + ^^' 

In all such cases, the repetend, taken with its local value, will be 
the first term of a geometrical series, of which the ratio will be -j^ 
or some power of j'^. In the present example we have 

45 1 

"• = 100' ^=100^ ^''"'^' 

'^""lOO'^V 100/""100^ 99 ""11' 

6. Find the value of 1 1- — , j + . . . . to infinity. 

CK CK a 

We have a = l, r = ; henoei 



a 



«. 1 a 

S= =-T-> ^IM. 

X 

1+- 

a 



a+a 



EXAMPLES FOB FRAOTIOE. 

1. Find the sum of 9 terms of the series 1, 2, 4, 8, • • • 

Alls. 511. 

2. Find the 8th term of the progression 2, 6, 18, 54, 

Am. 4374. 

8 Find the sum of 10 terms of the series 1, f , |, j^^y 

^«- VWiV- 
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4. Beqnired two geometrical means between 24 and 192. 

^ Ans. 48, 96. 

6. Beqnired 7 geometrical means between 3 and 768. 

Ans. 6, 12, 24, 48, 96, 192, 384. 

6. Find the value of 1 -f } + J^^ + 1 J -f .... to infinity. 

An$. 4« 

7. Find tbe valne of | + 1 + |+ A + • • • • *o infinity. 

Ans. 4|. 

8. Find the value of 6 + 3 + f + ^V + • • • • to infinity. 

Ana. 7|. 

9. Find the value of the decimal .323232 • • • • to infinity. 

Ans, -jj^. 

10. Find the value of the decimal .212121 .... to infinity. 

Ans. ^3. 

11. Find the value of^ — 1 + 4 — A + uV — •••• ^ infinity. 

Ans. j. 

12. Find the value of ^ — sV + 1 Ji — 625 + • • • .to infinity. 

Ans. |. 

13. Find the value of 1 H l — 4. — -i« . . . .to infinity. • 

a * or * a* * •' 

Am. 



a— aj 



1 X* X* X* 

14. Find the value of i + -k =4-....to infinity. 

a or * or or '' 

Ans, 



a*+x* 

15. The sum of a geometrical series is 1785, the ratio 2, and.tho 
Diunber of terms 8 ; find the first term. Ans. 7. 

16. The sum of a geometrical series is 7812, the ratio 5, and the 
number of terms 6 ; find the last term. Ans, 6250. 

17. The first term of a geometrical series is 5, the last term 1215 
and the number of terms 6. What is the ratio ? Ans. 3. 

18. A man purchased a house with ten doors, giving $1 for the 
first door, $2 for the second, $4 for the third, and so on. What 
did the house cost him ? Ans. $1023« 
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PROBLEMS m GEOMETRICAL PROGRESSION 

TO WHICH THE FORMULAil DO NOT IMMEDIAJTELT APPLY. 

30«S« The terms of a geometrieal progression are represented 
in a general manner as follows : 

In the solution of prohlemS; however, the following notation is gen- 
erally preferahle : 

1st When the number of terms is odd^ the series may be repre- 
sented thus : 

«"i ay, ^ i 

-, ^\ ay, 5r«,^| 

2d. When the number of terms is even, the series may be ex- 
pressed thus : 

-, a;, y, ^; 

y X 

^ ^ yi y» 

We may aho represent three terms as follows : 

1. The sum of three numbers in geometrical progression is 20^ 
and the sum of their squares 364. What are the numbers t 

Let the numbers be denoted by cc, V^ay, y. 
Then a;+l/^+y = 26 = a, (1) 

and a;"+ay-|-y* = 364.= ft. (8) 

Transposing Vxy in (1), squaring and reducing, 

cc'+ay+y' = a" — 2aK^. (B) 

From (2) and (3), a^—2aVxy =r 5 ; 



.• 



whence, Vxy = — rr — s= 6. 

From (1) and (8) x »= 2, and y = 18. 

Hence, the numbers are, 2, 6, 18, iins. 
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2. The sum of four numbers in geometrical progression is 15 or 

a, and the sum of their squares 85 or h. What are the numbers ? 

Taking the proper notation for an even number of terms, we have 

Assume a^+y = *9 ^^^ ^ =1' i ^^^° ^7 (301)9 
Substituting the Talues of (x-\-y) and (a;*-f-y'), in (1) and (2), 

-+| = «_, (a) 

Squanng (8), and then transposing 2xy, or 2p, 

whence, from (4) and (5), (a— «)•— 2p = 6— «"+2p ; 

or, a'— 2<M+2«*— 4p = 6. («) 

Clearing (3) of fractions, and putting ocy =p in second member, 

flc*^y* = ap—ps J or, «* — 3^ = ap^ps ; 

whence, p = — i_. (7) 

Substituting this value of p in (6), and reducing, we have 

a*'^2a8* = ab+2hs ; 

or, a«"+6« = 5- («* — ft). 

Restoring the numerical values of a and 6, 

15«'+85» = 70X15, 
whence, « = 6. 

Substituting the values of a and $ in (7), and we obtain 

1> = 8; 
that is, a;-|-y = 6, rcy = 8; 

whence, a; = 2, y = 4. 

Therefore, tiie required numbers are 1, 2, 4^ 8| Jim. 

16344 
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3. There are three numbers in geometrical progiession ; their 
Bum is 21, and the sum of their squares is 189. Find the numben. 

Ant. 8, 6, 12. 

4. Divide the number 210 into three parts, so that the last shall 
exceed the first by 90; and the parts be in geometrical progression. 

Ans. 30, 60, and 120. 

5. The sum of four numbers in geometrical progresmon is 30; 
and the last term divided by the sum of the mean terms is IJ. 
What are the numbers ? Ans. 2, A, 8, and 16. 

6. The sum of the first and third of four numbers in gcoinetrica] 
progr^sion is 148, and the sum of the second and fourth is 888. 
What are the numbers ? Ans. 4, 24, 144, and 864. 

7. It is required to find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their squares 84. 

Ans. 2, 4, and 8. 

8. There are four numbers in geometrical progression, the sec- 
ond of which is less than the fourth by 24 ; and the sum of the 
extremes is to the sum of the means as 7 to 3. What are the num« 
hers ? Ans. 1, 3, 9, and 27. 

9. There are three numbers in geometrical progression ; the simi 
of the first and second is 20, and the difference of the second and 
thu'd is 30. What are the numbers ? Ans. 5, 15, 45. 

10. The continued product of three numbers in geometrical pro 
gression is 216, and the sum of the squares of the extremes is 328. 
What are the numbers ? Ans. 2, 6, 18. 

11. The sum of three numbers in geometrical progreasion is 13, 
and the sum of the extremes being ^multiplied by the mean, the 
product is 30. What are the numbers ? Ans. 1, 8, and 9. 

12. There are three numbers in geometrical progression ; their 
continued product is 64, and the sum of their cubes is 584. What 
are the numbers ? Ans. 2, 4, 8. 

13 There are three numbers in geometrical progression ; tfleir 
continued product is 1, and the difference of the first and second is 
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to the difference of the second and third as 5 to one. What are 
the numhers ? Am. 5, I, \. 

14. The sum of 120 dollars was divided between four persons in 
such a manner that the shares were in arithmetical progression ; if 
the second and third had each received 12 dollars less, and the 
fourth 24 dollars more, the shares would have been in geometrical 
progression. . Find the shares. Am, {8, $21, $39; and $57. 

15. There are three numbers in geomct^cal progression; whose 
sum is 31, and the sum of the first and last is 26. What are the 
numbers ? Am. 1; 5, and 25. 

16. Tha sum of six numbers in geometrical progression is 189, 
and the sum of the second and fiflh is 54. What are the numbers f 

Am, 3, 6, 12, 24, 48, and 96. 

17. The sum of six numbers in geometrical progression is 189, 
and the sum of the two means is 36. What are the numbers f 

Am. 3, 6, 12, 24, 48, and 96. 

18. A man borrowed p dollars ; what sum must he pay yearly in 
order to cancel the debt in n years, interest being allowed on the 
unpaid parts of the principal at r cents per annum on a dollar f 

-^^« /I . N> — n dollars. 

IDENTICAL EQUATIONS. 

300* An Identical Equation is one in which the two members 
are either the same algebraic expression, or the one member is merely 
another form for the other. In every case, either the one member 
may be reduced to the other directly, or the two members may be 
reduced to some expression different from either, from which both 
members may be supposed to originate. Thus, 

ax-\- h = ax-f- 6, 
a;*-f-(« — ft)aj — ah = (x-{'a)(x — 6), 



1+x X «• ^ «*(!+*) * 
ue identica] equations In the first, the tvo memhers have exaetlj 
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tho same form. In the second, tbe second member may be reduced 
to the form of the first, by performing the multiplication indicated. 

In the third, each member may be reduced to the fraction^ --- — , 

1-J-x 

30T* There are certain properties of identical equations, which 
are of great importance in the further treatment of aeries, and in 
the general theory of equations. 

In order to investigate these properties, let us first consider what 
any term containing the variable x, as oof, will become when x = 0, 
under tho various conditions of the exponent 

1 — Suppose ft to be positive ; then if x == O, we have 

ax* = a-0* = 0. 

S. — Suppose n to be negative ; then if x = 0, we hato 

a a 
axr^ =z — = — = 00. 
of 

3. — Suppose n to be nothing or sero; then if x = 0^ we have 

ox* = a'0'=a*l = a. 

368* We are now prepared to demonstrate the following propo- 
sitions : 

I. An identical equatum is saUisfied/br any value whatever of the 
unknown quantity. 

The truth of this proposition follows directly from the definition 
of an identical equation. It is implied in all algebraic transforma- 
tions, that the value of a function is not changed by changing its 
form, whatever quantities the symbols represent Hence, if the 
two members of an equation are the same in form, or reducible to 
the same expression, they must be equal, whatever value be substi> 
tuted for the unknown quantity. / 

To ilbistrate this principle, we will take the following identical 
equation, 

{(x-3)'+l+(*~.2)'}' = 2{ixSy+l+(,x-2y}, 

where the form is such that the identity of the two members is noi 
apparent from inspection. 
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If in this equation we make x equal to 1; 2, 3^ 4, 5, etc. Bucce» 
nvelj, we sliall have^ 

{4+l+l}'=:2{16+l+lf, 
{l+l+0}' = 2{ 1+1+0}, 
{0+1+1}' = 2{ 0+1+ 1}, 
{l+l+4f« = 2{ 1+1+16}, 
|4+l+9}- = 2|16+l+81}, etc., 
every result being a true equation. 

n. Conversely i-^^Every equation which is satisfied for any valme 
whatever of the unknoton quantity/, is an identical equation. 

Suppose the given equation to be cleared of fractions, and each 
member arranged according to the ascending powers of the unknown 
quantity. Then the equation may be represented thus : 

Axr+Ba^+ Cx'+ . . . . = A'af'+B'x^'+ 6V+ .... (1) 

in which, by hypothesis, we have 

4 

a<6 <c...., and a' <6'<c'.... 

It is implied^ also, that the coefficients, A, By Cy etc., and A\ B% (7j 
etc., are aU finite quantities (/reader than zero, and independent ofx} 
and the number of terms may be limited or unlimited. 
Divide both members of equation (1) by a::*; we have 

A+B2^+ Caf^+ ....= ^'^•'-*+^ V-*+ Craf'-^+ . . . , (3) 

in which the exponents, 5 — a, c— -a, etc., in the first member, are all 

positive, because a <^ & < c 

Now by hypothesis, the given equation is true for all values of 
X ; hence every modification of it will be trtie for all values of on. 
Make a; = 0; then in the first member of equation (^, every tenn 
after the first will reduce to zero, (307, 1), and we shall have 

A = u4 V-+^ V-+ (7x«'-+ .... (8) 

Now since a' < 6' < c'. . . ., 

we must have (a' — o) < (h' — a) < (c' — a) < . . . . 

Hence, in equation (3), the first exponent, a^^a^ is the least of alL 
But we observe, 

Ist. The exponent, a' — a, can not be a posiUve quantity ; for in 
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that case the term containing it would reduce to zero when a? = 0, 
(307, 1), and we should have J. = 0, which is contrary to the 
implied conditions of the proposition. 

2d. The exponent, a* — a, can not be a negatiye quantity ; for in 
that case the term containing it would reduce to infinity when 
X = 0, (307, 2), and we should have J. r= oo, which is also con- 
trary to the implied conditions of the proposition. Now since a* — a 
can neither be a positive nor a negative quantity, it must be nothing 

or scro; that is, 

a' — a = 0, or c/ = a. 

It follows also that each of the other exponents, V — a, c' — a, 
etc., in equation (3), is positive, being algebraically greater than zero ; 
hence all the terms afler the first in the second member of thi& 
equation, must disappear when a; = 0, (307, 1), and we shall have, 

A = ^V = A\ 

Now since A and A* are independent of x^ we shall have 

Ax* = A*x*\ 

whatever be the value of x. We may therefore suppress these . 
terms in equation (1). There will result 

Bx^-\- Ca;*+ = B'x^'\- Cx«'+ , 

whence, by reasoning as before, we shall find that 

c = c', (7= d', etc. 

That is, equation (1) is an identical equation, the two members 
having the zame form. Hence, the given equation is also identical, 
and the proposition is proved. 

It is obvious that the preceding demonstration will apply if one 
or more of the exponents, a, 2», c, • • . • are negatiye ; or if a = 0, 
in which case each member will contain an absolute term. 

III. In every equation which is satisfied for any value whatever 
of the unknown quantity, and which involves like powers of this 
quantity in the two members, the coefficients of the corresponding 
powers will he equal, each to each. 

Let us assume the equation, 

^a;-+ j5x*+ Ca;«+ . . . . = ^ *x*-\ B'a?-\-JJ' af-\- ...., 

the number of terms being either limited or unlimited. 
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Now if thiij equation is capable of being satisfied for every value 
of Xy then according to the preceding demonstration, not only must 
the exponents of x in the two members be equal respectively, but 
the coefficients also must be equal, each to each ; that is, 

Az=:A', B = B', G^G\ etc. 

Every such equation is obviously identical, though it is not neces- 
Bary that -4, B^ (7, etc. should be of the same form respectively, 
as A\ B\ C, etc. 

rV. In every equation which is satisfied for any value whatever 
of the unknown quantity, and which has zero for one of its members^ 
the coefficients of the different powers of the unknown quantity are 
separately equal to zero. 

Let 

jia«+^x»+ ax*+2>x'+ . . . . = 0, (1) 

represent the equation, arranged according to the ascending powers 
of X, The coefficients, Jl, B^ C, D, etc., are supposed to be inde- 
pendent of Xy and consequently the same for all values of x. 

Divide every term in this equation by x* ; we shall have 

A+Bx^^+ C7x— +i>x*— + . . . . = 0. (3) 

In this equation make a? = ; then since the exponents, h — a, 
c-'-a, d — a, etc., are all positive, every term after the first will 
reduce to zero, (36T^ 1), and we shall have 

^ = 0. 

Suppressing Ax^ in equation (1), and then di^ding through by 
of, we obtain 

B+Cxr*+Da^+.. . . = 0. (S) 

In this equation make a; = 0, and we have 

^=0. 

In like manner we may prove that each of the other coefficients is 
equal to zero. 

It is important to observe in this connection that the coefficients, 
A, By O, Dj etc., must be supposed to represent polywrnial eocpres" 
tionSj which reduce to zero in consequence of having posUive ana 
^eyHve parts thai are respectively equal to each other. 
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DECOMrosrnoN op rational FRAcnoNa 

300* By means of the properties of identical equations, a 
fraction may often be separated into two or more partial fractions, 
whose denominators shall be simpler than the given denominator. 
In every snch case, the given fraction is the sum of the partial 
fractions ; hence its denominator will be a common multiple of the 
denominators of the partial fractions. 



1. Separate —5 — into partial fractions. 



iv; 



By inspection, we perceive that 3" , J^ 

«•— 7»+10 = (a;— 5)(x— 2). qK 

Now assume f . \ 

8a3— 31 A B \.^ 



•A- 



3 



V. 



(x— 6)(x— 2) a>— 5 ^ aj— 2' 

Since the first member is simply the sum of the two fractions in the 
second member, this is obviously an identical equation. Clearing 
of fractions and uniting terms, we have 

8x— 31 =(A+B)x—(2A+bB), (2) 

in which 31 in the first member, and (2A'\-bB) in the second, may 
be considered as coefficients of x*. Now according to (308, in)| 
the coefficients of the like powers of x in the two members must be 
equal ; and we have, therefore, 

A+B = 8, W 

2A+5B = 31. (4) 

From these equations we readily obtain 

^ = 3, and jB = 5; 

whence from equation (1), we have 

8x— 31 3.5^ 



a*— 7x+10 — x— 6 ^ x—2' 

It should be observed that equations (3) and (4) are the equahons 
of condition^ which must exist in order that equation (1) shall be 

r 

true for all values of x. 



DECOMPOSITION OF FRACTIONS. . 807 

2. Separate - — . ,, J" — —. intp partial fractioiUL 
(a;+l)(2x— 1) 



Sappose, if possiblei 

(x+i) (2a>— 1) "" ^+1 + 2^111 ' W 

clearing of fractioius, we obtain 

7x*+x = (2A+B)x+(B—A)', 
transposing all the terms to the first member; we have 

7a;«+(l— 2^— j?)a;+(^— ^) = 0. (2) 

If this equation be possible, it must be an identical equation ; 
and as one member is zero, the coefficients of the different powers of 
X must be separately equal to zero (368. IV); and we shall have 

7 = 0, 

which is absurd. Hence, we infer that the fraction can not be sep- 
arated into partial fractions, having numerators independent of x. 
Again, assume 

7a5*+a5 Ax Bx ... 



(a;+l)(2a^-l) "" x-\-\ ^ 2x- 

dearing of fractions and collecting terms, 

7x"+aj = (2^ + B)x*+{B—A)x ] (9 

equating the coefficients of like powers of cc, 

2A+B = 7, 
.B— ^ = 1; 

whence we obtain A = 2, J? = 8 ; 

and by substitution in equation (1), 

7a?'+'rf 2x 8x 

(x+l)(2aj— 1) "" x+1 + 2x—V 

From this example we Icam that if we assume an impossible form 
tor the partial fractions, the fact will be made apparent by some 
absurdity in the equations of condition. 

Note. — ^If the given denominator consists of three or more factors, 
there will be three or more partial fractions. But there will always be as 
many equations of condition as there are numerators to be determined. 
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EXAMPLES FOB PBAOTIGB. 



1. Resolve -5 — Q . , into partial fractions. 

5 2 



-^w- -Z-7 + 



X — 7 ' X — 2 
2x'+8l— 20 ^*" ^*"^*^ fraotiona. 



2«— 6"^«44* 

g/-« 22ir4-18 

3. BesoWe — — r into partial fractions. 

Or-l)(x'-6a: + 6) ^ 00 

12 3 



^««- r— ^ + r-o ^ 



»— 1 ^ »— 2 ^»— 3* 



«+2 
4. Rcsolye -7^ — into partial fractions. 



A 1 ■ 8 2 

'*"'• 2(a!+l) + 2(*-l) ~ « 

5. Resolve —: — .,- , , ^a into partial fractions. 
X — loar-j-oD 

. 1 1 1 . 1 



2(x4-2) 2(a:— 2) 3(a;+3) "^ 3(x— 3)' 

THE RESIDUAL F0R3IULA. 

370. It lias been shown in (80, 4) that a:^— /* is exactly 
divisible by x — y, if m is a positive whole number. The form of 
the quotient is as follows : 

X — 2/ 

m 

the number of terms in the quotient being equal to m. 

Now suppose 05 =y ; then each term will become x*~', and since 
there are m terms, we have the formula, 

= mx"*"*. (A) 



\ X—1/ I 



The subscript equation, y == x, is used to indicate the condition un- 
der which the first member of (^) will be equal to the second. 
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371. We will now show that this formula Is true^ whatever bo 
the value of m. There will be two cases : 

1st. WJien m u positive and fractiondL 
Assume m = -• then «• y^ = «• ^. 

JL ' Z. 

liet flt • = « ; then af = af , and a; =s «*• 

Also let y • = tt ; then y = «•*, and y = i^. 

Bj proper substitutions we have 

r r ^^ — u' 

a:" — V* sf — u^ z — u 

^ = = . (1) 

X — y «• — u* «* — M* 

« — 'U 

Now suppose x==yj then 2; = ti ; and since r and $ are j^otiiftM 
trAo^ num^^ert, we have from (1) 

Hence^ the formula b true when the exponent is positive and frao* 
tional. 

2d. When m is n4igative^ and eitJier integral or fractional. 

Suppose the exponent of x and y to be — m ; we shall have 

ar* — y-^ = — x~*y"*(a:* — iy**) j hence, 

= — x-^y-^ I )• (1) 

Now suppose X :=y ; then whether m be integral or fractional, 
we shall have, from the principles already established, 

— x'^y-^ = — x~**, and =5i_ — . mas*"* : hence, 

Hence, the formula holds true universally. 
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BINOMIAL THEOREM. 

373. The Binomial Theorem has for its object the develop* 
ment of a binomial with any exponent, into a series. This theorem 
b expressed by an equation, called the Binomial Formula. 

373* It 18 required to expand (a-j-x)'' into a 9erie$, n being any 
X^ol quantity J positive or negative, entire or /ractionoL 
We observe that 

a-^-x =a|I-| — ];. therefore (a+xy =a*fl-| — j • 

Hence, it we first expand f I -|. — j , and thai multiply the result 
by a", we shall have the expansion of (a-|-x)*. 

Put « = ^ . then (l + ^)*= (!+«)•. 

Let us now assume the equation, 

(1+zy = A+Bz+ Cz^+Dz*+Ez*+ .... P) 

in which A^ B, C, 2>, etc., are independent of z. We are to find 
the values of these coefficients which will render equation (1) true 
for all possible values of z. 

Suppose 2 = 0; then fi-om equation (1), we have A = 1. 

Hence, the assumed development becomes 

(l+zy = 1+Bz+ Cz^+Dz*+Ez'+ .... m 

for all values of z. Put z =: u; then k 

(1+w)" = 1+Bu+ Cu*+I)u*+Ihi*+ .... (8) 

Subtracting (3) from (2), and dividing the result by z — u, we obtain 
(l.H,y.-(l + «).^ /,j-^. .gWX ^^^ 

z — u \ z — u I \ z — u I 

Let Pz=z l-f5r, and Q = 1+m; then P—Q = «— «*. 

Equation (4) now becomes 

Now suppose z = u; then P= Q. And by the Residual Fontt- 
ula (370), we shall have 
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( 






a^—v! 






r^)^ 



4^;', etc. 



SnbBtitating these values in equation (5), we liaye 

»(l+«)— ' = B+2 Ci+ZDz^+4:Ez*+ .... («) 

Multiplying both members of equation (6) by (I+2;), gives 



+ £ 



z'+4E 
+32> 



«•+.... (7) 



z+SD 

+ 2G 

Multiplying both members of equation (2) by n, gives 

n(l+zy = n+n&+n aj"+nZ>«*+ (8) 

Now by equating the second members of (7) and (8) we shall have 
an identical-e^fuationy because it may be satisfied for any value of z. 
Therefore the coefficients of the like powers of 2; in equations (7) 
and (8) are equal, each to each (368^ III), and we shall ha^e 

B = n', 

20+B =nB, or C7=^(^^); 
^D+20=nC, or 2> = C^"^) ; 

4E+ZD = nD, or ^ = 2>(^);eta 
Therefore, the values of the coefficients are 



«(«-l)0^-2) 



n(n-l)(..-2)(«^) 
*"" 2 • 8 • 4 • 
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Bubstitutiag these yalues in (1) we liare 




{l+zy = l+nz-\ — «■ ^ 2 ■ 8 *^ +••••« 

or, finally, multipljiug both members of (P) by a* 

. w(»— 1) , , n(ii— 1X»»— 2) . . /; >v 

(<i+ar)« = «"+fki^*«+ — ^g'»-'a^+ ^^ ^^ ^ tf^a?'+.... ((«) J 

Equation (c) is the binomial formula, as it is usually written. It 
will bo observed, however, that in the three equations, (a), (i), {c\ the 
coefficients, or the factors depending on n, are ihe same; and in 
practice, either (a), (&), or (^ may be employed, according to ihe form 
of the binomial to be expanded. 

374* By inspecting the general formula («), we perceive ihat in 
the expansion of a binomial in the form of a-\-Xj the law of the 
exponents is as follows : 

1, — The exponents of the leading letter m the successive terms 
form a series, commencing in the first term with the exponent of the 
binomial J and diminishing by 1 to the riglU, 

2. — The exponents of the second letter form a series^ commencing 
in the second term wiX^ unity ^ and increasing by 1 to the right. 

And the law of the' Coefficients is as follows : 

3. — The coefficient of *the first term is unity , and that of the 
second term is tJie exponent of tlie required j^ower. 

4. — If the coefiident of any term be multiplied byAe ex^panerU 
'of the leading letter in that term ; and divided by AJftB^oneivt of 
the second letter plus 1, the result will be tlie coefficient cf, ^he fol- 
lowing term, f 

37tS« If we take the least factor in each of the successive coef- 
ticicnts of the expansion, commencing at the second^ we have a do> 
creasing series 

»*, (^-1), (^*— 2), (»^-8), .eta., 

V 

m whlck the common difference is unity. 
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Suppose n to be a pCNsitive integer, then the least factor in the nu- 
merator in the (7i4-2)d term will be (n — n), or 0, and this term 
will disappear. But if n is negative or fractional^ then no one of 
the factors, (« — 1), (n— 2), (w — 3), etc., can be zero, and the expan- 
sion may be continued indefinitely. Hence, 

1, — When n 18 a positive integer , tlie expansion of the binomial 
wis he a finite serieSj the number of terms being n-j-l* 

2. — When n is negative or fractionalj the eapansion of the bino- 
mial wis be an infinite series. 

APPLICATION OF THE BINOMIAL FORMULA. 

376* Let us resume the equation, 

If n be entire and positive; this formula will be an expression of 
mvohUiony denoting some power of the binomial. 

If n be fractional and positive, the formula will be an expression 
of evolution, denoting some root of the binomial. 

K n be negative, the formula will express the reciprocal of some 
power or root of the binomial. 

377* Since ihe binomial coefficients depend entirely upon the 
exponent n, they may be formed independently. To do this, we 

have simply to commence with unity and multiply by n, —^—f ~q~"» 
etc., continually. 

1. Expan^ (jo — x)* into a series. 

Here n == 6 ; hence, 

The first coefficient is 1=1 



" second " 

« third « 

" fourth « 

« fifth « 

« sixth « 



1X6 = 6 

6XS = 15 

15X| = 20 

20X1 = 15 

15X1 = 6 



« seventh" « 6xi = 1 

Siuue the odd powers of — x are negative, we have for the literal 

factors of Ihe terms, 
27 
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o*, — a*a5, +aV, — oV, +o*a;*, — aX| +*^« 
Therefore ihe expansion will be 

(a— «)• = a«— 6a»a;+15aV— 20aV+16aV— 6a»»+fi^. 

2. Expand (o-f-a?)^ into a series. 

In this example n = ^. Bepresent ihe coeffidents by ^| J^ H 
2>.... ; then 

^= +1 



.= ,x(==?)=-^? 



The literal factors of the terms will be 

ai, a" 'a;, a'^x', a^^x\ a^-x\ 'o"^**,.... 

Hence, (a-{-xy = 

a^4.Ja-^x— J.a"ia;"+ ^La'^x'— ^'^ a"5aj«+..*. 
^ ^ 2-4 - 2-4-6 2-4-6-8 ^ 

or by taking out the factor a^, in the second member, 

or by clearing of negative exponents, 

We might have obtained this last result directly, by putting the 
umomial in the form of a^ 1 1-\ — j ^. It is well, however, to note 
the traMformations made above. 
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8. Ezpuid r — ; — r; into a series. 
(o+») 

Observe that 

(ji^=(^.r--(i+:-)-4(i+|)- 

Whence, by ezpuiding the factor [ 1 -| — j we obtain 

1 1 / 2a? Sg* 4^ ,6^* \ 

(a+xy - a*V a + a« ~ a' + a' — ••••^ 

4. Expand (a*— a:^* into a series. 

K we take the descending powers of a', commencing with the 
5th, and the ascending powers of x*, commencing with the first, we 
have for the literal factors of the terms, 

o", o'V, aV, a*x% aV, x'\ 

Hence, with the coefficients the development becomes 

(a«— «•)• = a"— 5a'V+10aV— 10oV+5aV. 



M 



EXAMPLES rOB PRAOnCE. 



1. Knd the fifth power of a — b. 

Am. o»— 6o*6+10a«6«— 10o*6»+5a6*— 6% 

2. Find the sixth power of l-)-c. 

An$. l+6c+15c«4-20c*+15c*4-6cH<^. 

3. Find the seventh power of x-\-y, 

Ans. x'+7x*^+2lxy+Sbxy+^5xy+2lxy+7x^*+f\ 

4. Find the eighth power of a* — 1. 

Ans. a"— 8a"+28a"— 56a"+70a*— 56a«+28a*— 8a«+l 

5. Find the ninth power of a — c. 

Am. a*— 9a«c + 86aV— 84aV + 126aV— 126aV + 84aV. 
86aV+9ac»— c*. 

6. Expand (1-f ax)*. 

Am. l+5ax+10aV+10aV+6aV+aV. 

7. Expand (o*— «•)•. 

Am a •— 6a»V+15aV— 20aV+16aV-^««"+««. 
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8. Expand (x'— «*)•. 

9. Expand (a^x+rf^')'. 

Am. a» V+ aa*Vc//+ 15aVd*/+ 20aVc?/+15aVdV'+ 

10. Expand (a — xy into a series. 

/ /i — a?' 3g' 8'5x* \ 

^iM. V^«^l— 2a"-2-4a»"2-4-6a»~2-4-6-8a* j 

11. Expand (1 — x)' into a series. 

X 2x' 2 5x' 2-5'8x* 2'5811x» 
Aw. 1— g —3.5 — 3.6.9 ~"3-6-912~3-6-912l5 



'• • • • 



12. Expand (a-f 1)* into a series. 

A l/i_L^ ^ . 3-7 8'7'11 , \ 

* "*' "* l^+4a'"4-8a" + 4-8-12a*"'4-81216a* + ***V* 

13. Expand (a-|-&)^ into a series. 

Afu i/i-j-A. 2^' 2-56' 2'5-8^*' \ 

"*' * V 3«'"3-6a« + 3-6-9a* 3-6-9-12a*^""**V ' 



14. Expand into a series. 

a — 6 



, 1 h b* h* h* 

^^- r + r« + rt + r* + rt+«** 



a 



15. Expand -r r^ into a series. 

(1— x)" 

Ans. a(l+2ar + 3x*+4aj*4-5a?*4-6a?*+.. ..). 

10. Expand (a'+6*)2 into a series. 

h^ h' 36* 3'5y 

'^''*- *+2a""2-4a*+ 2-4-6a»~ 2-4 •6-8a'+;*** 

17. Expand (a — c')» into a series. 

. 1/1 2c« 2c* 2-4c« 2-4-7c' \ 

Ans, a^ I 1 — _•••• 1 

\ 3a 3-6a* 3-6-9a* 3-6-9-12a* ) 

18. Expand c?(c*-f-x*)"'^ into a. scries. 

^/l g* ^a;* 3''5x* . 3-5'7d g* \ 

^n«. -^\1— 2^. +2.4c*""2-4-6c* + 2-4-6-8C* "••••/ 
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19. Expand (1 — a)-« into a series. 

Ana. l + 3aH-6a* + 10a* + 16a* + 2Ja*-4-28a'-f36a*+ 

20. Expand (a* — x*p into a series. 

fh^— — 3'5x* 3'5'9x' i\ 

Am. ya\^ ^^ — ^ g^. — 4.8.12a» "" 4-81216a' ~'^'i) 

21. Expand (a+y)"^ ^^^ a series. 

r 

22. Expuid m,- into a series. 

, r* , 6r' . 6'llr* , 6'll'16r* 
^w. »• + 5 + 2-51 + 2.3-5* + 2-3-4-5* "^ * ' * * 

28. Expand ^1 — x* into a scries. 

. , a* 14x* 14-29x» 14-29-44x'* 



16 215' 2 315* 2-3-416* 



• • • • 



METnOD or SUBSTITUTION. 

378. In the formula (x+^y = 

^ ■ ^.^1.. I ^(** — ^) ...»-t„t I n(» — IXn — 2) ^^^ , 
af+naf-yH ^ afy H ^ ;; — _^ar*-y+.... 

we may snppose x and y to represent any quantities whatever ; and 
thus we may obtain the development of the powers of binomials 
with numerical coefficients, or of polynomials. 

1. Involve 3a+2c to the fifth power. 

The binomial coefficients for the fifth power are 

1, 5, 10, 10, 5, 1. 

And by connecting these with the powers of the ^ven termS| 
according to the law of the formula, we have 

(3a+2c)» = (3a)'+5(3ay(2c)+10(3a)*(2c)«+10(3a)»(2cy+ 
5(3a)(2<5)*+(2c)»; 

mr, by performing the operations indicated, 

(8af 2c)» = 243a»+810a*c+1080aV+720aV+240acH82c» 
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2. Involve a-j-6-|-2c* to the fourih power. 

.We may consider Uie polynomial in two part8| a-^-h^ fepreeenteS 
by Xy and -J- 2c' represented by y. Then we bave 

(a + b + 2cy = (a + hy+ 4(a + fc)*(2c') + 6(a + 6)*(2c0» + 
4(a+5)(2c'y+(2c«y.- 

Performing the operations indicated, 

(^a+h+2cy = a*+ 4a*6+ 6aW+ 4d6*+ 6*+ 8aV+ 24a«6c»+ 
24a5V+86V+24aV+48a5c*+246V+32ac«+326c«4-16c».. 

XXA.MPLES FOB PBAOTIOB. 



1. Bind tbe third power of a — 2h. 

Am. a*—Mb+12ab*'-^h\ 

2. Find the foarth power of 2a-|- 8a?. 

Aru. 16a*+96a*a;+216aV+216ax«4-8Lt*. 

8. Find the foarth power of 1 — Jo. 

Am. 1— 2a+|a-— Ja'+T>ga*. 

4. Find the fourth power of a*— oac+ac*. 

Arts, a* — 4a'a; 4- 1 Oa V — 1 6a V + 1 9o V — 1 Qa^se^ -f- 1 Oa V - 
iax' + x*, 

5. Expand (4a* — Sxy into a series. 

J 1/9-/1 ^* 27a^ 667aj» \ 

Ans. V2a^l^jg-^-gj^- ____.... j 

tbenoh's theobebl 

370* When a binomial having numerical coefficients is to be 
raised to any power, the coefficients of the expansion may be ob- 
tained with great facility by means of a simple modification of the 
binomial formula. We have («+w)* = 



nCn— 1) „ . . n(«— l)(n— 2) . . 

In this equation make z = ox^ and u = hy} then 
(ax+hyy= oTx^'+nar-^h • ar-'y+ ^^ZlJ oT^h* -0^^+ 

«(n— 1)(«_2^ .„ _ ^ . 
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in whioli a and h may represent the numerical coefficients of x and 
y Now denote the numerical coefficients of the expansion by 0^^ 
Cjgf C^j etc We shall then have 

in whioh 



Cx 


=: 


a-. 


c. 


= 


_ i» 6 

^■- i v 


c. 


= 


_ »-l ft 

^«' 2 -i' 


C4 


= 


/Y «-2 * 


0, 


= 


„ »— 8 6 
4 a 



1. Find the fourth power of 5a-{-3a;. 
In this example we have 

n = 4, a = 5, & = S, 

I d the coefficients of the expansion will be 

^1= 5* = 625 

C^= 625-f- 1 = 1500 
C7, = 1500 -f- 1 = 1850 
C4 = 1350-1 -1= 540 
(7. = 540-i-|= 81 Henoe, 

(^ba+3a;y = 625a*+1500a*a;+1350aV+540aaj*+81x*, Am. 

2c 4a/ 

2. Find the fourth power of -^ g— 

WehaYen = 4, a = 5-i 6 = =-i and — = ^- — =2* 

o o a 2s O 

Henoe the coefficients of the expansion are 

c. (f y = 4! 

^.=l4|-i-t = M« Hence, 



( 



2c 4x \* 16 , 128 128 , , 512 256 , 

8 T/'^ 81*' "185"*+ 75"*'* —876*'* +^* 
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EXABIPLES fOB PBAOTICB. 

1. Find tlio fourth power of 2a;-)-5y. 

Ans. 16a;*+160a:V+600xy+1000a3f«+62Siy\ 

2. Find the fifth power of 2a — Sx. 

Ans. 82o»— 240o*x+720aV— 1080aV+810a«*— 248a». 

3. Find the sixth power of 8-j-4x*. 

Atu. 729+5832x"+19440x*+ 84560a*+84660«'+18482x»4 
4096x". . 

4. Find, the fourth power of -j- -f -= . 

Am. 3V, «*+ U a*r+ iiaV+ |||ar-+ |||r\ 

5. Find the sixth power of -= + -5 . 

Am. i}^SC+ |?<*»-+ y<*r'+20<*r'-f X}ii<'r*+ a|i*^+ '^r\ 

971 1 

6. Find the fifth power of - — -. 

4 5 



-^"^* tCiOA OKRl^(i(\ ot\f\'TTnei 



1024 256^160 200^500 8126' 



7. Find the eighth power of — — — — . 

2 2971 



256 32^ 64 32 ^128 32iii«^6497>* 



3297i« "^ 25697»»" 



DEVELOPMENT OF SURD ROOTS INTO SERIEa 

380« The approximate value of a surd root may be obtained 
with much facility by expanding the root into a series. 

Let a** represent that perfect 9tth power, which is next less or 
next greater than the ]giyen number, and let h denote the difinrcnce 
between this power and the given number. Then 

o"+5, or a* — h, 

will express the given number. But we have 
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Developing tlie radical parts into series, we have 

/,■ 1 ft 1 1— n 6« . 1 l--n 1— 2n &• \ ^, 

\ n a* ' n 2» o** ' n 2n on a"^ / 

/ 1 6 1 l-ii 5« 1 1— fi 1— 2n 5» \ 

The second members of these equations contain no radicals ; hence, 

Afiy 9ufd may he develcped into a* series of rational terms ; 
whence by summing the series, we m^y obtain approodmatdy the 
indicated root. 

It should be obseryed that the smaller the faction -- ia, the more 

a* 

rapidly will the series converge. 

1. Find the cube root of 76, to six decimal places. 
The smallest fraction will result by taking the cube which is next 
Uss than 76, or 64 ; thus, 

fj^ = ^64+12 = 4#^lH4f = 4^1+^. 

We may now develop the radical part by equation (1), in which 

. h 3 



"9 "' -; 


o« "■ 16' 


To form tho binomial coefficients 


we have the factors, 


1 


1 


n *" 


3 


1-^. 1 


1— 4n 11 


2n "" 3 


5/1 •" 15 


1— 2» 5 


1— 5/1 7| 


3n •" 9 


6» "" 9 

• 


1— 3n 2 


1— 6n 17 


4/1 "" 3 


7« ~ 21 



We represent the successive terms by A^ B, C, etc.; and to secure 
accuracy in the final result to the 6th place of decimals, we should 

V 



822 



8SBIB8. 



eany tihe oompntation in each term to the 7tli place. Thus we have 
A 

■B= + 4 
C = - i 

D = - % 

JST = — } 

Algebraic Bom, 
Whenoe, 



A 

A<7 

A-o 



= + 
= + 
= + 



= + 



+ 1.0000000 
.0625000 
.0039062 
.0004069 
.0000508 
.0000069 
.0000010 
.0000001 



1.0589559 = f'l+A 
4 



fj6 = 4.285824±, AttM. 

2. Find the 5th root of 25, to 6 dedmal places. 
The moat oonvenient fraction will reeult by taldng that 5th power 
which is next greater then 25, or 32 ; thns, 

^25^= V'32^ = 2^111^. 
Equation (2) will now apply ; and the operation will be as follows: 

«~5 



l-» 

2n ~ 


2 
'9 




1—Am 19 
5n 26 




1— 2n 
3n =- 


8 
'5 




1— 5n 4 
6n ~ 6 




1— 8n 
4n ~ 


7 
"10 




1— 6» 29 
7» ~ 85 




A 

5 = - i 


•,^ 




= + 1.0000000 
z= — 437600 




C= + f • 
D= + i ' 

^= + A" 

-f = +n- 

G= + i 


■lis- 

•A' 


c 

D 

■E 

F 

■ Q 


= — 88281 
= — 5024 
= — 769 
= — 128 
= — 22 




&Jgebnuc sum. 


.9518272 = V 
2 


1-A 



Whence^ 



V2r= 1.903654+, Am. 
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EXAMPLES FOB PBACTIOE. 

Find the yalnes of the following indicated roots, to the 6th 
> limal place : 

1. V9. Ans. 2.080084. 

2. VSL Ans. 3.141381. 
8. VIOO, Ans. 4.641689. 

4. Vlio. ^ Ans. 4.791420. 

5. V297. Ans. 3.122861 

6. ^/eo; Ans. 1.978602. 

7. V4. • Ans. 1.319608. 

8. ^3276. Ans. 5.047104. 

9. VI25. Ans. 1.993236. 

EXPANSION OF FRACTIONS INTO SERIES. 

381* An irreducible fraction may always be converted into a 
Bories, by dividing the numerator by the denominator. 

1 . 

1. Convert =— r- into a series. 
l+a 

Observe that 



1-f-a a-f-1 
Hence, there may be two ways of dividing ; 

Uli. 2d. 

l+a)l CL^+a* «+l)l (^-^• + 5, 

1+a 



+rf 



•+-; 




1 

a 




_1 
a 


1 


+ 


1 

•:5 
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Tho law of expansion is obyions in both qaotients, and we iivrt 
from the same fraction two series; thus, 

1 11.1111 



— ^ -«■ • ^t «4 "r Ti — ^•"r • • • • W 



a+l a a^* a* a* "^ a* o* 

We observe that each of the series obtained is by its law of def^L 
opment^ an infinite scries. 



EXAfiiPLES FOB PRAOTIOl. 



1. Convert — r— into an infinite series. 



- 05 a^ OB* flb* 

a * or a* * a^ 



2. Convert into an infinite series. 

a — X 



X .«•.«•«* 



a * a^ * or * a> ' 



3. Convert ^-^ into an infinite series. 
1 — X 



Ans. l+2x+2a;»+2a;*+2«*+,.., 

<i-\-x 

4. Convert -r-^ — •, into an infinite series. 

a -f-^ 

1 X* X*^ X* «• 

o or * a* a^4 a* 

5. Convert = ; — ^ into an infinite series. 

1 — a-f-o 

Ans. l+o— a*— a*+o"+a'— a»— a"*+.... 

1 X 

6. Convert = — 5—=- into an infinite series. 

1 — Zx — ox 

Ans. l+a:+6x*+13x«+41»*+ .... 

l+2aj 

7. Convert ^ — ! -, into an infinite series. 

1 — X — X 

Ans. l+3a;+4x"+7x*+lla;*+18a;»+.... 
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■V ■ V • ■ . ••- ^' 

METHOD OP INDETERMINATE COEFFICIENTa 

389* It is eyident tliat if a fraction be deyeloped into a sories, 
the equation which results by placing the fraction equal to its 
deyelopment is capable of being satisfied for any value of the un- 
known quantity ; in other words, it is an identical equation. 

On this fact depends an important method of expanding an alge- 
braic expression into a scries, called the Method of Indeterminate 
Coefficients. It consists in assuming the required deyelopment in 
the form of a series with unknown coefficients, and afterward deter- 
ming the values of the coefficients by means of the known properties 
of identical equations. 

1 . Develop ' into an infinite series. 
1 — ox 

Assume 

J±?^ = A+Bx+ C7x-+ J9x«+irx*+ . , , . (1) 

Clearing this equation of fractions, and transposing all the terms 
to the second member, we have 



= C^— 1)+ B 
—2 



x+ 
—35 



X-+ J? 
— 3C7 



— 3i> 



«*+.•.. (2) 



The term A — 1 may here be considered as the coefficient of x* 
understood. 

Now because equation (3) is an identical equation, the coefficients 
of the diffeitnt powers of x are separately eqiuJ to zero, (368^ IV). 
Thus, 

A — ^1 = 0, whence J. = 1 

J5— 8ji— 2 =0, " 5= 6 

C?-35 = 0, « C7= 15 

2>— 8(7=0, « i>= 45 

J^-3i) =0, " ^ = 135, etc. 

Substituting these values in (1) we have 

J±|f = l+5a:+15a:«+45a:«-f 136««.f 



• • • 
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2. Develop 



1+x 



2x«+6a;» 



into an infinite series. 



We perceiye that the first term of the series must be — or ar' 
Therefore, assume 

— ii^^-i = Aar'+Bx*+ Cx+D3i^+Ex^+Fx*+ .... 
Clearing of fractions and transpodng, we have 

2/ • • 



= 


A 


«•+ B 


x+ C 


»•+ D 


x*+ E 


«*+ F 




— 1 


—2A 


—2B 


— 2C 


—2D 


—2E 






—1 


+6A 


+6B 


+6(7 


+6Z) 



Patting the coefficients eqnal to zero, 

A — 1 ==0, whence, ji = 



J5— 2^— 1 =r 0, 
C—2B^%A = 0, 
2>— 2(7+6J5 = 0, 
.B^2i>+6C=0, 
F—2E+^D = 0, 
G—2F+eE=0, 



u 
u 
u 

(€ 
(€ 



1 

8 




D = — 18 
ir=— 86 
F=+ 86 

G = +288, etc. 



Substitating these yalues in the assumed development (1), and 
observing that the term containing O will disappear' because (7=0, 
we have 

^Zxt^ex' = I +3-18x'-^6x'+86.-+288x'. . . . 

NoTB —It is not necessary to transpose the terms to one member ; for 
if neither member is zero we have simply to equate the coefficients of 
the like powers of a; in the two members, according to the Uiird property 
of identical equations. 

The method of Indeterminate Coefficients is applicable to a great 
variety of examples, but always with this provision, viz. : That toe 
determine hy inspection what power of the variable toill be contained 
in the first term of the expandon^ and m,aJce thefirU term of the cm- 
turned development correspond to the known fact. 

If the assumed development commence with a power of the 

variable higher than it should, the fact will be indicated by an 

-^— iirdity in one of the resulting equations. If, however, the assumed 

iment commence with a power of the variable lower than is 



J 
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necessary, no absurdity will arise ; but the redundant terms will 
disappear by reason of the coefficients reducing to zero. 



EXAMPLES FOB PBAOTIOB. 



1. Dsyelop = — 5- into a series. 
1—- ox 



Am. l+a;+3a«+9x*+27a;*+81a»+ .... 



2. Serelop ^— \ into a series. 



8. Derelop -5 — 5 ^-7 into a series. 

Am. l+2x+8x»+28x»+100x*+856a5»+.... 

4. Develop ^^ , into a series. 

Am. aj+9a;»+32»*+92a;*+240aj»+ . • • . 

2 
- Sk. Develop -g 5-5- into a series. 

2 4 8x 16a^ 82aj» 

^'"•8^+9+2f +"8r+ 24r+-— 

*• ^^"^^P 1+2^+3^* intoaseries. 

Am. l-.2x«+a*+4x"— llx'+10aj"+18x"— .... 

1+x 

7. Develop ,^ . ^, into a series. 

Am. 1+(1— 2a)x— (2a— 8a«)x'+(3a«— 4a')x*— . . . . 

8. Develop V\ — x into a series. 

X X* Sx* 8'5x* 

Am. 1— 2" — 2^""2^F6~2-4-6-8 •* 

lioTB. - Assume v'l— « = A+Bx+ Qx-\-Ikf-\-. . . . ; then square both 
members, and the equations for the coefficients will be readily obtained* 
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9. Develop y l+3»+6»'+7«*+9a;*+ . . . . inta a 

rational terms. 

Sx lla;« 23x« 179x* 



of 



^ni.l + ^+ 8 



+ ir+ 



128 



^p • • • • 



-^ T, , 1— 2x*+8aj*— 4x*+5x»— 6a:>*+ ^ 

10. Develop -r- — ^ — ^ — j-J — ^ jj-j intoanequiV" 



alent serioB. 



1+ aj«+ x*+ »•+ »•+ »'•+.... 

^n,. 1— SxM 6x*— 7a;*+9«"— llx"+ .... 



REVERSION OF 8ERIB8. 



383. Tlie Reversion of a Series is tho proooss of finding the 
value of tlie unknown quantity in the series^ expressed in terms of 
another unknown quantity. 

1. Given y = ax+5x*+ca;*+cfa5*+cx*+ . . . . , to find the value 
of X in terms containing the ascending powers of y. 

In this equation, x and y are two indeterminate quantities, and 
either may have any value whatever without altering the form of 
the series. We may therefore apply the method of Indeterminate 
Coefficients. Assume 

x = At/+Bt/'+ Q^'+Dy + JEJ/+ .... (1) 

We may now find by involution the values of x*, x*, a?*, x% etc., 
carrying each result only to the term containing y*. Then substitut- 
ing for X, 03*, x*j etc., in the given equation we shall have, after 
transposing y, 

y*+ aE 2/' 
+2hAD 
+2hB O 
+ ^cA'C 
+ ScAB' 
+AdA'B 
+ eA^ 

This is an identical equation, being true for all values of y. 
And if we place the coefficients of the different powers of y sepa- 
rately equal to zero, (368, lY), and reduce the resulting eqim- 



0=zaA 


y-\-aB 


y*+ aC 


y«+ aD 


1 


hA\ 


-\-2lAB 


+26^(7 


1 


+ cA^ 


+ IB!" 


+ ScA'B 








+ dA* 
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tioDfly we shall obtain the yalucs of the assumed coefficients as 
fdlowB: 



a 



W 



^= — 



(7 = 



i>= — 



a' 



66* — 5a&c-|-a*<? 



a' 



ir = 



146*— 21a5V+6a*5(f+8aV— a«« 



a' 



If we substitute these values of A, By (7, etc., in equation (1), we 
shall have the value of x in terms of a, 5, c. ... , and the powers 
pf y ; that iS, the given series will be reversed, 

2. Given y = aa5+6x'+cx*+dic^+cx*+ . . • ., to find the value 
of X in temm of y. 

Assume x = Ay+By^+ CS^*+2>/+^»+ .... 0) 
Proceeding as before, we shall obtain, 

a 



«^ 



J5 = — 



(7 = 



or 

W—ac 



a' 



i>= — 



126*— 8a5c+a«c? 



a 



i« 



^ = 



656*— 55aZ>V+10a«6c?+5aV-^V 



a 



It 



In the preceding examples the letters a, 5, c, • • • • , represent any 
coefficients whatever. Hence, in reverting any series in either of 
these forms, we may determine the values of the assumed coefficients 
by ah application of formula {F)^ or (G^. 

3. Bevert the series y = a54-2a;*+4aj*-|-3x*+ • . . • 
Assume, x = -4y+5y'+ C|^*-f-i>y*-|- • • • • 



880 8BBIES. 

If we now substitute in fonnnla (P^, 

a = 1, 6 = 2, c = 4, cf = 8, 
we shall obtain A=:l, B=z—2, C=z4, D = 
Henoe^ a5=y — 2y"+4y' — 8y*-f..,., -Im. 

EXAMPLES FOB FRACTIGS. 

1. Revert tbe series y = «+«'+«•+«*+»•+ • • • • 

Ans. 05 =y— y'+y*^^*+y* — ••• 

• 2. Bevert the series y = a5+3a5*+5a5*+7x*+9^x*+ • • • • 

^nf. a;=y--3/+13/— 67/+881/— 



• • • • 



y . y' y* , y' ^ 

• ••« 



8. Revert the series x =y— |- ^-f- — j- +|- — 

A o 4 u 



• • •• 



'• • • • 



4. Revert the series y =0; — a'+a;* — ^a;*-|-a5* — 05"+ 

Aru. X = y +y+2y»+5/+14jf*+ • . . . 

6. Revert the series y = 2x+3a5*4-4a;*-f-6x'+ • • • • 

. y 3y*^19y* 152/ 

^n*. a:=2-i6- + T28" — 1024 +•••• 

6. Revert the series x = 2y+4y*+6y*+8y*+10y*+,... 

. x x" ^ 5x* 7a;* 21a;* 

^^.y=2— 2 + -8 — T+"i6 — •••• 

384. One of the principal objects in reverting a series is, to 
obtain the approximate value of the unknown quantity when the 
sum of the series is known. Thus^ 

1 4x« 6x* 8a;* ^ , , 

1. Given j = 2x «- + "H ;f- +. . . • to find the ap. 

4 o 7 

proximate value of x, 

Aa^ 6a;* 8a;* 
Let us put 9 = 2x 5- -|- ~E 7 — [-••••» (1) 

and consider x and s as variables. Reverting (1)^ by formula (JO, 

8 «• 13«* 5«* 
'*' = 2 + 6+3"60+i512+'*** ^^^ 

Now if we put f = I in this equation, the result will be a can 
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vwgmg seriej} and we may find the approximate yalae of x^ hy 
computing the yalues of the tenns separately. Thus, 



8 




1 


1 






2 


= 


4 


'2 


^ 


.125000 


^ 




1 


1 






6 


25 


16 


Jk 

'6 


= 


.010416 


IS*" 




1 


13 






860 


ss 


64 


'860 


= 


.000564 


5** 




1 


5 






*^V 


^.^ 


«M 


*^ 


.^. 


.000018 


1512 




256' 


1512 


« 


m^^ y^ ># ^^ ^bV^ 



Henoe, x = .135993^ ^n<. 



EXAMPLES. 



1. Given |=*5x— 20x*+80x»— 320x*+1280x»— ...., to fina 
the approximate value of x. Ans. x = .117647. 

2. GiTenl^«+^^ + ^ + ^g + ^+ to find 

the approximate value of x. Ans. .454620. 

1 a" «• x^ 

8. Given — = x — tt — tt: — tto — • • • •> *<> fii^d the approxi 



5 "" 6 40 112 

mate value of x. Am. x = .201369* 

1 3a;* 5x* 7x* 

4. Given J = aj— g^^ + j^g — ^g+ ••••, to find the ap. 

prozimato value of x. Am. x = .274655. 



SUMMATION OP INFINITE SERIES. 

S8S. The Summation of a Series is the process of obtaining a 
finite expression equivalent to the series. 

S86« The method of summing a given series must always 
depend upon the nature of the series, or the' law governing its 
development. Formulas have already been given for the summa- 
tion of arithmetical and geometrical series. We will now investigate 
the methods of summing a variety of other series 
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RECURRING SERIES. 

I 
\ 

38 7« A Becnrring Series is one in Vl^icli a certain number of 
consecutive terms, taken in any part of die series, sns^n a fixed 
relation to the term wliich immediately succeeds. Tlius, 

l-|-4x-f lla;»+34a;*+101a;*+ . • . . 

it» a recurring series, in which if any two consecutive terms be taken 
the product of the first by dx* plus the product of the second bj 
2Xf will bo equal to the next succeeding term. The coefficients of 
these multipliers, or 

8, 2, 

are called the scale of relation. In the recurring series 

l+x+Sx*+Sx*+nx*+42x*-jrl00x*+ .... 

the scale of relation is 3, 2, 1. 

38 8« A recurring series is said to be of the Jirst order, when 
each term after the first depends upon the term which immediately 
precedes it. The scale of relation will con»st of a single pait^ and 
the series will be a geometrical progression. 

A recurring series is said to be of the second order, when each 
term after the second depends upon the two preceding terms; the 
scale of relation consists of two parts. 

A recurring series is said to be of the third order, when each 
term after the third depends upon the three preceding terms ; the 
scale of relation consists of three parts. 

380* To find the scale of relation and the svm of a recurring 
series of the second order. 

1st. Let a, h, c, d, represent the coefficients of any four consoo- 
utive terms; and let m, n, denote the scale of relation. Then from 
the nature of the series, we have 

ina4-nh = c ) 

mh-\-nc =z d) ^ ' 

These two equations will determine the values of m and n. 

2d. To find the sum of the series, denote the terms of the sericp 
by .4, B, C, etc., and let 

S=iA+B+ C+D+E+ .... (1) 
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TLe series is supposed to contain the ascending powers of x, the 
first power occurring in either A or B, Then because the series ia 
of the seeond order, wo have 

C = mAT^-^-nBx 

E = mCx*+wi)x 
etc. etc. etc. 

Adding these equations, and observing the value of S in (1), we 
have 

Wlience we obtain 

S-T^ — r (0 

1 — nx — mx' 

390. To find the scale of relation and the mm of a recurrmg 
Bevies of the third order, 

1st Let a, by c, «f, e, /, represent the coefficients of any six con- 
secutive terms ; also represent the scale of relation by m, n, r. 

Then we have, 

wa-f-nJ+rc = cf "J 

nib-\-nc-\'rd == c > (7^ 

mc-\'nd-\-re z=z f j 

These three equations will determine the values of m, n and r. 

2d. To find the sum of the series, represent the terms by, A, B^ 

Cj etc., and put 

S = A-\-B+ 0+I)+E+F+ .... (1) 

Then because the series is of the third order we shall have 

D = m^x*+nJ5x*+r(7x 

E = mJ5x*+n(7x'+ri)x. .g. 

F =i mCx^+nBx^+rEx 

etc., etc., etc., etc. 

By addition, observing the value of S in (1), we have 

S^A'-B—C= mx*S+nxXS—A)+rx(^S"A—B) 

wMBM we obtain 

^^A +B+ C -U+Byx-^Amc^ 

1 — rx — nx* — mx* ^ ' 

In like manner formulas may be obtained for the summation of 

reeorring series of higher orders. 



1 
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301. To apply these formnlas in the sununation of any giveil 
Beries, we must first determine the scale of relation by (P) or (^), 
and then we may obtain the sum of the series from (Q) or (F). 

If the order of the series is not known, we should first deter« 
mine the values of m and n by formula (P), and ascertain by trial 
whether the scale of relation thus found will apply to the given 
series. If it will not apply, we may determine the values of m, n, 
and r from formula (T)^ and ascertain by trial whether the series 
can be developed by the new scale thus obtained. If this also fail, 
we must establish other formulaa corresponding to still higher de- 
grees, and continue the trials. 

If, however, we resort in the first place to a formula corresponding 
to an order higher than that of the given series, then one or more 
of the quantities, m, n, r, etc., will prove to be zero, and the re- 
maining numbers may be taken as the scale of relation, without 
further trial 

1. Find the sum of the infinite series, 1 -|- 4x -|- lOx* -{- 22x* -f- 

46x*+ • • • • 

To determine the scale of relation, we have 

a = l, 5 = 4, c = 10, (7 = 22. 

These values substituted in formula (P), give 

m-\-An = 10, 
4m+10n = 22, 

from which we readily obtain 

m =^ "~2, n = 3. 

These numbers form the true scale of relation ; for we perceive 
that any coefficient after the second in the given series, is equal to 
three times the first preceding aoefficicnt| miima tviee tlie seoond 
preceding coefficient. 

To find the sum of the series, we have 

^ = 1, J5 = 4«. 

Whence by formula (Q) 

l+4x—Sx 1+a? 

'^ — l_3x+2x* "~ 1— 3a;+2a;* ' 

We have thus obtained the sum of the series in the form of an 
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algebraic fraction. Conyersely, the given series may be developed 
from this fiuction^ either by division, or by the method of indeter- 
minate coefficients. Indeed, it will be found that the sum of every 
recurring series is an irreducible fraction^ from which the series 
may be supposed to originate. The fraction from which any partic- 
ular series is supposed to arise, is called the generating fraction for 
dial series ; it is the same as the sum of the series. 

EXAMPLES FOB PBACTIOE. 

1. Find the sum of l+8x-f 4x'+7a;*+ll«*+ .... 



2. Find the sum of 1-f 6a;+12x»+48x*+120aj*-f .... 

An. ^+5^ 



1— 05— 6x* 



8. Find the sum of l+2a:— 6aj"-f 26x*— 119aj*-f .... 

l4-6a? 



Ans, 



4. Find the sum of H-4a? + 3a?'— 2a?'+ 4a;*H- l7a;*H- 3a;*+. . . 

A^ ^+»-+<^^ 

6. Find the sum of l+9x+5x*+7x*+9x*+ .... 

1+x 



Ans, 



(i^xy 

6. Fmd the sum of l+aj+5aj*-f 18«'-f 41x*-f 121a;»-f . . . . 

Am. 



1— 2x— 8aj" 



7. Fmd the gum of l+4a:+6a;*-f llx»+28x*+63x»+ 



As.. Cl+*)*-2»^ 



(1—xy—Sx* 

8. Fmd the sum of ^4 «•+ ^ + 10x'+ — - +91x»»+ . . . 

X 
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DIFFERENTIAL METHOD. 



303. The Differential Method is the process of finding any 
term of a regular series, or the sum of any number of terms, by 
means of the wccessive dtfferencet of the tenns. 

303* To find any term of a series by tlie differential method. 
If we subtract each term of a series from the next succeeding 
term, we shall obtain a new scries called the^r«^ order of differences. 
If we subtract each term of this new series from the- succeeding 
term, we shall obtain a series called the second order of differences ; 
and so on. 

Let a, b,e,dye^ . • • • represent a regular series, the subcessiye 
terms being formed according to any fixed law. We will fnrite the 
given terms in a vertical column, and proceed by actual subtraction 
to form the several orders of difierences, placing each order in a 
separate column, and each dificrence at the right of the subtrahend 
The result is as follows : 



Series. 

a 
b 
c 
d 
e 


Ist order of 
difference!. 


Sd order of 
diCerenees. 


8d order of 
dlfferenoei. 


4tli order of 
dUfereneee. 


b—a 
o--h 
d — e 
e — d 


c— 2Z»+a 
d^2c+b 
c— 2cZ+c 


d^Sc+Sb^a 


«— 4ef+6c— 46+a 



The quantity which stands first in any column, though a polyno- 
mial, is called the first term of the order of differences which 
designates the column. 

Let cf,, e?2, cfj, d^, etc., represent the first tcmis^ of the first, 
second, third, fourth, etc., orders of differences. Then we shall 
have 

rfj = b—a 

d^ = c — 25+a 

c?3 ^d — 3c-|-3fc — a 

<?4 = e — 4cZ+6c — 45-f-«) ©tc. 
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By transposition, we may obtain, after making the necessary 
sabstitutions, 

a=:za 

These equations express the values of a, h, c, d, e, etc., in terms 
of a, d^f d^y d^y d^, etc. The coefficients in the second members 
are formed according to the hinomial formula ; and we observe that 
the coefficients of the second power of a binomial are found in the 
third equation, the coefficients of the third power in the fourth 
equation, and so on. 

Henco, if we let T^^ denote the (n-^iyh term of the given 

series, 

a, hf c, dy 6j. • • • 

then we shall have 

^ . T . w(n — 1) , . n(n — IVn — 2) _ , 

T^, =^a+nd,+-^^d^+ ^ ^ ^^ g ^ d^+.... (m) 

And by substituting n — 1 for n, we shall obtain a formula for the 
nth term of the given series ; thus, 

304* To find the sum of any number of terms of a series^ hi/ 
the differential method, 

Represent the given series by 

a, hy c, dy «,.... (1) 

And denote the sum of n terms by S, We are to find the values 
of /S in functions of 

Let ufl assqme the auxiliary series, 

0, a, a+5, a-f-5+c, a+5+c+(Z, •... (2) 

It is obvious that the (w+l)th term of this series is the same as 
che sum of n terms of the given series, (1), and may be placed equal 
to S. Now let 

29 W 
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represent the first terms of the successive orders of difiercnccs in 
the auxiliary series (2). Then hj formula (tw), we have 

^=0+nc/,-| 2" — ^2 + 2 ' 3 — «»+•••• W 

But if we proceed to form the first, second, third, etc., orders of 
differences for the auxiliary series (2), we shall have 

d\ := a, 

c?'jj = h — a = c?|, 

c?'g = c — 26 +a = c?^, etc. 

Hence, hy substitution in equation (n) we have 

305* The use of formulas (^A) and (^B) may be illustrated by 
the following examples : 

1. Find the 12th term of the series, 1, 5, 15, 35, 70, 126, etc. 
We first form the successive orders of differences, as follows : 

1, 



6, 


4. 




15, 


10, 


6, 


85, 


20, 


10, 4, 


70, 


35, 


15, 5, 1, 


26, 


56, 


21, 6, 1, 



0. 

Thus we have n = 12, and 

a = l, f?i = 4, 6^2 = 6, <?3=4, <?4=1, d^=zO. 

Substituting these values in (A\ and reducing the terms, we obtaia 

T^z = 1+44+330+660+330 =1365, Ans. 

The series is broken off at the fii^h term, because the subsequent 
differences are all zero. 

2. Sum the series 1, 3, 6, 10, 15, 21, etc., to n terms. , ^ 
By forming the successive orders of differences, as in the last 
example, we shall obtain 

a = 1, e?| = 2, c?<2 = 1, d^ = 0. 
Wliftnce, by formula (J?), 
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/S_n+-^— 2+ 2-r3 ' 

all the terms after tlie third becoming zero. By performing the 
indicated operations, adding the results, and then factoring, we have 

o 



EXAMPLES FOB PRACTICE. 

1. Find the 9th term of the series 1, 4, 8, 13, 19, etc. 

Ans, 53. 

2. Find the 15th term of the scries 1, 4, 10, 20, 35, etc. 

Ans, 680. 

8. Find the 8th and 9th terms of the series 1, 6, 21, 56, 126, 
251, 456, etc. Am. 771 and 1231. 

4. Find the 20th term of the scries 1, 8, 27, 64, 125, etc. , 

Ans: 8000. 

5. Find the nth term of the scries 1, 3, 6, 10, 15, 21, etc. 

An.. '^. 

6. Find the nth term of the scries 1, 4, 10, 20, 35, etc. 

An.. K"+lX>»+2)^ 

7. Find the wth term of the scries, 1, 5, 15, 35, 70, 126, etc. 

^„, ^(n+l)(n+2)(n+3) ^ 

24 

8. Sam the series 1, 3, 6, 10, 15, 21, etc., to 20 terms. 

Ans. 1540. 

9. Sum the series 1, 5, 14, 30, 55, 91, etc., to 12 terms. 

Ans. 2366. 

10. Sum the series' 1, 4, 13, 37, 85, 166, etc., to 10 terms. 

Ans. 2755. 

11, Sum the series, 1 • 2, 2 • 3, 3 • 4, 4 • 5, 5 • 6, etc., to n term* 

n(n+l)(n+2) 
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12. Sum the series 1 • 2 • 8, 2 • 3 • 4, 3 • 4 • 5, 4 • 5 • 6, etc., tc 
n terms. n(n-|-l)(n-(-2)(n-|-3) 

4 

13. Sum the series 1% 2% 3*, 4'^ 6*, etc., to n tonns. 

^, n(n+l)(2n+l) ^ 



14. Sam the scries 1*, 2*, 8*, 4% 6*, ete., to n tenmu 

Ans. 

15. Sam the series 1*, 2*, 3*, 4*, 5*, etc., to n tcnns. 



4 • 



^"••6 +2- +3 -so- 



le. Sam the series (w+1), 2(w+2), 8(m-f-3), 4(w+4), etc., 
to n terms. n(»+l)(l+2n+3m) 



6 



INTERPOLATION. 

306* Interpolation is the process of introducing between tlig 
terms of a series, intermediate terms which shall conform to the 
aw of the scries. It is of great use in the construction of mathe- 
matical tables, and in the calculations of Astronomy. 

307* The interpolation of terms in a series is effected by the dif- 
ferential method. In any series, the value of a term which has n 
terms before it is expressed by formula (^), (303), which is 

If in this formula we make n B./ractionj then the resulting equa- 
tion will give the value of a term intermediate between two of the 
eriven terms, and related to the others by the law of the series. 

If n is less than unity, the intermediate term will lie between the 
first and second of the given terms ; if w is greater than 1 and less 
than 2, the intermediate term will lie between the second and tliird 
of the given terms ; and so on. 
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f^l = 2.758924 ^ 

^^22 = 2.802039 A to find tlie cube roots 

of intermediate num- 
bers, by interpolation. 



Given ^f^2d = 2.843867 
f2l = 2.884499 

.f^25 = 2.924018 
1. Required the cube root of 21.75. 

We have 



No. 

21 


Cube Boots. 


d, 


d^ 


d. 


d. 


2-758924 










22 


2.802039 


+.043115 








28 


2.843867 


+.041828 


—.001287 






24 


2.884499 


+•040632 


—.001196 


+.000091 




25 


2.924018 


+.039519 


.001113 


+.000083 


—.000008 



Hence, to find the cube root of 21.75 by the formula, we have 
a = 2.758924, n = .75, 

d^ = +.043115, cZo = —.001287, d^ = +.000091, etc. 

These values substituted in the formula, give 

1st term, +2.758924 



2d 
3d 
4th 



a 



(C 



u 



Whence, 



+ .032336 
+ .000121 
+ .000004 
2.791385, Ans, 



if it were required to find the cube root of any number between 
22 and 23, we might put n equal to the excess of the number 
above 21, and employ the same values -for d^, d^^ d^, etc., as before. 
But greater accuracy will be attained by making 22 the first t^rm 
of the series, and employing the corresponding differences; in 
which case n will be a proper frax;tion. 



EXAMPLES FOB PBACTIOE. 



Find by interpolation, 

1. The cube root of 21.325. 

2. The cube root of 21.875. 

29* 



Ans. 2.773083. 
Am. 2.796722. 
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3. The cube root of 21.45G8. ^iw.. 2.778785. 

4. The cube root of 22.25. Am. 2.812613. 

5. The cube root of 22.G84. Arts. 2.830783. 

6. The cube root of 22.75. Ans. 2.833525. 

398* On tlirco consccutivo days, tlio angular distances of the 
Bun from the moon, as seen from the earth, were as follows: 

1st day, noon, 66^ C 38''. 

" <* midnight, 72«» 24' 5". 

2d " noon, 78** 34' 48". 

« « midnight, 84^39' 4". 

8d « noon, 90*» 37' 18". 

^ « midnight, 9G** 29' 57". 

In the data here given, the interval of time is 12 hours. Hence, 
to find the distance of the sun from the moon at intermediate times, 
n must always be some fractional part of 42. Thus, for the distance 
at 3 o'clock p. M. of the firet day we have n = -j^ = ^, and a = 
66® 6' 38" ; for the distance at 6 o'clock a. m. of the second day, 
n = A = 4, and a = 72^ 24' 5". For the distance at 3 o'clock 
P. M. of the second day, n = ^ = ^, and a = 78^ 34' 48". 



EXAMPLES FOR PRACTICE. 

Find by interpolation the distance of the sun from the moon, 

1. At 3 o'clock p. M. of the first day. Ans. 67** 41' 39". 

2. At 6 o'clock p. M. of the first day. Ans. 69** 16' 13". 

3. At 9 o'clock p. M. of the first day. Ans. 70** 50' 22". 

4. At 3 o'clock A. M. of the second day. Ans. 73** 57' 23". 

5. At 6 o'clock A. M. of the uecond day. Ans. 75** 30' 16". 

6. At 9 o'clock A. M. of the second day. Ans. 77** 2' 44". 

7. At 3 o'clock p. M. of the second day. Ans. 80** 6' 27". 

8. At 6 o'clock p. M. of the second day. Ans. 81° 37' 43". 
9 At 9 o'clock p. M. of the second day. Ans. 83** 8' 35". 
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LOGAIIITBCVIS. 

300* The Logarithm of a number is the exponent of the power 
to which a certain other number, called the hose, must be raised^ in 
order to produce the given number. Thus, in the expression, 

a« = by 

the exponent, x, is the logarithm of & to the base a. 

An eqi^ation in this form is called an exponential equation. 
If in this equation we suppose, a to be constant, while h is made 
equal to every possible number in succession, the corresponding 
values of x will constitute a si/stem of logarithms : hence, 

400. A System of Logarithms consists of the logarithms of 
all possit le numbers, according to a given base. 

Any positive number greater tl an unity may be ^ made the base 
of a system of l(^arithms. For, hr giving to x suitable values, the 
equation a' z=b 

will be true for all possible values o? bj provided a is positive and 
greater than 1. Hence, 

There may be an indefinite number of systems of Irjgarithms. 

4LOI* If in the equation a' = 6, we suppose b to represent a 
perfect power of a, then x will be some integer ; but if 6 is not a 
perfect power of a, then x will be some fraction. Hence, 

A logarUh/m may consist of an integral and a fracticmal part, 

403. The Index; or Characteristic of a logarithm is the integi-al 
partj and 

4:03. The Mantissa is the fractional part of a logarithm. 
For illustration, let 5 be the base of a system ; then we have 

5*" = 5? = V5* = 37.384. 

Thus, the logarithm of 37.384 to the base 5, is 2.25 ; the index 
of this logarithm is 2, and the mantissa .25. 

PROPERTIES OF LOGARITHMS. 

404* There are certain properties of logarithms, which are 
eommon to all systems. To investigate those general properties, lei 
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a denote the base of the system ; also^ designate the logarithm of a 
quantity by log., written before the quantity. 

1. — In any system, the logarithm of unity is 0. 

For, let a* = 1 3 then x = log. 1. 

But by (88), if a» = 1, then x = 0, or log. 1 = 0. 

2. — In any system, the logarithm of die base itself is umtjf^ 
For, let a!' -=1 a'f then x = log. a. 

But by (88), if a" = a, then a; = 1, or log. a =r 1. 

3. — Tlie logarithm of the product of "two numbers is equal to ik§ 
sum of the logarithms of the two numbers. 

For, let ni = a% n = a'} 

then X = log. m, z = log. n. 

But by multiplication we have 

mn = af^} 
therefore, log. mn = x-^-z = log. m+log. n, 

4. — The logarithm of a quotient is equal to the logarithm of ih€ 
dividend diminished by the logarithm bf the divisor. 

For, let m = a", n = a* ; 

then X = log. m, z= log. n. 

nt 
By division we have — — o*"* : 

n ' 

therefore, log. ( — ) = ^ — « = log* ^ — log* »• 

5. — The logarithm of any power of a number is equal to tht 
logarithm of the number multiplied by the exponent of the power. 

For, let m =. aS") then x = log. w. 

By involution we have m* ^= a^] 

therefore, log. (m*") = ra; = r log. m. 

6. — The logarithm of any root of a number is equal to ih4 
logarithm of the number divided by the index of the root. 

For, let m =1 a' *j then x = log. m 

u 

By evolution we have Vwi = a'' ; 

, _ , X log. m 

therefore, log. %/w. = — = 



a 



T T 
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4:0S* The principal use of logaritlims is to facilitate aritlimet- 
ical computatioDS. By means of the last four properties, we may 
avoid the ordinary labor of multiplication, division, involution, and 
evolution, — ^theso operations being practically performed by addition 
and mbtraction. 

For this purpose, it is necessary to have a Table of Logar^ithms^ 
80 constructed that we may readily obtain the logarithm of any 
number within a certain limit, or the* number corresponding to any 
logarithm, to a certain degree of approximation. The common 
tables give the logarithms of numbers from 1 to 10,000, correct to 
6 decimal places. 

With a table of this kind, we have the following obvious 

BULES FOR COMPUTATION. 

I. To multiply one number by another : — Find the logarithmM 
of the given nwnihers ; add these logarithms^ and find the number 
corresponding to the sum ; this number will be the required product ; 

(404, 3). 

II. To divide one number by another : — Find the logarithms of 
the given numbers ; subtract tJie logarithm of the divisor from tJicU 
of the dividendf and find the number corresj)onding to tJie diffei*ence ; 
this number wiU be tJie required quotient ; (404. 4)« 

m. To raise a number to any power : — Find the logarithm of 
the given number y and multiply/ it by tJie eoqwnent of the required 
power ; then find the number corresponding to this product, and it 
vnU be the required power ; (404. 5). 

IV. To extract any root of a number : — Find the logarithm of 
the given nurnJjer^ aiid divide it by the index of the root ; then find 
the number corresponding to the quotient, and it wiU be the required 
root; (404, 6). 

Note. — ^From (400), we infer that negative numbers^ as such, hate no 
logarithms. But we may always employ logarithms in calculations where 
negative factors are involved, by disregarding signs until the absolute 
value of the product or quotient i% obtained. 



\ 
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TUB COMHON SYSTEM. 

406 Any positive number greater than unity may be made the 
base of a system of logarithms. But the only base used in practical 
calculations, is 10. The logarithms of numbers according to this 
base, fonn what is called the Common System of logarithms. 

Note. — Besides the common 'System, there is another, called the Nor 
perian System^ from Baron Napier, the hiventor of logarithms. Tliis 
lystcm is of great theoretical importance, and its relation to other systems 
«s'ill be sliown in a subsequent article. 

4:07. The peculiarities which constitute the advantage of the 
common system, may be shown as follows : 
Since 10 is the base of the system, 

log. 1 = log. 10* . = 0, 

log. 10 = log. 10' = 1, 

log. 100 = log. 10" = 2, 

log. 1000 = log. 10* = 3, 

log. 10000 = log. 10* = 4. 

Now it is obvious that if any number, integral or mixed, be great- 
er than 1 and less than 10, its logarithm will be entirely decimal ; 
if the number be greater than 10 and less than 100, its logarithm 
will be 1 plus a decimal ; if greater than 100 and less than 1000, 
its logarithm will be 2 plus a decimal ; and so on. Hence, 

1.- 'TJie common logarithm of an integer or a mixed number 
will have a positive index, equal to the number of integral places 
milium 1. 

Again, since the logarithm of 10 is 1, it follows that if a number 
be divided by 10* continually, the logarithm will be diminished by 
1 continually, the decimal part remaining unchanged. 

Let us take any number, as 5468, and denote the mantissa, or the 
decimal part of its logarithm, by m. Then we have 

(1.) . (2.) 

log. 5468 = 3-fm, log. .5468 = — 1+w, 

log. 546.8 = 2+m,- log. .05468 = — 2+m, 

log. 54.68 = 1-fm, log. .005468 = — 3-f-m, 

log. 5.468 -=; 0+m; log. .0005468 = — 4-fw; 
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itt which 3, 2, 1, 0, are the indices of the logarithms in coiuma (1); 
and — 1, — 2j — 3, — 4, are the indices of the logarithms in column 
^) ; and m, the decimal part in all. Hence, 

%.—lf two numbers consist of the same figures^ and differ only in 
the position' of ike decimal point, their logarithms, in the common si/S" 
Hem, Htl^ have the same decimal part, and will differ only in the valr 
mes of ike mdex. 

3. — The common logarithm of a decimal fraction wiU have a 
negative index ; if the significant part of the decimal commence at 
ihe tenths place^ ^ index of the logarithm wUl he — 1 ; hut if, ci- 
phers occur between the decimal point and the first significant figure, 
the index of the logarithm will be numerically equal to the number 
of intervening ciphers, plus 1. 

4:08* I& writing the logarithm of a decimal fraction, the minus 
sign is placed before the index, and the decimal or positive part an- 
nexed without any intervening sign. Thus, from a table of loga- 
rithms, we have 

log. .0546 = —2.737193, 

in which the minus sign must be understood as affecting only the 
index 2. This logarithm is therefore equivalent to 

— 2+.737193. 

COMPUTATION OF LOOARITHMS, 

400. Since the rules for computing by logarithms require a 

logarithmic table, it becomes necessary tb calculate the logarithms 

C3f an extended series of numbers. The only practical method of 

^oing this, is by means of a converging series, expressing the value 

<>f any logarithm in known terms. 

Let us resume the fundamental equation, 

a'=b, a) 

«Ji which X is the logarithm of h, to the base a. 

Assume a = l-\-c, b = l-\-p ', 

then (}+cy = 1+p, (2) 

^here x is the logarithm of l-\-pi to the base a. 






^8 BERISS. 

liaise both members of equation (2) to the nth power ; then 

(l+c)~ = (1+;,)-. 
Expanding both members by the Binomial Theorem, we have 

„(n-l)(«-2) _ . *i(»-l)(«— 2)(n-3) _, , 

2 • 3 ■P"' 2 • 3 • 4 -?+•••• 

Dropping unity from both members, and dividing by n, wc obtun 
_ ^ . (!^W (^l)("-2) ,. I (»-l)(«-2)(»-3) 

» 

This equation is true for all values of n ; it will be true, there 
fore, when n = 0. Making this supposition^ the equation reduces to 



(8) 



/ c* c* c* c* \ i>» »• p* p* 

'V-i+3-i + 5—'-)=p-2+i-i-+i—'' 

From equation (2), we perceive that 

X = log. (l+p). 
Hence, if we place • 

1 

.e([uation (3) will become 

log. (1+p) = J!/( p._|' + 1' _|* + f * ) . ' (^ 

Thus, we have obtained an expression for the logarithm of the 
number 1-j-p, or b. This expression consists of two faotors; namely, 
t)ie (juantity in the parenthesis, which depends upon the number, 
and the quantity J/, which depends upon the base of the system. 

410. It is obvious that if a definite vglue be given to Jf, the 
base of the system will be fixed and determinate. Baron Napier 
arbitrarily assumed 3f=l. 

To determine the base of the system, according to this assumption, 
substitute 1 for M in equation (4), (409). We shall have, after 

TeJucing, 
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c* . c* cV c» 



^ = '"-2+3~4+6"--- 



c" c* c* . c» 



• • • • 



• • 



Putting s = 1^ we sliall have 

•="-^• + 3— 4+5- 
AevertiDg the series, we obtain 

Kcstoring the value of «, 

,-11 ^ I ^ I ^ . ^ I 

^l-2'^l-2-3"^l-2-3-4"^l-2-3-4-5^'* 

By taking 12 terms of this series, we find the approximate value 
of c to be 1.7182818. But the base is 1+c; hence, adding 1 to 
the result, and representing the sum by e, the usual symbol for the 
Naperian base^ we have 

c = 2.7182818, 

which is the base of the Naperian system. 

411. In the general formula, {A\ the quantity My which depends 
upon the base, is called the modulus of the system. Thus, the 
modulus of the Naperian system is unity. 

Let us here designate Naperian logarithms by nap. log., and log* 
arithms in any other system by log., simply. Then, 

log. (i+i>) = mI^p _|* +1' -I* + 1 -• • . . ) (1) 

t,.p.log.(l+i>)= (p-f'+f'-f'+l* ) >) 

Dividing (1) by (2), we obtain 

jf_ log.(l+JP) . (8) 

nap. log. (l+i?) ' 

or, I nap. log. (1+p) } X ^ = log. (1+JP), W 

where Jf is the modulus of the system in which the logarithm of 
the 8€kxmd member is taken. Hence, 

The modulu8 of any particular system is the constant multiplier 
V)htch wiU convert Naperian logarithms into the lo^rithms of thai 

9ff8t€m, 
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41 3« Formula {A) can be employed for the computation of 
logarithms, only when p is less than unity; for if jp be greater than 
unity, the scries will be diverging. The series, however, may be 
transformed into another which will be always converging. 

Let us resume the logarithmic series, 



log.(l+p) = Jf (^-I'+f'-fVf*—...)- 
If hi this equation we substitute —p for p, we shall have 

H.(w>.=^(^f-i'-?-f--)- 

If we subtract equation (2) from equation (1), observing that 
los(l+l')-log.(l-l') = log. (J^), 



(1) 



(8) 



we shall havo 

Assume p =: - — -=- : whence we obtain t-^ = -^^« 

2z-\-l 1 — p 'Z 

These values substftutcd in equation (3), give 
f±lU 



log. ( 



z 



} 



^^V2«+l +3(2z+l)'"'"5(2«+l)» + 7(2z+l)'+*V* ^*' 

The first member of this equation is eqnlTalent to log. (»-\-V) — 
log. z. Hence, finally, wo have 

iog.(»-(-l) — Iog.« ^ 

^^ (2HhT "^ 3(2;s+l)' + 5(22+1)* + 7(2^+1)' +• • / * ^^ 
This series is rapidly converging, and may be employed with 

facility for the computation of logarithms, in the Naperian, or in 

the common system. . 

To commence the construction of a table, first make 2 = 1; then 

log. « = 0, and the formula will give the value of log. (z-\-V)^ or 

log. 2. Next make « ^ 2 ; then the formula will give the value 

«f log. («+!)) or log. 3 ; and so on. 
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It is necessary to compute directly the logaritlims of prime num- 
bers only, in any system ) for, according to (4041:, 3), the loga- 
rithm of any composite number may be obtained; by adding tho 
logarithms of its several factors. 

4:13« We will now illustrate the use of formula {B\ by com* 
puting the Naperian logarithms of 2, 4j 5, and 10. 

]\Iake « = 1 ; then nap. log. « = 0, and nap. log. (z-{-V) = nap 
log 2; and sinoo JI/= 1, we have 

nap.log.2 = 2(jl-3 + 3lj+^ + J^+....). 

From a Column of numbers consisting of | and the quotients ob- 
tained by dividing f by 3', or 9, continually ; then dividing the 
first of these nun:>ers by 1, the second by 3, the third by 6, and so 
on, we obtain tbe several terms of the series. 

32 



9 
9 
9 
9 
9 
9 
9 



0.66666G66 -5- 1 = 

7407407 -^ 3 

823045 -V- 5 = 

91449 4- 7 = 

10161 -5- 9 = 

1129 -^11 = 

125 ^13 = 

14 -t-15 = 



.66666666 

2469136 

164609 

13064 

lf29 

103 

10 

1^ 

.69314718 = nap. log. 2. 
2 



WTicnco, by (404, 5), 1.38629436 = nap. log. 4. 

Next make « = 4 ; then z-^-l = 5 ; and 2z-\-\ = 9 ; and we 
have 



!^9 V — Ai 


U-9 ' 3-9' "■ 5-9' ' 7-9' ^ 


9 


2 


9«=81 


0.22222222 -^ 1 = ,22222222 


81 


27-1348 ^ 3 = 91449 


81 


3387 ^- 5 = 677 




42 -^ 7 = 6 



.2231 1354, sum of scricf 



852 6X&IE8. 

To • .22814354 

Add nap. log. 4 = 1.38629436 

1.60943790 = nap. log. 5. 
Add nap. log. 2 = .69314718 

Whence, by (404, 8), 2.3025b508 r= nap. log. 10. 

414* In order to compnte common logaritlimsy we must first 
determine the modulus of the common system. From (411)y 
equation (3), we have 

^^ log.(l+jp) 



nap. log.(l-}-2?) 

In this equation, make l-f-p = 10, the base of the common 
system. Then we have 

^= 13025850^ = •4«^-^*^«; <^> 

the value of the modulus sought. Substituting this value in 

formula (^), we obtain the foimula for common logarithms, as 

follows : 

log. («+l) — log. z = 

^6858896(^+3^.+^-^.+=^,+ ..). <^ 

To apply this formula, assume « = 10 ; then 

log. z = l, and 2a;4-l = 21. 



21 

21« = 441 

441 



.86858896 

.04136138 4- 1 = .04136138 

9379 -T- 3 = 3126 

21 ~ 6 = 4 



.04139268, sum of series. 

Add log. z = LO /,> 

log. (;^+l) = 1.04139268 = log. 11. 
If wc make z = 99, then ^+1 = 100, and 22;+l = 199. 
In this case, the formula will give the logarithm of 99 ; for, 
log. (2;+l)— log. z.= log. 100— log. 99 = 2— log. 99. 



199 
1G9« = 39601 



.86858896 

436477 -J- 1 = .00436477 
11 ^ 3 = 4 



.00436481; sum of series. 
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Therefore, we liaye 

2— log. 99= .00436481, 
whence, 1.99563519 = log. 99. 

Subtract log. 11 = 1.04139268 

.95424251 = log. 9 
And by (404, 6), i Ipg. 9 = .47712126 = log. 3. 

Thus we may compute logarithms with great facility, using the 
formula for prime numbers only. 

USE OV TABLES. 

41S« The following contracted tables will illustrate the princi- 
ples of logarithms, and the methods of using the larger tables. 
The logarithms are taken in the common system. 

TABLE I. — ^Logarithms from 1 to 100. 



N. 



1 
2 
3 
4 
5 

6 

7 

8 

9 

10 

11 
12 
13 
14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
25 



Log. 



000000 
301030 
477121 
602060 
098970 

778151 
845098 
908090 

954243 

1 000000 



1 
1 
1 
1 
1 



041393 
079181 
113943 
146128 
176091 



1 204120 
1 230449 
1 255273 
1 278754 
1 801030- 



1 
1 
1 
1 
1 



322219 
342423 
361728 
380211 
397940 



N. 



26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

• 36 
37 
38 
39 
40 

41 
43 
43 
44 
45 

46 
47 
48 
49 
50 



Log. 



1 
1 
1 
1 
1 



414973 
431364 
447158 
462398 
477121 



1 491362 
1 505150 
1 518514 
1 531479 
1 544068 

1 55^303 
1 568202 
1 579784 
1 591065 
1 602060 

1 612784' 
1 623249 
1 633468 
1 643453 
1 653213 

1 662758 
1 672098 
1 681241 
1 690196 
1 698970 



51 
52 
53 
54 
55 

56 
57 
58 
59 
60 

61 
62 
63 
64 
65 

66 
67 
68 
69 
70 

71 
72 
73 
74 
75 



Log. 



1 
1 
1 
1 
1 



1 
1 
1 
1 
1 

1 
1 
1 
1 
1 



707570 
716003 
724276 
732394 
740363 



1 748188 
1 755875 
1 763428 
1 770852 
1 778151 



785330 
792392 
790341 
806180 
812913 

819544 
826075 
832509 
838849 
845098 



1 851258 
1 857333 
1 863323 
1 869232 
1 875061 



N. 



76 

77 
78 
79 
80 

81 
82 
83 
84 
85 

86 

87 
88 
89 
90 

91 
92 
93 
94 
95 

96 
97 
98 
99 
100 



Log. 



1 880814 
1 886491 
1 892095 
1 897627 
1 903090 

1 908485 
1 913814 
1 919078 
1 924279 
1 929419 



1 
1 
1 
1 
1 

1 
1 
1 
1 
1 



934498 
939519 
944483 
949390 
954243 

959041 
903788 
968483 
973128 
977724 



1 982271 
1 986772 
1 991226 

1 995635 

2 000000 



i-M 



S54 
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TABLE H— LooATimiMS op LEADma Nukbbbs wrnrour Indicbbl 



N. 

100 
101 
102 
103 
104 
105 
IOC 
107 
108 
109 



0. 



1. 



000000 
004321 
008600009026009451 



000434000868 
004750005181 



2. 



^5609 006038 006466 006894 007321 007748 008174 

011147 011570 011993 012415 



013259 013680 014100 014521 



021603 022016 022428 022841 



012837 

01703:^0174511017868 
021189 

025306|025715|026125 026533 
029384 029789030195 
03342403382603422 



8. 



037420 037825 038223 038620 039017 039414 039811 



001734 002166 002598 003029 003461 



001301 

005609 

0098760103001010724 

01410 

018284 



030600031004 



5. 



014940 015360 015779 016197 016616 



018700 0191 16 019632 01994 



6. 



031408031812 



034628 035029 035430 035830 036230 036629 037028 



7. 



023252 023664 024075 024486 



026942027350027757028164028571 028978 



040207 



8. 



032216032619083021 



9. 



003891 



1020361 020775 
024896 



040602 040998 



In table I, tho logaritlims are given, with indices, in columns 
adjacent to the columns of numbers. 

In table II, each figure in the row at the top may be annexed to 
any number in the left-hand column ; the logarithm of any number 
thus formed, will be found at the right of the number in the 
column, and beneath the figure at the top. The proper index may 
be supplied in any ca.se, according to the theory of logarithms. 
Thus, to obtain the logarithm of 1023 by this table, we find 102 in 
the left-hand column, and 3 in the top row; and opposite the 
former, and under the latter, we find 009876, the decimal part of 
the logarithm. Hence, log. 1023 = 3.009876. 

In like'^ manner, we find 

log. 104.2 = 2.017868, log. .1078 = —1.032619. 

CASE I. 

416. To find the logarithms of numbers when their 
factors are in the tables. 

Rule. — Take out from the tahles the logarithms of the factOT%^ 
and find their sum ; tJie result will he the logarithm required. 



EXAMPLES FOR PRACTICE. 

1. Required the logarithm of 533.5. 
Observe that 533.5 = 106.7 X 5 ; 

hence, log. 106.7 = 2.028164 

log. 5 = . 698970 

2.727134, Am. 
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2. Find the logaritlim of 520. Am. 2.716003, 

3. Find the logarithm of 146. Ans. 2.164353. 

4. Find the logarithm of 1450. Ans. 3.161368. 

5. Find the logarithm of 1.59. Ans. .201397. 

6. Find the logarithm of 2034. ' Ans. 3.308351. 

7. Find the logarithm of 76.37. Ans. 1.882923. 

8. Find the logarithm of .0201. Ans. —2.303196. 

9. Find the logarithm of .3822. Ans. —1.582290. 
10. Find the logarithm of 16995. Ans. 4.230321. 



CASE II. 

417. To find the logarithms of numbers intennediate 
between the numbers in the table. 

Since the logarithms in any tahle form a regular series, we may 
interpolate for intermediate logarithms, hy the usual formula, 

m • T ■ ^0^ 1) T t 

Ti^ = a+ndi+ -^ — d^+ .... 

K the logarithm of the given number is intermediate between 
the logarithms of table I, it will be necessary to take account of the 
Jirst and second differences. But we may always employ table II, 
where the logarithms increase so slowly that two terms of the 
formula will give the result accurately. 

The first four figures of a number, counting from the leflb, will 
be called the four superior fgures ; and the others, the inferior 
figures. To apply the formula, a will represent that logarithm of 
the table which is next less than the required logarithm, and n 
will denote the inferior figures of the number, regarded as a 
decimal. 

Hence the following 

Rule. — Take out the logarithm of the four superior figures of 
the given number; multiply the difference between this logarithm 
and the next greater in the table, by the inferior places of the num* 
her, considered as a decimal; add ijiis product to the former result^ 
and the sum wUl be ilie logarithm required. 
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EXAMPLES FOB i^BACTICE. « 

1. Required the logarithm of 1.07632. 

This number is found between 1.076 and 1.077 ; henoe 

log. 1.077— log. 1.076 = 404 = d^. 

And putting n = .32, we have 

a = log. 1.076 = .031812 
n^i = 404 X. 32 = 129 

.031941, -4n«. 

2. Required the logarithm of 3579. 

In order to make use of table II, we proceed thus : 

3579 ^ 35 = 102.25714+. 

log. 102.3— log.102.2 = 425 ; »=.5714 

log. 102.2 = 2.009451 

425X5714= 243 

2.009694 = log. 102.25714 
log. 35 = 1.544068 

3.553762, Ans, 

Note. — It is obvious that if we divide any number by its first two 
figures, we may oMain the logarithm of the quotient by means of table 
II ; then we may add the logarithm of the divisor, found by Table I, to 
obtain the rcquh'ed logarithm. 

3. Find the logarithm of 10724. Ans. 4.030357. 

4. Find the logarithm of 10.8539. Atu. 1.035586. 

5. Find the logarithm of 1021.56. Ans. 3.009264. 

6. Find the logarithm of 568.53. Ans. 2.754753. 

7. Find the logarithm of 3244. Ans. 3.511081. 

8. Find the logarithm of 365.25638. Ans. 2.562598 

9. Find the logarithm of 132.57. Ans. 2.122445. 

10. Find the logarithm of 567521. Ans. 5.753982. 

11. Find the logarithm of 258.7. Ans. 2.412796. 

12. Find the logarithm of 1.296. Ans. .112605. 



13. Find the logarithm of 5784. Ans. 3.762228. 
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EXPONENTIAL EQUATIONS. 

4118« We 'will now illustrate the application of logarithms to the 
solution of exponential equations. 

1. Given 2* = 10, to find the value of «• 

Suppose the logarithms of both members of the equation to be 
taken. We shall have, by (404, 5), 

X log. 2 = log. 10 ; 

"' * = "i§:2 = 301030 = ^-^^^^+'^"*- 

2. Given 6* = f, to find the value of x. 

Basing both members of the given equation to the power denoted 
by Xj wo have 

7- 

Taking the logarithms of both members, 

log. 25 = X log. 3 — X log. 7 ; whencej 

log. 25 1.397940 ^ ^^^^ . ^ 

aj -. ^ — - = — - = —3.79899+, Ans. 

log.3— log.7 .477121~.8-i5098 ^' 

3. Given ra^ ^ h*c, to find the value of x. 

Taking the. logarithms of both members of the equation ,we have^ 
by (404, 8 and 5). 

log. r-\-x log. a = 2 log. h + log. c ; 

2 log. h + log. c— log. r 



whence^ x = 



log. a 



EXAMPLES FOR PRACTICE. 

1. Given 7* = 8, to find the value of x. Ans. x = 1.06862. 

2. Given 5" = 30, to find the value of x. Anz, x = .94640. 

8. Given a" = Z»'c', to find the value of x. 

2 log. 5+3 log. t 



Ans. X = 



log. a 
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4. Given — -z — ^ m, to find the value of x. 
a 

log.(m<f+c)— log, a 

Aim, X = i 

log. 6 

6. Given ma* = 5, to find the valne of x. 

log. a 



Am. x = 



log. b — ^log. m 

6. Given a'-r&*'=2c and a'~-b^=2d, to find x and y. 

. log. (c-h<0 ^OfT. (c—d) 

Arts, X= , ^ ^, y=: ^ ^ £ 

log. a ^ log. 6 * 

7. Given 729 * = 8^ to find the value of x, Atu. x = 6, 

8. Given 216"^= 12, to find the value of x. Ans. x=V^^. 

log. 12 

9. Given 516 ■"= 12, to find the value of x. 

. ' 8 log. 43 „ 

Ans. x= ^ +3. 
log. 12 

10. Given 6" = A. ^ , to find the value of x. 

71 

18 log. 24+log. 17—3 log. 71 
^** *— 3 log. 6 
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SECTION VIII. 

PROPERTIES OF EQUATIONS. 

(tl9» Let us assume the equation, * 

«*+^x"^*+.Bx-^*+ . . . . + Tx-^ U=0, (1) 

in wliicli m, tlie exponent of the degree, is a positive whole number. 
Ac equation not given in this form may be readily reduced to it, by 
transposing all the terms to the first member, arranging them accord- 
ing to the descending powers of the unknown quantity, and dividing 
through by the coefficient of the first term. 

In this equation the coefficients. A, B^ C7, etc., may denote any 
quantities whatever; that is, they may be positive or negative, entire 
or fractional, rational or irrational, real or imaginary. 

The term UmvLj be regarded as the coefficient of x^, and is called 
the absolute term of the equation. 

4130* K the equation contains all the entire powers of x, from 
the mth down to the zero power, it is said to be complete ; if some 
of the intermediate powers of x are wanting, it is said to be incom- 
plete. An incomplete equation may be made to take the form of a 
complete equation, by writing the absent powers of x with ±0 for 
their coefficient 

4l31,'It has been shown (SOS) that any expression of the 
second degree whatever, containing but one unknown quantity, may 
be resolved into two binomial factors of the first degree with respect 
to the unknown quantity, — the first term in each factor being this 
quantity, and the second term one of the roots (with its sign 
changed) of the equation which results from placing the expression 
equal to zero. TVe therefore conclude that every expression of the 
second degree may be regarded as the product of two binomial 
factors of the first degree. 

So likewise the product of three binomial factors of the first 
degree with respect to any unknown quantity, will be an expression 
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of the tliird degree, and we readily see that hy varying the values 
of the second terms of the factors, corresponding changes are pro- 
duced in the product. Thus, 

(x— 2)(x+3)(a;— 6) = a'— 4aj»— llx+30, 

and, (x— 2+1/— 3)(x— 2— l/=3)(a;+ J) = x«— |x*+ y ; 

also, (x+1— l/^)(x+l+l/I^)(x— 2) = x'— 8. 

From these and ^ther examples, which may be increased at pleasure, 
it is inferred that any expression whatever of the third degree 
would result from the multiplication of some three Victors of the 
Srst degree in respect to x. And in general, any expression of the 
with degree with respect to its unknown quantity, may be regarded 
as the result of the multiphcation of m binomial factors of the first 
degree with respect to that unknown quantity. 

4L33* If then we have ai^ equation formed by placing a poly- 
nomial containing the unknown quantity^ x, equal to zero, and we 
discover the binomial factor x — a in the first member, it is evident 
that a is a root of the equation ; for, when substituted for x, it 
reduces the first member to zero. 

If we can succeed, therefore, in discovering the binomial factors 
of the first degree, of the first member of any equation, the roots 
of the equation will be the values of x obtained by placing each of 
these factors, successively, equal to zero. 

This reverse process of resolving the first member of an equation 
into its binomial factors of the first degree, is one the difficulty of 
which increases rapidly with the degree of the equation; and 
algebraists have as yet discovered no general nK3thod for effecting 
this resolution for those of a higher degree than the fourth. By 
special processes, however, the roots of numerical equations may be 
found exactly, when commensurable, and to any. degree of approxi- 
mation when not commensurable. 

423* In order to discover the law which governs the product 
of any number of binomial factors, such as x+a, x+5, x-j-c, etc., 
having the first term the same in all, and the second terms differ- 
ent, let us first obtain the product of several of these factors by 
actual multiplication ; thus, 
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Sdl 









-j-c 



x^-\-ah 



x-j-a6c 



= (aj+tt) (^+^) (*+^) 



«*+a 


x'-f-^^ 


a^-{-abc 


+6 


-\-ac 


-{-abd 


+c 


+ hc 


•■\-acd 


+rf 


-\-ad 


•\-bcd 


^ +6rf 






+cd 





X'\'abcd\ 



= (x-^-a) (x-{-h) (x+c) (x+o) 



From an examination of these several products we arrive at the 
following oonclnsions : 

1. — ^The exponent of the leading letter, Xy in the first term is 
equal to the number of binomial factors used, and this exponent 
decreases by 1^ from term to term^ towards the right, until we come 
to the last term, in^hich it is 0. 

2. — The coefficient of the first term is 1 ; that of the second, 
the sum of the second terms of the binomial factors ; that of the 
third, the sum of all the difierent products formed by multiplying, 
two and two, the second terms of the binomial factors ; that of the 
fourth, the sum of all the different products formed by multiplying, 
three and three, the second terms of the binomial factors ; the last, 
or absolute term, is the continued product of the second terms of 
Uie binomial factors. 

It might be inferred from what has been now shown, that however 
great the number of binomial factors employed, the coefficient of 
that term of the arranged product which has n terms before it, would 
be the sum of all the different products that can be formed by mul- 
tiplying the second terms of the binomial factors in sets of n and n 

Assuming that the above law holds true for a number m, of bi- 
nomial factors, if it can be proved that it still governs the product 

81 
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when an additional factor is introduced, it will be establisbid in all 
its generality. Let us suppose then, that in the product, 



of the m binomial factors a:-|-a, x+ft,. . . ., ar-f-i', the law of form- 
ation is the same as that found by the actual multiplication of 
several factors. 

Introducing the factor a +3', we have 






+1? 









+ Uq 



It is at once seen that, in this new product, the law in respect to 
the exponents is unbroken. As to the coefficients, that of the first 
term is still I ; that of the second term \b A-\-q'f and since A is the 
sum of the second terms of the m factors in the assumed product, 
A-\-q is the sum of the second terms of the m+l binomials. The 
coefficient of the third term is B-^-Aq. Now B is, by hypothesis, 
the sum of the diffijrent products of the second terms, of the m 
binomial factors, taken two and two in a set, and Aqv& all of the 
additional products to which the introduction of the factor x-f j 
can give rise ; hence B-\-Aq is the sum of all the products, taken two 
and two, of the second terms of the m-f-l binomials. And the 
coefficient of the general term, that is the coefficient of the term 
having n terms before it, is N-\-Mq\ but N is the sum of all the 
products of the second terms, taken n and n, of the binomial factors 
which enter the assumed product ; and because M is the sum of all 
the products of these second terms, taken n — 1 and n — 1, Mq is the 
sum of all the additional products, taken n and n, which can result 
from the introduction of the factor x-\-q. 

Now we have proved, by actual multiplication, that the law of the 
prod ict, assumed to be true for m binomial factors, is true for four 
factors ) hen«e by what has just been demonstrated, it is true fi^r 
five factors ; and being true for five, it must be true for six, and sa 
©n. Therefore the law is general. 
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4341* The composition of the coefficients of an equation in 
terms of its roots. 

Let us take any nunibcr, m, of binomial factors, as oc — a, x — 6, 
a:— c, • . • »x — p, X — q, in which a, by c, etc., may represent any quan- 
tities whatever. Now it has been shown (4S3) that the contin- 
aed product of these factors, arranged according to the descending 
powers of a:, will be of the form, 

tT+Ax"^^ +^x"^« + Cx-^»+ .... Sx*+ Tx+ U, . 
in which 

A = — a — h — c — . . . . — p — qj 

B = '\-ah-\~aC'\-hc-\' .... '\-ap'\-aqy 

0=s — ahc — hcd — acd — , . . . — abp — ahq^ 

S = ±:ahcd, . .2>g',^2±7>cc?e. . •jpg'm^o^ etc., 
T =z '^ahcde, . •pq^^i^hcdcf. . ^pq^^x -♦- ®^*> 
i7= -^.ahcd. . . .^<7„, 

the subscript expressions m — 2, m — 1, m, denoting the number of 
literal factors which enter each term. 
We thus have the identical equation, 

Ix—pXx-^) 3 ~ I +Sx*+ Tx+ IT ) ' 

and placing the second member of this equal to zero we have 

x'^+Aaf^^ +Bx^^ +.... Sx'+ Tx+ U=:0 (2) 

an equation of which a,b,c,,.,.p,q are the roots, since these 
values substituted in succession for x in the first member of the 
eq. (1) will cause this first member, and consequently the second 
member, to vanish. The relations between the coefficients A, B, (7, 
etc., and the roots of eq. (2), may be expressed as follows : 

1.— T'Atf coejfficient of the second term is equal to the algebraic 
mm of all the roots, with the signs changed. 

2. — The coefficient of the third term is equal to the algebraic sum 
of all the different products formed by multiplying the roots, two and 
two. 

3. — The coefficient of the fourth term is equal to the algebraic 
turn of aU tlie different products foimied by multiplying the roots^ 
with their signs changed, three and three. 
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4. — And in general ; The coefficient of the term hamng n term\ 
before itj is equal to the algebraic sum of all the different products 
formed hy multiplymg the roots^ with their signfi changed if n is 
odd, n and n. Ilonce, 

6. — The absolute term is tlie continued product of aU the roots, 
tcith their signs changed wJien Oie number denoimg the degree of 
the equation is odd. 

This principle will enable iis to construct an equation^ tLe roots 
of which are given, and the composition of eq. (1) shows that eq. 
(2) thus constructed can have no otlier than the assumed roots ; for 
there is no value of x differing from one of these roots which can 
cause the first member of eq. (l) to disappear. 

From this we might conclude that every equation involving but 
one unknown quantity, has as many roots as there are units in the 
exponent of its degree, and can have no more. 

42S. Admitting that every equation containing but one 
unknown quantity has at least one root, real or imaginary, it may 
be demonstrated that the first member of every equation of the 
mth degree, the second member being zero, may be regarded as the 
continued product of m binomial factors of the first degree with 
respect to the unknown quantity. We will first prove that, 

Jf Q.is a root of an equation of the form 

a;*+-4x"^'+^-t— •+ .... Tx-\- UzzzO, (1) 

its first member can be exactly divided by x — a. 

For if we apply the rule for division, we shall finally arrive at a 
remainder which will not contain x ] since for each quotient term 
obtained, the new dividend is at least one degree lower than that 
ifhich precedes. 

Calling the entire quotient Q and the remainder;^, we shall have 

(C-+ J.a;"^»+^x"^'+ .... Tx'\- U = C(x— a)+i?, (2) 

an identical equation. The substitution of a for x causes the first 
member, and also the first term in the second member of this equa- 
tion, to vanish. Hence, R =z 0, But by hypothesis i? does not 
contain a:; it is therefore equal to zero whatever value be attributed 
to x^ and the division is exact. 
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r 

436* The converse of the last principle is also true ; that is, 
If the first member of the equation^ 

can he exactly divided hy x — a, then a. is a root of the equation. 

"FoTy suppose the division performed, and that the quotient is Q; 
Oien we shall have the identical equation, 

a;*+^a;"^*+^x*-"+ .... Tx-\- U= QQo—a). 

But x = a causes the second member of this equation to vanish ) 
it win therefore cause the first member to vanish, and consequently 
satisfy the given equation. 

4137* Every equation containing hut one unknown quantity hai 
a number of roots denoted by the exponent of its decree, and no 
more. 

Kesuming the equation, 

a;*+^x"^»+.Bx"^«+ Tx'\' U= 0, 

and admitting that it has one root, a, x — a must be a factor of its 

first member ; (43S). The quotient which arises from the division 

of the polynomial, 

a;*+^x"^*+ .... Tx'\- U, 

by X — a, will be of the form 

a;-^*+ J.'x-^»+ .... rx+ U' ; 

we shall therefore have the identical equation, 

"^^^.tx^ } = ^'"~^'^ (0=— +^'a=— + ....Tx^ U') 

Now the 'second member of this equation will vanish for any 
value of X which reduces the second factor to zero. 
K then the assumed root of the equation, 

aj"^'+^'a;"^«+ .... rx-\- U' = 0, 

be denoted by 5, wo shall have 

A third equation may be formed in the same way, and then a 

fourth, and so on, until the (m — l)th equation is finally reached, in 

irhich the second factor in the second member is of the fii*st degree 

with respect to x. 
85* 
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Taking this last equation, and substituting for its first membci the 
second, in the next preceding equation, and thus continuing tlio 
process of substitution until the firsst equation of the scries is arrived 
aty the result will bo the following identical equation : 

a;*+^a:"^>+J?x"^3_j.| ^ r (^_a)(x— i)(x— c) . . . . 
....Tx+U 3 " 1 (»— i>)Ca;— j) 

The second member of this equation vanishes for an^^ one of the 
m values, 

and consequently these values are severally roots of the equation^ 
a;*+^x"^» +^x"^2 ffj.^ u^ 0. 

Moreover, no value of x that differs from some one of these 
values, can satisfy the. equation ) for no such value will cause any 
one of the factors in the second member of the identical equation 
to be zero, a condition requisite to make the product zero. The 
equation therefore has m roots and no more. 

428. From the foregoing principles we conclude, 

1. — That in an equation in which the second term does not ap- 
pear, — that is, the term containing the next to the highest power of 
the unknown quantity, — ^the algebraic sum of the roots is 0. 

2. — If an equation has no absolute term, at least one of its roots is 

■ 

3. — The absolute term being the continued product of all the 
roots of an equation, it must be exactly divisible by each of them. 

4. — An equation may bo constructed, which shall have any 
assumed roots. 

5. — The degree of an equation may be reduced by 1 for each of 
its known roots. 

EXAMPLES. 

1. "What is the equation having -|-2, — 3 for its roots f 

Ans, x*-\~x — 6 = 0. 

2. TVhat is the equation having the roots -f-lj — 2, — 4 1 

Am, x»+5a;"+2rc— 8 = 0. 

3. What is the equation having for its roots -f-^, — 2, — 1, -|-5 ? 

Ans, X*— 5x'— 7x«+29x+80 = 



PROPERTIES OF EQUATIONS. 367 

4. What is the equation of which the roots are l-f-V^ — 5, 
1 —V '~5, +i/5, — 1/6 ? Ans, x*—2x'+x*+l0a>S0 = 0. 

6. What is th€ equation of which the roots are — 1, — 2, -f-3, 
2+V^y 2— 1/II3 ? Ans. a;»— 4x*+22x«— 25a:— 42 = 0. 

6. One root of the equation 

«»— 5x»+13x— 21 = 
is 4-8 ; what is the reduced equation ? An$. x* — 2x-|-7 = 0. 

7. One root of the equation 

x*+2x*-S^'+12x+^b = 
is — 7 ; what is the depressed equation ? 

Ans, X* — 5a;'-j-a:-}-6 = 0. 

8. Two of the roots of the equation 

a;*_-3x«— 4a;«+30a;— 36 = 
tre +2, — 3 ; what is the depressed equation, and what are ita 
roots ? r The depressed equation is 

Ans, J ir»— 4x+6 = ; 

( and its roots are 2+l/^, 2—V~2, 

4:S9« Any equation having fractional coefficients can. he trans- 
formed into another in which the coefficients are entire, that of the 
first term heing unity. 

If the coefficient of the first term of the given equation is not 
unity, make it so by dividing through by this coefficient. Then the 
equation will be of the ^^rm' 

ic*+.4x"^»+^x-^«+ .... Tx-{- U=z% 

in whieh it is supposed that some or all the coefficients, ^, ^, ete , 
are fraetional. 

AsBome X =z^y a being entirely arbitrary, and substitute tliia 
a 

value of X in the equation ; it then becomes 

Whence, by multiplying through by a**, 

y'^+Aay^^ -j- J5aV"^2_^ ra'^^y+ Ca* = 0. 

Kov since a is arbitraiy, its value may be so selected that it and its 
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powers will contain the denominators of the fractional coefficients of 
the original equations. We present the following examples for illus- 
tration. 

1. Transform the equation, 

. . ox* hx , c ^ 
«•+ — + — + -=0, 

into another which shall have no fractional coefficients, and whiok 
shall have unity for its first coefficient. 

Make x = -^ ; suhstituting this value of x, the equation h> 
comes 

Multiplying every term of this by m*n*p*^ we have 

y*-\'anpi/^-\-hm*np^i/-\-cm*n*p* = 0. 

When the denominators of the coefficients have common factors, 
we may make x equal to y divided by the least common multiple of 
the denominators. 

CiX ox c 

2. Transform the equation x*-\ 1 4 — = 0, into anothei 

* pm m * p ' 

which shall have no fractional coefficients, and that of the first tern 
be imity. 

To effect this it is sufficient to put x = -^. With this vahie of 

pm 

X the equation becomes ~ 

p m p'm' ' pmr ' p 
Multiplying every term by j>*m*, we obtain 

t/*-]'a^^-]'hp*m^-\-cp*m* ^ 
for thS transformed equation required. 

6x* 3x* 7x 1 

3. Transform the equation a;*-f -^r- + -^ -|- ^ -f- :j-^ == intc 

another having no fractional coefficients. 

An$, y+20/+18-2V+7(24)V+2(24y = 0. 
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In titmsfonniDg an equation having fractional, into another with 
entire coefficients, in terms of another unknown quantity, it is im- 
portant to have the transformed equation in the lowest possible 
terms. The least common multiple of the denominators will not 
necessarily be the least value of a that will give the required equa- 
tion. If, in each case, the denominators be resolved into their 
prime factors, it will be easy to decide upon the powers 6f these 
factors to b'e taken as the factors of a. 

The following illustration will render further explanation unnec- 
edsary. 

4. Transform the equation^ 

"" 35 "^ "*" 2450 "^^ 68600"""' 

into another of the same form with the smallest possible entire 
eoefficients. 

Writing y for x and multiplying the second, third and fourth 
terms, by a, a*, a*, respectively, we have 

3 13 17 

y" - 35 ^^"+ 2450 ^'"'■" 68600^' = ^- 

The denominators, resolved into their prime factors, are 

7-5, 7*-5*-2, 7*-5«-2'j 

and assuming a r= 7 * 5 * 2, the equation may be written 

8'7'5'2 , 13'7''5' 2' 17 7''5''2« 
^ 7-5 ^"^ 7*-5*-2 ^ 7»-5*-2' "~ ' 

which reduces to 

y*— V+26y— 85 = 0. 

In this example, the least common multiple of the denominators is 
7* • 5* • 2* ; and had this value been taken for a, instead of 7 • 5 • 2, 
the coefficients of the transformed equation would have been much 
larger than they are, as found above. 

When a root of the transformed equation is known, the corres- 
ponding root of the original equation will be given by the relation 

y 

a 
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COMMENSURABLE ROOXa 

4 SO. A number is commensurable with unity when it can be 
expressed by an exact number of units or parts of a unit ; a num- 
ber which can not be so expressed is incommensurable with unity. 

431* Every equation having unity /or tlie coefficient of tlie JirU 
f€i*wi, and /or all the other cofjffivientfi^ whole numbers^ can have only 
tcliole numbers /or its commensurable roots. 

This being one of the most important principles in the theorj 
of equations, its enunciation should be clearly understood. Such 
equations may have other roots than whole numbers ) but its roots 
can not be among the definite and irreducible fractions, such as §, J, 
^^ etc. Its other roots must be among the incommensurable 

quantities, such as |/2, (3)^, etc.; L e., surds, indeterminate deci- 
mals, or imaginary quantities. 

^ CI 

To prove the proposition, let us suppose j-, a commensurable but 

irreducible fraction, to be a root of the equation, 

a~+^x-^»+ J5x-^* Tx-\- U=0, 

A, -B, etc., being whole numbers. 

Substituting this supposed value of x, we have 

Transpose all the terms but the first, and multiply by ^•"', and 
we have 

-^ = —{Aa'^'+Ba^-'b. . . . Tab^^+ Uh^'). 



Now, as a and b are prime to each other, b can not di 
vide a, and it can not possibly divide any power of a ; because 

r- being irreducible, — y^ais also irreducible, as the multiplier a will 
6 b 

not be measured by the divisor h ; therefore =- can not be expressed 

a* 

in whole numbers. Continuing the same mode of reasoning, -^ 
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can not express a whole number, but every term in the other mem- 
ber of the equation expresses a whole number. 

Hence, the supposition that the irreducible fraction - is a root of 

the equation, leads to this absurdity; that a series of whole numbers 
is equal to an irreducible fraction. 

Therefore, we conclude that any equation corresponding to these 
conditions can not have a definite comfnenswa^ fraction among its 
roots. 

4:33« It has been shown (439) that an equation having fraction- 
al coefficients, that of the first term being unity, can be changed in- 
to another of the same form, with entire coefficients. The expres- 
sion entire must there be understood in its algebraic sense ; that is, 
die new coefficients being entire merely in algebraic form, may be 
irrational or imaginary. In the preceding article it is proved that 
if these coefficients are whole numbers, all the commensurable roots 
of the equation are also whole numbers ; moreover, these roots must 
be found among the divisors of the absolute term j (4128). If the 
divisors of the absolute term are few and obvious, those answering 
to the roots may be found by trial substitutions ; but in most cases 
the labor will be abridged by the rule suggested by the following 
investigation : 

Suppose a to be a commensurable root of the equation, 

x'^+Ax'^ » + .... +Bx*+ Sx^+ Tx+ U=:0. 

"Writing a for x, transposing all the terms except the last to the 
second member, and dividing through by a, we have 

a 
But, since a is a root of the equation, — is an entire number ; trans 

pose — T to the first member of the last equation, make h ^ = 

a 

iV", , and divide both members of the rcsaltin^ equation by a ; it 

then bocomes 

JV 

a 
The second member of this equation is a whole number; the first 
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member is therefore entire ; and if — S be transposed to titis mem- 
ber, and — --i-S be denoted by JVij, we shall have, after again di- 
viding through by a, the equation, 

a 

of which the second^ and therefore the first member, is an entire 
umber. 

]3y continuing this process of transposition and division, we shaQ 
finally arrive at the equations, 



a 



A 



— =^ = —1, or — =^ 4-1 = 0. 

Every whole number which is a root of the proposed equaiiji; 
will satisfy all of the above conditions^ from the first down tc KaX 
expressed by the equation^ 

a 

by which the root will be recognized. 

All of the commensurable roots of an equation of the asr-cuned 
form may then be found by the following 

Rule. — I. Write all of the exact divisors of the absoltUe term in 
a line, and beneath them winte their respective quotients. 

II. Add to these quotients, severally, the coefficietU of the next to 
the last term, with its proper sign, 

III. Divide such of these sums by the divisors to tOhich they cor- 
respond as will give exa^t quotients, neglecting others. 

IV. Add to these quotients the coefficient of the third term from 
the last, with its proper sign, and divide again as before, and so on, 
until (he coefficient of the second term has been added to the preced* 
ing quotients, and these last in turn are divided by their respective 
divisors. Those divisors which correspond to the final quotients, 
nrAnus \, are roots of the equation. 

Note —Absent powers of the unknown quantity must be introduced 
with iO for their coefficient 
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EXAMPLES. 



1. Required the commensurable roots (if any) of the equation, 







OPEBATION. 










Divisors, 10, 


5, 


2, 


1, 


-1, 


-2, 


"~") 


—10. 


—10 
















Quotients, — 1, 
Add 8 


-2, 


-5, 


-10, 


10, 


5, 


2, 


1. 


7, 


6, 


3, 


-2, 


18, 


13, 


10, 


9 


2d quotients, 
Add 






-2, 
—3 


-18, 


• 


—2. 






-5, 


-21, 




—5. 




8d qaoticnts, 
Add 






-5, 
4 


21, 




1. 





—1, 25, 6. 

4th quotients, — 1, — 25, — 1. 

Thus, there are two final quotients equal to — 1 ; and the corres* 
ponding divisors are 1 and — 5. Hence, the given equation has two 
eommensurable roots, 1 and — 5. 

K we divide the given equation by {x — l)(x4-5), or x*-\-^x — 5, 
the quotient will be as* — 2. Hence, 

a;*— 2 = 0, a; = ±1/2 J 

and the four roots are 1, ; — 5, +-|/2, — 1/2. 

2. Required the commensurable roots of the equation, x* — 6x* 
+ lla:— 6=0. u4w«. 1, 2, 3. 

3. Required the commensurable roots of the equation, x*4-4aj*— 
r*— 16^—12 = 0. Am. 2, —1, —2, —3. 

4. Required the commensurable roots of the equation, x* — 6x'— 
16x+21 = 0. Ans. 3 and 1. 

Note. — Supplying the absent term, the equation will be a:*±OLB»— (te* 
— I6aj+21 = 0. In tlie operation, go tlu'ougli the form of adding 0. 

5. It is required to find all the roots of the equation as* — 6x*-|- 
5x*+2a;— 10 = 0. Am. —1, -\ 5, l+V^^, l-V—\ 
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DERIVED POLYNOMULb. 

4:33. The first member of an equation involying but one 
unknown quantity, to which all the terms have been transposed, is 
a polynomial in the most general sense of the lerm^ and may be 
operated on as an algebraic quantity, without reference to the equa- 
tion and to the particular values of the unknown quantity which 
will reduce the polynomial to zero, or satisfy the equation. 

If we take the polynomial, 

and multiply each term by the exponent of x in that term, then 
diminish this exppnent by unity, and form the algebraic sum of the 
results, we shall have 

m^x-*-"+(m— l)^x-^'+(m— 2) Cx'^'+ +2>Sr+ T. 

Constructing a third polynomial from this, in the same way that 
this was derived from the first, we have m(in — 1) J.a3**~*-|- 

(wi— l)(m— 2)i?x-*-*-|-(m— 2)(m— 3) (7x-^+ ....+2S. 

A fourth may be formed from the third according to the same 
law ; and so on, until we arrive at an expression which will be 
indepondcot of Xy because the degree, with respect to a:, of any 
polynomial thus formed, is one less than of that which immediately 
precedes it. 

Denoting the given polynomial by X, the second byX,, the third 
by Jl^j etc., then 

X, is the first derived polynomial of X, 

Xj " « « X^, etc. 

And Xj, 2^2 J ^z ^^® ^^® successive derived polynomials of X, 
and arc called ^rsif, sccondy third, etc., derived polynomials. 

Preserving the above notation, we have for the successive derived 
polynomials, the following 

Rule. — To form, X , , multiply every term, of 'Khy the exponent 
of small X in tlie term, then diminish this exponent hy unity and take 
the algebraic sum of the results, X^ is derived from "K^in the same 
way that X, is derived from X; a.nd so on. 
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What are tlie successive derived polynomials of 

3a;»+5x*—9x*+7x*— 8x4-5 ? 

/-Ist, 5 • 3x*+4 • 5x*— 3 • 9x*-(-^ * 7a>— 8; 
1 2d, 4 • 5 • 3x*-f3 • 4 • 5x*— 2 • 3 • 9x+2-7; 
Ans. ^ 3d, 3'4-5-3x*+2-3-4-5x— 2'3-9; 
J4tli, 2-3-4-5-3x+2-3-4->5; 



,5th, 2 -3 •4-5 -3. 



COMPOSITION OF DERIVED POLYNOMIALS. 

434.* Let us take the polynomial, 

and suppose that its binomial factors of the first degree with respect 

to X are 

X — a, X — by X — c, • • • • jX — wi, CD— 71. 

We shall then have the identical equation, 

a:*+ J.x*"*-f- • • • • + ^^+ ^ = (^ — «)(^ — ^) • • • • (^'^ — rn)(^x — n), 
which will subsist as a true equation, whatever quantity be substituted 
for x in its two members. Replace x by y +x ; then 

in which the terms x — a, x — b, may be regarded as single, and 
hence the factors of the second member as binomial.^ Now the 
terms of the first member of this equation, developed and arranged 
with reference to the ascending powers of y, will give 

And if the second member be developed, and arranged in the 
same manner, then by (434^ 5), the coefficient of y* will be 

(x — a)(x — b) .... (x — Tn)(x — »i). 

The coefficient of y must be the algebraic sum of the products 
of the factors x — a, x — 6, etc., taken m — 1 in a set. 

The coefficient of y' must be the algebraic sum of the products 
of these factors taken m — 2 in a set. 

In short, these coefficients may all be formed according to the law 
which governs the product of any number of binomial factors. 
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Bat the coefficients of the like powers of y in these two devel- 
opments must be equal; (308, III). Hence,. 

X^= (x — a)(x — h)(x — c) .... (x — ni)(x — n) ; 

and since the sum of all the products that can be formed by multt 
plying m factors in sets of m — 1 and m — 1, is the same as the sum 
of all the quotients which can be obtained by dividing the continued 
product of the factors, by each factor separately, it follows that 

X 



-5^,= —-+-—,+....+ — - + 



X — a X — b X — m x — n 

So likewise the sum of the products of the binomial factors 
taken m — 2 and m — 2, is the same as the sum of all the quotients 
obtained by dividing the continued product by all the different 
products of the binomial factors taken 2 and 2 ; that is, 



2 (x — a)(x — 6) {x — a)(x — c) "^ * * (x — o)(a5 — n) 
By like reasoning it may be shown that 



2-3 (x — a)(x — h)(x — c) ' * ' ' ' ^ Qc — a) (x — m) (x — n) 
and so for the next coefficient in order, etc., etc. 
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433. It has been seen (437) that if a, ^, c,. • • .^m, n are the 
roots of the equation, 

X = a;*+^x"^'4-i?aj"^«+ . . . . + Tx+ U=z(i, 

it may be written, 

X=z (x — a)(x — b)(x — c) . • . ,(x — m)(x — n) =: 0. 

Now if a number p of these roots are each equal to a, a number 
q equal to 2>, and a number r equal to c, the last equation becomes 

X=z (x — ay(x — hy(x — cy, . ..{x — Tn)(x — n) = 0. 

But since X contains p factors equal to x — a, q factors equal to 
X — fe, r factors equal to x — o, its first derived polynomial will con- 

X X 

tain the term p times, the term = q times, the term 

x — a x — o 
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• r limes, besides the terms '• > , etc., corrcspond- 

X — c X — m X — n 

ing to the single roots, (434) ; that is, 

X.=#J+:?^.+:i^+....+ A+^ 



X — a X — h ' X — c X — m x — n 

The factor (x — ay is found in every term of this expression for 
Xi except the first, from which one of the jp equal factors, x — a, 
has been suppressed by division. Hence, (x — o)'""* is the highest 
po^er of x — a, which is a factor common to all the terms of Jfj. 

For like reasons (x — Z>)«~*, (x — c)*^* are the highest powers of 
the &ctors x — 6, x — c, which are common to all the terms of X^ ; 
hence^ 

(x^^y- ^ (rr— 6)»- » (aj— c)*^ » , 

is the grecUest common divisor which exists between the first member 
of tJie proposed equation and its first derived poli/nomial. 

The supposition that the given equation contains one or more sets 
or species of equal roots^ necessarily leads to the existence of this 
greatest common divisor. Conversely :— if there be a common di- 
visor between X and X^ there must be one or more sets of equal 
roots belonging to the equation. 

For, if (x — a)* be a factor of the greatest common divisor, then 
the composition of X^ shows that (x — a)^* is a factor of X^ and 
that a is therefore t-\-l times a root of the equation X= 0. Hence 
the conclusions : 

1, — ^An equation involving but one unknown quantity, x, and of 
which the second member is zero, has equal roots if there be between 
its first member, X, and its first derived polynomial X^, a common 
divisor containing x, 

2. — The greatest common divisor, D, of X and X, , is the product 
of those binomial factors of X, of the first degree with respect to x, 
which correspond to the equal roots, each raised to a power whose ex- 
ponent is one less than that with which it enters X. Therefore, 

To determine whether an equation has equal roots, and if so, to 
find them, if possible, we have the following 

E.ULE. — I. Seek the greatest common divisor between the first 
member of the proposed equation and its first derived polynomial. 
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If no common divisor he found, there are no equal roots; hut if OM 
hefoundy Outre are equal roots; in which case 

IL JUake an equation hi/ placing tJie greatest common devisor, D, 
equal to zero; tlien any quantity which is once a root o/* D=0 
will he ttoice a root of X = ; any quantity which is twice a 
root af J) = will he three times the root of^ = 0; and so on. * 

It will at once bo seen that, if 2> contains a factor of the form 
(x — a)*, t being a positive whole number greater than unity, and 
we denote the greatest common divisor which exists between D and 
its first derived polynomial i^,, by />', then />' will contain the 
factor (x — a)*"*. And, again, denoting by D\ the first derived 
polynomial of />', and by Z>" their greatest common divisor, 
(x — a)*~* will be a factor of 2>". This process being continued, as 
the exponent of (x — a), — and consequently, the degree of the 
greatest common divisor, — diminishes by one for each operation, it 
b plain that when the degree of the equation, 

Z> = 0, 
is too high to be solved, we may in certain cases make the determin- 
ation of the equal roots depend upon the solution of equations of 
lower degrees, until finally one is obtained which can be solved. 

^0 illustrate, suppose that for the equation, 

X=0, 
it is found that 

D = (x—aY^X'-hy^x—c) ; 

then />' = (a;— a)"- » (a>— ^»)*^ > , 

/>^*^»> = (^x—aXx—h). 

The equation, 

/><-»> = (x—aXx—h) = 0, 

may be solved,giving the roots x-=a, x = h, and 

are factors of X, or a and h are each n-f-l times roots, and c twice a 
root, of the equation, 

X=0. 

Dividing the given equation by the product, 
>ts degree will be depressed 2n-\-4: unita. 
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EXA3IPLES. 

1. Does the equation x* — 2a;* — Tx* f-20a; — 12 = 0, contain equal 
roots, and if so, what are they ? 

. The first derived polynomial of the first member is 

4jc»__6x*— 14a;+20. 

The greatest common divisor between this and the first member of 
this equation is x — 2 ; therefore x = 2 is twice a root of the equa- 
tion, and 

a:*— 2x*— 7x'+20x— 12 

may be divided twice by x — 2, or once by (x — 2)* = a* — 4:a;-f 4. 
Performing the division, we find the quotient to be x*-\-2x — 3, and 
the original equation may now be written 

(a;'— 4x+4)(a;«+2a;— 3) = 0. 

This equation will be satisfied by the values of x found by placing 
each of these factors equal to zero, ^rom the first we get a: = 2, 
a; = 2, and from the second a; = 1 a; = — 3 ; hence the four roots 
of the given equation are 1 , 2, 2, — 3. 

2. Find the equal roots of the equation 

aj»+2x*-llx'— 8a;*+20x+16 = 0. Ans. \ /V , 
* ' ' { ^l and — 1. 

8. What are the equal roots of the equation 

a;»-_2a;*+3a;*— 7x*+8a;— 3 = 07 

Ans, It has three roots, each equal to 1. 

4. What are the roots of the equation 

a;*— 2x'— llx*+12a:+36 = ? 

Ans. Its roots are 3, 3, — 2, — 2. 

6 What are the roots of the equation 

X= a;'— 5x'— 2a;»+38x*— 31a;*— Cla;*+96x— 36 = 0? 
We find 

Jr, = 7x«— 30x»— 10x*+152x'— 93x«— 122X+96, 

D = X*— 3x'— 3a;'' + lla;-6. 
i), = 4x*— 9x*— 6x+ll, 

D' = X— 1. 

Hence x = 1 is twice a root of the equation Z> = 0, and three times 
a root of the given equation. 
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Dividing D = a*— 3u;'-.3ar* + lla?-6 by />'* = a;*— 2x+l, we 
find for the qnotient x* — x — ^ = (x — 3)(a;+2). Therefore, 

D = (x— 3)(x+2)(a;— 1)', 

and X= (x— 3)*(x+2)Xx— !)•. 

Hence the roots -of the given equation are 

An$. 3, 3, —2, —2, +1, +1, 4.I. 

430* Having an equation involving hiU one unknown guantiiy^ 
to transform ii into another y the roots of which slhdU differ from 
those of the proposed equation hy a constant quantity, 

Assun^e x*+-4x"^>+i?x"^*+ ac"*-*+ + 5Tr+ i7= 0, 

and denote the new unknown quantity by y, and by x' the arbitrary 
but fixed difference which is to exist between the corresponding 
values of x and y) we shall then have x = y-^-x'. 

Substituting this value of x in the given equation, it becomes 

(y+=e')-+^(i'+a=')"-*+-B(y+*')"-+ C(y+a5')"-+ • . . . 

Developing the terms separately, by the binomial formula, and 
arranginp: the aggregate of the results with reference to the ascend- 



mg powers of y, we have 



Jm 



X 

+ (7x'"^» 
+ Tx' 

+0" 



y'+ 



MX 



fm^l 1 



+^(m— l)x'"^* 
+^(wi— 2)x'-^' 
+ C(m— 3)x'-*-* 



y+ 



+A(^m 



m — 1 



+J?(m-2) ~ X- 



2 



y*+.. 



+m 



m — 1 



X 



n 



i'"~'+y 



= 0. (1) 



^•"■-|-mx' 

+^ 

An examination of this developed first member leads to the^a 
conclusions : 

1. — The absolute term of the transformed equation, or the coeffi- 
cient of y^^ is what the first member of the given equation becomes 
when x' is substituted for x. 
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2- — The coefficient of y, the first ppwer of the unknown quantity, 
is what the first derived polynomial of the first member of the given 
equation becomes^ when in it x* takes the place of x. 

3.— The coefficient of y* is what the second derived polynomiaJ 
of the first member of the given equation becomes when it is divided 
by 2, and x' takes the place of x, 

4. — And in general, the coefficient of y" is what the wth derived 
polynomial of the first member of the given equation becomes when 
it is divided by the product of the natural numbers from 1 to n in- 
clusive, and X is replaced by x\ 

Bepresenting the first member of the given equation, and its suc- 
cessive derived polynomials, after x* has been substituted for x, by 
JT, -X',, -ST'a, -Z'j, etc. respectively, the transformed equation may 
be written 



h-2^y .. ir-'+y=o. 



Or, by inverting the order of terms, 

437* By comparing eqs. (1) and (1'} of the preceding article it 
IS seen that, 

the degree of the coefficients of equation (l), with respect to a/, 
increasing by at least one from term to term as we pass from left to 
right, the absolute term being of the mth degree. 

Now, since a/ is an arbitrary quantity, such a value may be as- 
sumed for it as will cause it to satisfy any reasonable condition. We 
may therefore form an equation, by placing any one of these coeffi- 
cients equal to zero, regarding x* as the unknown quantity, and any 
root of this equation will cause the corresponding tena of the 
transformed equation (1'), (480), to disappear 
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Suppose 

ma/-\-A = : whence a/ = • 

m 

If this value of x' be substituted in the equation just referred to, it 

takes the form 

Hence, to transform an equation ^ into another which shall be in- 
complete in respect to the second term: Substitute /or the unknoum 
quantitt/ another ^ minus the coefficient of the second term divided hy 
the exponent of the degree of the equation. 

4:38* The third term will disappear from the trausformed equa- 
tion when a/ is made equal to either of the roots of the equation, 

m ^^!^ x'^+A(mr-A)x'+B = 0. 

But there may exist such a relation between m, A, and B^ that the 

A , . 

value, x' = , will satisfy this equation ; in which case the van- 
ishing of the second term of the transformed equation will involve 
that of the third. To find what this relation is, substitute this 
value of x' in the above equation, and it becomes 

J Til m 

This, reduced as follows, 

A 711 Til 

(m—V)A^ = 2mB, 

giTCS finally A = • , 

When the values m, Aj and B, will satisfy this equation, the third 
term of the transformed equation will disappear with the second. 
In general, to find the value of x' which will free the transformed 
equation of the third term, an equation of the second degree must 
be solved ; and to free it of the fourth term, the equation to be 
solved would be of the third degree ; and finally, to make the abso- 
lute term disappear, would require the solution of the original equation. 
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EXAMPLES. 

1. Transform the equation x*-|-2p^ — q = 0, into anotlier ^hich 
f^liicL shall not contain the second term. 

This is done by making x = y ^ = y— ^ (437) ', 

whence^ by (436), 

^i-'=2(p)~2p = 0; 

2 ""2 "" 

Therefore, the required equation is 

from which we find y = dz k ^+1^* } ^°^ since x = y — -p, the 
values of a; are given by the formula, 

X = — pd-vq-\-p*» 

the same as that found by the rule for quadratics. 

2. Transform the equation x*'\-px*-\-qX'{-r =: 0, into one not 
having the second term. 

Make x = y — ^ ; th.n 

^=H-)*+-H)+^(-f)+^=l^-f+v 

-2- = 2 + T-"' 

2-3'~2-3~ ■ 

Ilcnco, tlio equation sought is 

«•• (P* „\ «J_^^'* ^_L* ft. 

er.by making |. — g = m, and ^ —^ +»• = »»» 

y* — mtf-\-n = 
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8. Transform tlie equation 

«•— 12x»+17x«— 9x+7 = 0, 

into another wliich shall not contain the 3d power of the unknown 

qcantitj. 

12 
By (437), put x = y-|- -j- j or as = S-f-y. 

Here x' = 3 and m ^ 4. 

X" = (3)*— 12(3)'+17(8)'— 9(3)+7, or JT =—110. 

X^ = 4(3)*— 36(3)«+34(8)— 9, or JTj = —123. 

^ = 6(3)«-36(3)+17, or :^ = - 87 

^^4(3y-12, - ^= ^ 

Therefore the transformed equations must be 

y--37j^«— 123y— 110 = 0. 

4. Transform the equation 

aj»— 6x«+13x— 12 = 0, 

into another wanting its second term. 
Put X = 2-|-y ; then 

X! = (2)«— 6(2)»+13(2)— 12, ot -T = — 2. 

A-'i = 3(2)«— 12(2)+13, or ^, = +1. 

^=3(2y-6, or ^=0. 

Therefore, the transformed equation must be 

y«+y— 2 = 0. 

5. Transform the equation 

x*-^x^—Sx+S2 = 0, 

into another whose roots shall be less by 2. 

Put X = 2+y. ^ws. y*+4/— 24y =: 0. 

As this transformed equation has no term independent of ^, 
y ~ is one of its roots, and a; = 2 is therefore a root of the 
original equation. 
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6. Transform the equation, 

a;*+16x*+99x«+228a+144 = 0, 
into another whose roots shall he greater by 3. 

Ans. y*+4y+ V-42y = 0. 

7. Transform the equation, 

into one incomplete in respect to its second term. 

Am. y*— 23y"+22y+60 = 0. 

4b39« Besuming the transformed equation (1'), (436), which is 



and replacing y by its value, y = x — x'y it becomes 

Now it is evident that, by developing the first member of this 
equation and arranging the result with reference to the' descending 
powers of x, the first member of the original equation will be repro- 
duced ; for, by this operation wo will have merely retraced the steps 
^v which eq. (10 was derived from eq. (1) in the article referred to 
Hence we have the identical equation, 

'ir.+Axr^^+Bx'^^+ .... Sx^+ Tx+ IT 
^ ' ' 1*2. .(m — 1) ^ ^ ^ ' 



+fi (^^)"+ ^' ix^xy+jr,ix^x')+jr 



(1) 



The quotients and remainders obtained by the division of the first 
member of this equation by any quantity, will not differ. from those 
arising from the division of the second member by the same quan- 
tity Dividing the second member by x — x\ the first remainder is 
27, and the quotient, ^ 

A3 
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and this diyided again by x — x'y will give for the second remaindei 
2C ^ and the quotient, 

It is unnecessary to continue this process further, to see that 
these successive remainders are the coefficients of the transformed 
equation (10 beginning with the absolute term, or the coefficient pf 
y*. The divisor to be employed is x — x' if the roots of the trans- 
formed equation are to be less, in value, than those of the given 
equation by the constant difference a?' ; if greater, the divisor must 
be x-\-x'. Hence, an equation may be transformed into another of 
which the roots are greater, or less, than those of the given equation 
by the following 

BuLE. I. Divide thejirzt membtr of the given equation (the sec- 
ond member being zero') hy x j^ilm the constant d^erence between the 
roots of the two eqtmtions^ continuing the operation untU a remain^ 
der is obtained which is independent of x; then divide the quotient 
of this division by the same divisor ^ and so on^ until m divisions have 
been performed, 

II. Write the transformed equation^ making these successive re- 
mainders the coefficients of tJie different powers of the unknown 
quantity^ beginning with the zero power. 

It must be borne in mind that the term phis in this rule is used 
in its algebraic sense. 

By a little reflection, it will be seen that the mth quotient will be 
the- co-efficient of a:'" in the original equation, and that this will also 
be the coefficient of the highest power of the unknown quantity \n 
the transformed equation. 

EXAMPLES. 

1. Transform the equation, 

• a;*-4a:«— 8x+32 = 0, 

into another of which the roots shall be less by 2. 
This is example 5 of the last article. Make 

« = 2+y, or.y = a5 — 2; 
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Iheu the operation is as follows : 

-2)x*— 4x»— 8a+32(a;»— 2a;«— 4jd— 16 
«•— 2a' 



88T 



— 2x"— 8aj 




— 2x«4.4x« 




—4a;"— 8a x— 2>*-. 


-2x"— 4*— 16(x«— 4 


— 4a'+8x a:*- 


-2x« 


. iax+32 


— 4x— 16 


-^l(k+32 


— 4a;+ 8 


O^JT 


—2A = 2r^ 


OB— 2)x"— 4(a+2 ». 


-2>r+2(l 


«•— 2aj 


Of— 2 


— 2a>-4 
2x— 4 


4-^» 


— -^« 





1-2 

Hence, the transformed equation is 

y+4y«±0y«— 24y+0 =0; 

or, !/*+^y* — 24y = 0, as before. 

. 2. Transform the equation, a* — 12wc'-|-17x* — ^9a5-f-7 = O,into one 
, haying roots less by 3. 

Here «= y-f-3, or y = x — 3. 

OPEBATION. 

a>-«)x*— 12a;»+17x"— 9a;+7(a;«— Ox"— 10»— 3» 

x*->3x' 

— 9x"+17x" 
— 9x«+27x" 



— lOx"— 9x 
— 10x"+30x 



— 39x+ 7 
--39X+117 



— 110 =p JT, Ut^vmaiadflr. 
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»— 3)x'-~9x« -lOx— 89(x«— e»— 28 

— «x«— lOa? 

— 6««+18a; 



— 28x— 89 
— 28a;+84 



—123=^,, sa 

«— 8)a:*— 8x— 28(j?-~3 a^— 3)a>-8(l 

«■— 3aj 



—8a;— 28 _ JP,m 

— 8x+ 9 "M"' ** 

Hence, y*±Oy' — 37y' — 123y — 110 = 0, is the temafonned 
equation. 

We sliall have 4 remainders, if we operate on an equation of the 
4t]i degree ; 5 remainders with an equation of the 5th degree ; and, 
in general, n remainders with an equation of the nth degree. 

The transformation of equations hy division, treated of in this 
article, if performed by the ordinary rule, would be tou laborious for 
practical application ; but by a modified method of division, called 
Synthetic Division^ it becomes expeditious and easy. 

As preliminary to the explanation of this method of division, wo* 
must explain the process of 



MULTIPLICATION AND DIVISION BY DETACHED 

COEFFICIENTS. 

414 O* It has been seen that when two polynomials are homoge- 
neous their product is also homogeneous, and the number which de- 
notes its degree is the sum of the nunibers denoting the degrees of 
the factors. It is evident that if the polynomials contain but two 
letters, and both are arranged with reference to the same letter, the 
product will be arranged with reference to that letter. Since, in 
the operation of multiplying the terms of the multiplicand by the 
werms of the multiplier, the products of the coefficients are not 
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Affected by the literal parts to wliicli tliej are prefixed, these coeffi- 
cients may l>e detached and written down with their signs in their 
proper order, and the multiplication performed as with polynomials. 
The partial products, numerical or literal, being carefully arranged 
as if undctached, are then reduced and the literal parts annexed. 



EXAMPLES. 

1. Multiply o*-J-2aa;-|-a;* by a-j-a. 

OPERATION. 

l-|-2-|-l, Detaehed ooefficienti of mnltipliauid. 

l-{-l «« « multipUcr. 

1+2+1 
1+2+1 

l-j-3-|-3-|-l Prodvet of eoeffidenta. 

Now by annexing the proper literal parts to the several temi& 
thua obtained, we have 

This method of multiplication may be employed when the two 
polynomials contain but one letter. 

2. Multiply 3x"-2a;— 1 by 3a;+2. 

OPERATION. 

3—2—1 
3+2 

9— 6--3 

+6—4—2 

9HhO— 7— 2 

whence, 

9a;'d:0x*— Taj— 2, 

or, 9x* — 7x — 2, Ans. 

When any of the powers of the letters, between the highest ana 
lowest, do not appear in either factor, the terms corresponding to 
such powers must be supplied^ with the coefficient 0. 
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8. Multiply «»+2x«— 1 by «"+2. 

The factors completed ace x'-|-2x'-{-0ap — ^1 and x'-|-Oa>4-2 
Hence the operation is 

l-|.2+0— 1 

1+0+2 

1-1-2+0—1 

2-1-4+0-2 

1+2+2+3+0—2 
and the product^ 

a;»+2x*+2a«+3a"+0x— 2, 
or, a;»+2x*+2a;»+8a;"— 2. 

4. Multiply 3x«-2x— 1 by 4a:+2. Aru. 12aj»~2x«— 8x— 2 
6. Multiply 3aj'— 505— 10 by 2aj— 4. Ans. 6a;'— 22z' + 40. 

6. Multiply x"+ay+y by x" — aiy+y*. An$. a5*+aV+y*. 

7. Multiply «•— 4x«+6a;— 2 by x*+4x—S. 

Am. «•— 14aj»+30x*— 23x+6. 

44:1. Now, if detached coefficients can be used in multiplication, 
so in like cases, they may be employed for division. When the divi- 
dend and divisor contain but two letters and are homogeneous, the 
degree of the quotient will be the excess of the degree of the div 
idend over that of the divisor. 

EXABfPLES. 

1. Divide o*— 8a*a>— 8oV+18ax'+lox* by o*— 2aa>— 2a5*. 

OPERATION. 

l-^-~8+18+16| l— 2— 2 
1_2— 2 1—1—8 



_1— 6+18+16 
—1+2+ 2 



—8+16+16 

—8+16+16 
Hence the quotient is 

a* — QX — Sac^. 
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2. Divide a»— 5a*6«+a«6*+6aZ>*— 26» by a»— 3at'4-6' 

In this example we must supply the tenn 0-a*6 in the dividend, 
and the term O-a'6 in the divisor. The operation then is, 

1-^0—5+1+6—2 I 1+0-B+l 
1.^.0_3+1 1+0—2 

0—2+0+6—2 
_-2+0+6— 2 

Therefore we have, for the quotient, 

a«+0a6— 22>', 
QF, a«— 26«. 

3. Divide iB»— 4aj*— 17x«— 13x«— llo;— 10 by ^•+8a+2. 

OPERATION. 

1—4—17—13—11—10 [ 1+3+2 

1+3+ 2 1—7+2—5 

_7-.19-13-ll— 10 
„7_21— 14 

+ 2+ 1—11—10 
+ 2+6+4 

_ 5—15—10 
— 5—15—10 

Hence the quotient is 

a;«— 7a5»+2a>— 5. 

When the dividend and divisor contain but a single letter, absent 
terms in either, answering to powers of this letter between the 
highest and lowest, must be inserted with the coefficient 0. 

In the examples wo have wrought to illustrate the method of 
division by detached coefficients, the coefficients have been taken 
entire, that of the first term of the divi^r, in each case, being 
Unity; the process, however, will be the same whatever these 
coefficients may be. When the coefficient of the first term of the 
divisor is not unity, it may be made so by dividing both dividend 
and divisor by this coefficient. The quotient term will then be the 
first term of the corresponding dividend, as ia seen in all the above 
examples. 
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SYNTHETIC DIVISION. 

449. To explain wliat syntlietio division is, and to deduce a 
rule for executing it, let us take the first example in the preceding 
article. If the signs of the second and third terms of the divisor 
be changed, each remainder will be found, by adding the terms of 
the product of these two terms by the term of the quotient, to the 
corresponding terms of the dividend ; observing that by the nature 
of the operation, the product of the first term of the divisor by the 
term of the quotient^ equals the first term of the dividend. Be- 
sides, since the first term of the divisor is unity, any quotient term 
is the same as the first term of the partial dividend to which it 
belongs. 

The process may now be indicated as follows : 

1—3—8+18+16 | l+2+2 

2—2—16 
2— 2—16 

Qnotient, 1 1 — 8 

Hence the quotient is a* — ax — Sa;*, as before found. 

The dividend and divisor are written in the usual way, after 
changing the signs of the last two terms of the latter ; and a hori- 
zontal line is drawn far enough beneath the dividend for two inter- 
vening rows of figures. Bring down the first term of the dividend 
for the first term of the quotient. The products of the second and 
third terms of the divisor by the first term of the quotient are 
written, the first in the first row under the second term of the div- 
idend, and the second in the second row under the third term of 
the dividend. The sum of the second vertical column is then 
written for the second term of the quotient, ^he next step is to 
multiply the second and third terms of the diviM)r by the second 
term of the quotient, placing the first product in the first row under 
the third term of the dividend, and the second in the second row 
under the fourth term of the dividend. The sum of the third 
vertical column is the third term of the quotient. The sums of the 
fourth and fiflh columns each reduce to zero. 

The operation for the last example in the preceding article is 
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1—4—17—13—11—1011—8—2 
_3-}-21— 6+15 
— 2+14— 4+10 



1— 7-j- 2—5 
md for the quotient we have 

x*—7x*+2x' 

No difficulty will now be experienced in understanding this 
general « 

KULE. — ^L If the coefficient of the Jirtt term of the arranged 
divisor t$ not unity ^ make it so by dividing both dividend and divisor 
by this coefficient. 

n. Write down the detached coefficients of the dividend and dir 
visor in the usual way, clmnging the signs of aU the terms of the 
of tlie latter except the first^ and draw a line far enough below 
the dividend for as many intervening rows offgures os there are 
terms J less one, in the divisor, and bring down the first term of the 
diuidendf regarded^ as formmg a vertical column^ for the first term 
of the quotient, 

III. Write the products of the second, third, etc, terms of the di^ 
visor by the first term of the quotient, beneath the second, third, etc, 
terms of the dividend in their order, and in the first, second, etc., rows 
of figures; and bring down the swm of the second vertical column 
for the second term of the quotient, 

TV. Multiply the terms of the divisor, exclusive of the first, as 
before, by the second term of thr quotient, and write the products in 
their respective rows, beneath the terms of the dividend beginning at 
the third ; bring down the sum of the third vertical column for the 
third term, of the quotient. 

V. Continue this process until a vertical column is found of which 
the sum is zero, the sums of all the following also being zero when 
the division is exact ; otherwv^e continue the operation untU the c?e- 
sired degree of approximation is attained. Saving thus found the 
roefficients of the quotient, annex to them the proper literal parts. 

In applying this method of division it is unnecessary to write the 
first term of the divisor, since it is unity and is not used in the oper- 
ation. 
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EXAMPLES. 

1. Divide 1 — x by l+». Ans. 1— 2a;-(-2a:* — 2x'+eto. 

2. Divide 1 by l-(-x. ^n$, 1 — a-f-x* — x'-j-a* — etc. 
8. Divide a»— 6a*x+10aV— 10aV+5ax*— «• by a*— 2ax+x'. 



Ans. a*— 8a*x-f-8ax* — «*. 

4. Divide x*— 6x»+15x*— 24x«+27x"— 13x+6 by x*— 2x*+ 
4x" — 2x+l. Ans, x' — 3x-|-5. 

6. Divide x' — y' by x — y. 

-4n«. x'+x'y+»V+^y+^y*+^*+y'- 

443* The transformation of an -equation into another having 
roots less or. greater than those of the given equation by a fixed 
quantity, may now be expeditiously made by the method of synthetio 
division, 

1. Transform the equation x* — 4x* — 8x-{-32 = 0, into anoihei 
whose roots shall be less by two. 

The second power of x not appearing in this equation, it must b< 
introduced with dbO for its coefficient. 

PIEST OPERATION. 

1— 4±0— 8+32|2 
2—4—8—32 

1—2— 4— 16, = ^^ 

8E00ND OPERATION. 

1— 2— 4— 16|2 

__2±0— _8'" 

l±0-4,— 24 = T^ 

THIRD OPERATION. FOURTH OPERATION; 

1^-0— 4|2 ^+2|L- 
2+4 2~ 

1+2, = ^ i,44 = £^ 

^ ' 2 '^2-8 

Sedce the tnmsformed equation ia 

y*+4y — 24^ = 0. 
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Instead of keeping the above operations separated, they may be 
dnitcd and arranged as follows : 

l-_4 -tO — 8+32|2_ 
2 —4 — 8—32 ' 



—2 


—4 — 


■16, 


= ^ 


2 


- 


■ 8 




0-4, - 


-24 = 


= J7, 


2 


+4 






2, 


= 


■ 2 




2 








4 


~ 2-3 




^ 



To understand this, it is only to be borne in mind that the divisor 
is the same throughout, and that the first term, 1, of the successive 
dividends, which if written would fall in the vortical column at 
the Icil, is omitted. 

Transform the equation x* — 12x*-{-17a;* — 9a;-}-7 = 0, into an- 
other whose root shall be 3 less. 

OPERATION. 

1 —12 +17 — 9 + 7 (3 
4- 3 —27 — 30 —117 
_ 9 _io _ 39,-110 = J? 
4- 3 —18 — 84 

_ 6 —28, —123 =27, 
+ 3—9 

-3,-57=^^ 

±1 

= ^». 
2-3 

Hence the transformed e<{tiation is 

^♦+0y«— 37j^*— 123y— 110 = 0. 

Transform the equation x"— 12a; — 28 = 0, into another whose 
roots s^iall be 4 lesi^ Mak.<d x ssy-^^. 
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< 


»FXBATIOir. 





—12 


—28 


4 


+16 


+16 


4 


4 


—12 


4 


82 




8 


86 z 


= J7, 


4 






12 


~ 2 





(4 



Hence the transformed equation must be 

y«+12y»+36y— 12 = 0. 

Transform the equation x* — lOx'-f-Sx — 6946 = 0, into anoAer 
whose roots shall be less by 20. We make x = 20-{-y. 



(20 







OFEBATION. 


1 


—10 


8 


—6946 




20 


200 


4060 




10 
20 


203 
600 


—2886 








80 


808 






20 








50 







The three remainders are the numbers just above the d&Me Uneg, 
which give the following transformed equation : 

y^50y*+803j^— 2886 = 0. 
Transform this equation into another whose roots shall bo leas bj 
8. Put y = 3+«. 

1 50 803 —2886 (3 
8 159 +2886 

53 
8 

56 
8 

69 



962 





168 ■ 
1130 


• 
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Hence ihe transfonned equation is 

z'+^dz'-^-mOz = 0. 

This equation may be verified by making z=zO; which giyei 

y = 3, and a; = 20+3=23. 

444. 1/ the rigns of the aUemate terms of any compUU egua- 
iion involving hut one unknovm quantity he changed, the signe of all 
*he roots vnU he changed. 

In the general equation 

««+^x^*+^x^'+ . . . . + Tx-\- U= 0, (1) 

let the signs follow each other in any order whateyer. Changing 
the signs of the alternate terms of this equation, beginning with the 
second, we have ^ 

but if the change be^n with the first term, we have 

— a;"+^x"^*— J5x"^«+....q:rx±Cr=:0, (8) 

Now, if a be a root of equation (1), its first member reduces to 
zero when a is substituted for x ) that is, the sum of the positive 
terms becomes equal to the sum of the negative terms. But if 
— a be substituted for x in equations (2) and (3), the numerical val- 
ues of the terms of these equations will be equal to the values of 
the corresponding terms of equation (1), while the signs of the 
terms in equation (S), if m is an even nupiber, will be the same, and 
those of equation (3), opposite to the signs of the terms of like 
degree in equation (1). If m is an odd number, the reveise will be 
true in respect to signs. In either case however, if a is a root of 
equation (1), — a is a root of both equation (2) and equation (3). 

An obvious consequence of this proposition is, that the roots of 
an equation are not affected by changing the signs of all its terms 

« EXAMPLES. 

1. The roots of the equation as'— 7a;'+13a5— 3= 0, are 3, 2+|/3, 
and 2—VZ\ what will be the roots of the equation a?' + 7a?'+ 
13aJ + 3=0? Ans. —3, —2-^3, —2+1^3. 

2. The roots of the equation «*— 3«" + 3«*-i-17«— 18=0, are 




898 PROPERTIES OF EQUATIONS. 

1, — 2, 2-fl/^^, and 2 — V — 6; what are the roots of the 

equation x*+3x*+3x*— ITo— 18 = f 

An%. —1, +2, _2— l/— 5, —%-\V^. 

44t{* If aUike caefficienU of an equation he real and rational^ 
turd and imaginary rooU can enter the equation only by pairs. 

Let the coefficients Ay By. ...Uy of the equation 

ar+Aaf^ > +5x— 3 + . . . . Tx+ U=Oy 0) 

be all real and rational, and suppose that a±zV±h is one of the 
roots of this equation. 

Substituting this value for Xy we have 
(a±^/'±b)'^+A(a±V±b)'^^+B(Ja±^^by^»+^ 

+ T(a±V±b)+U 

Expanding the several terms of this equation by the binomial 
formula, we have 

«-±:iiia— » • T/±l+m^^a— « • (V'±6)*±....±Cl/±l)-, 

/.—— fit — 2 ' / 

Bo— 'db^Cm— 2)a— • • l/±6+B(m— 2) ^=? o— ' • (l/±l)'±..- 

dbCv^J)—, 

Ta±TV'±b, 

U; _ 

observing, in reference to the final terms, ±(k dzft)"*, dz(V±^)"^*, 
etc., that the sign d: is to be used before those only which have 
odd numbers for their exponents ; when the exponent is even^ the 
plus sign is to be understood. * 

If the root of equation (1) be a-\-\/by the aggregate of these 
developments will be composed of two parts, the one rational and 
the other surd. The rational part will be the algebraic sum of those 
terms which have the even powers of -j/ft for factors, the zero pow- 
er being included Kepresent this part by M. 
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The irrational part will be the algebraic sum of the terms having 
the odd powers of |/6 for factors. But since (|/ft)" = ^j/t, 
(|/6)* = fc*|/ft, etc., the different terms of this part can be repre- 
sented by a single term of the form -^V|/6, N being the algebraic 
sum of the coefficients df j/b. Hence equation (2), under the sup- 
position that a-{-\/h is a root of equation (1), becomes 

M+ Nyh = ; (3) 

which can be true only when we have separately if = 0, N^=. 0; 

(ara, 4). 

In reducing equation (2) to equation (3), the upper signs in the 
expansions of the terms of equation (2) were used. If the lower 
signs' in the equation and the expansions of its terms be used, — which 
is equivalent to supposing a — y^6 to be a root of equation (1), — the 
reduced equation will be 

M—Ni/h^O. (4) 

in which Jf and JV'are evidently the same as in equation (3). Hence 
if equation (1) has a root, a-|-|/6, it has also the root a — 1/6. 

Now let us suppose that a-\-V — h is a root of eq. (1) ; then since 
the even powers of v — h are real and the odd powers imaginary, 
the developed first member of eq. (2) will be composed of two parts, 
the one real and the other imaginary. Bepresent the real part by M. 

The imaginary part is the algebraic sum of the terms having the 
oddjwwers of V^ — h for factors. But since (y — 6)' = V ^6* ( — 6) 
= hV^^ (y~hy r= Vh\—b) = 6 V~6, etc., the different 
terms of this part can be reduced to a single term of the form 
N'V — 6.' Hence, under the supposition that a-\-V — b is a root 
of equation (1), equation (2) becomes 

M'+]SrV—h = 0, (6) 

#hich requires that we have separately M' = 0, N' = ; (867). 
By using the lower signs of the terms and their expansions in equa- 
tion (2), — which supposes a — v — b to be a root of eq. (1), — ^we find 

M'—N'V~b = 0', (6) 

and by a simple inspection of the expanded terms of equation (3), 
we see that M' and I^' in equations (^ and (6) are the same. 

Whence we conclude that if equation (1) have a root, a-|-K — 5| 
U has also the root, a — V — b. 
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BULB OF DES CABTE& 

448* An equation can not have a greaJUr niftm5er of poM&we 
oois than there are variations in the ngns ofiU termM, nor a greater 
number of negative roots ^n there are permanences of signs. 

Note.— A variation is a. change of idgn in i)a8£dng from one term to 
another; a permanence occurs when two succes^ye terms have the same 
sign. It is obyious tliat the number of yariations and pennanencea taken 
together must be equal to the number of terms, less 1. 

Let the signs of the terms of an equation be 

+ + - + + + -, 

the second, sixth, and eighth terms giving permanenoes, and thr 
other terms variations. 

To introduce a new positive root into the equation, we must mul- 
tiply the equation by some binomial factor in tbe form of x-^-a} 
and the signs of the partial and final products will be as follows : 

1st. 2d. 8d. 4th. 5th. 0th. 7th. 8th. 0th. 

+ +- + + + - 

+ - + + + 

+ ±- + — ± + ± — + 

Now we observe, in the final result, that the 2d, 6th, and 8th 
terms, or the terms which give' permanences in the proposed e(|ua- 
tion, are ambiguous; consequently, let these ambiguous signs be ta- 
ken as they may, the number of permanences has not been increas- 
ed. But the number of terms has been increased by 1 ; hence, the 
number of variations has been increased by 1, at least 

Again, to introduce a new negative root into the proposed equa- 
tion, we must multiply by some binominal factor in the form of x+a; 
nd the signs of partial and final products will be as follows : 

1st 2d. 8d. 4th. 5th. 6th. 7th. 8th. 9th. 

+ + - + + + - 

+ + - + + + - 

+ + ±±± — ± + ± — 

Here, in the final result, the 8d, 4th, 5th, 7th and 9th terms, oi 
the terms which give variations in the proposed equation, are am* 
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biguous ; consequently, the number of Tariations has not been in- 
creased. But the number of terms has been increased by 1 ; hence, 
the number of permanences has been increased by 1^ at least. 

Thus we have shown that the introduction of each positive root 
must give at least one additional variation^ and the introduction of 
each negatiye root must give at least one additional permanence. 
Hence the whole number of positive roots can not exceed the num- 
ber of yariationSy and the whole number of negative roots can not 
exceed the number of permanences; the proposition is therefore 
proved. 

447* Although the introduction of a positive root will always 
give an additional variation of signs, it is not true that a variation 
of signs in the terms of an equation necessarily implies the presence 
of a real positive root. Thus, the equation, 

«•—£»•— 7a;+i5 = 

has 2 variations of signs, and 1 permanence. But its roots are 

2+l/IIi, 2— l/ITl, and —3, 

no one being positive and real. 

But when the rooU are aU real, the number of positive roots i$ 
equal to the number of variationsy and the number of negative roots 
is equal to the number of pemumences. 

CAKDAITS RULE FOR CUBIC EQUATIONa 

448. It has been shown, (437), that any equation can be 
transformed into another which shall be deficient of its second term 
That is, every cubic equation can be reduced to the form of 

a'+3pa; = 2q ; (1) . 

and the* solution of this equation must involve the general solution 
of cubics. We make 3p the coefficient of x, and 2q the absolute 
term, in order to avoid fractions in the following investigations : 

Assume x = v-^-y ; then eq. (1) becomes 

(«'+y)'+3i>(»+y) = 2?. (2) 

Expanding and reducing, we hare 

t>'+y'+8(iry+i)Xt'+y) = 2y («) 
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Now as tLo division of x into two parts is entirely arbitrary, wo axe 
permitted to assume that 

t;y+p = 0; (4) 

whence, from eq. (3), t^'+y' = 2 j'. (5) 

If we obtain the yalue of y from (4), and snbstitnte it in (5), we shall 
have, after reducingy 

whence, v* = j'ztV^j'+p*. (7) 

Substituting this value of t;' in (5), we hare 

!/" = fi'^Hl/iz'+P'. (8) 

But by hypothesis x = v-\-y} hence, taking the sum of the cube 
roots of (7) and (8), we have 

which is Cardan's formula for €ubio equations. 

4L4L9* When p is negative, in the g^ven equatioui and its cube 
numerically greater than ^', the expression V^-^-p* becomes imag- 
inary ; this is called the Irreducible Case, We must not conclude, 
however, that in this case the roots of the equation are imaginary ; 
for, admitting the expression Vq^-i-p* to be imaginary, it can be 
represented by ol^ — I ; whence the value of a; in formula (A) be- 
comes 

X = (q+al/~i)^+iq-^V~i)*} (1) 

or, x^qi (l+ V=i) *+?* (l-V-l) * ; (2) 

Now by actually expanding the two parts in the second member 
of (3), and adding the results, the terms containing V — 1 will disap- 
pear and the final result will be read. Hence, in the irreducible case 
all the roots of the equation are real ; formula (A) is therefore prac- 
tically applicable only when two of the roots are imaginary. In this 
case the real root can be found directly by the formula; the equa- 
tion may then be depressed, by division, to a quadratiC| which wiU 
give the two imaginary roota 
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EXAMPLES. 

1. Find the roots of tlie equation^ 

aj»-.7a;*+14a>-20 =0. 

To transform this equation into another deficient of ita 2d term« 
according to (437), put a;=y-|-|; and we shall have for the 
traneformed equation, 

To apply the fonnala to this equation, we have 

3p = — J, orp = — J; 
22 = VV, or 2 = '/,«. 

sc = 1+^ = 5, the real root 

Dividing the giyen equation by x — 5, we obtain for the depressed 
equation 

whence, x = 1±k — 3. , 

Hence the three roots are 5, 1-|-K — 3, and 1 — K— 5, 

2. Given x'-j-Gx = 88, to find the values of x. 
To apply the formula, we have 

3p = 6, or p = 2 J 
2q = 88, or ^ = 44. 

whence, V^?+? = 1^1936+8 = ±44.090815+. 

And we have 

aj = (44+44.090815)*+(44-44.090815)*; 

or, X = 4.4495 — .4495 = 4, the real root 

The depressed equation will be x'-|-4a;— 22 = ; whence 

X = _2±:3l/^ ; 

and the three roots are 4, —2^zV—% and — 2— 8l/Il2. 

3. Given «• — 6x = 5.6, to find one value of x. 

This example presents the irreducible case; the solution, by the 
method of series, is as follows : 
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Wo liaye p = — 2, ^ = 2.8 ; hencei 

X = (2.8+|/7.84— 8)*+(2.8— V 7.84- s)* ; 
or, x = (2.8+.4l/^)*+(2.8— .4l/IIl)i ; 

Put 6 = 4t/^1; then6« = — ;j^, 6* = ;^X,V 
Also, (l+il/ITl)* = (1+6)*; (1— 4i/iri)*=(i-^)*. 
By the binomial theorem 

J __ 1 ^ ^ ^ , 2-5 8 . ^ 
(1+6) — 1+ g &— 3.6^'+ 3.6-9^*"" 3-6-9-12^*"'" • • • • 



(1—6) = 1— g 6— 3.6^*— 3-6-9^'"' 3-6-912^*~* * * * 

/ 2 , \ / 2-5-8 ,^\ 
Sum = 2-2(3:g6- j-2(3:gr9Tr2^* j — • • • 

= 2+.004535— .000034 = 2.004569. 
Denoe, we have 

j^ = 2.004569 ; x = (2.004569) ^2:8 = 2.82535, Am, 

4. Giyen x* — 6x — 6 = 0, to find one value of x. 

Am. x = ^2+^4 = 2.8473+. 

6. Giyen x^-^dx — 6 = 0, to find one value of x. 

Ans. X = f'9+f~S = .63783-r. 

6. Given a5*+6»' — 13a;+24 = 0, to find the values of x. 

Ans. X =: —8, l+l/Z^, or l—V—2. 
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SECTION IX. 

SOLUTION OF NUMERICAL EQUATIONS 01 HIGHER 

DEGREES. 

LIMITS. OP REAL ROOTS. 

4JSO* All positive roots of an equation are comprised between 
mnd -|- 00, and all negative roots between and — oo. But in the 
solution of numerical equations of higher degrees, it is necessary 
to be able at once to assign much narrower limits. As preliminary 
to this, we will first show how an equation is affected by substituting 
for the unknown quantity numbers greater or less than the roots, 
and numbers between which the roots are comprised. 

4S1, If an equation, in its general form, be regarded as the 
product of the binomial factors formed by annexing the roots, with 
their opposite signs, to x, we observe that the su/n of this product 
can not be affected by the imaginary roots. For, according to 
(4^tS), if an equation have one root in the form of a-f-l/ — 6, it 
will have another in the form of a — v — b. But we have 

a result which is in all cases positive. 

493. Let a, 6, c, d, etc., be the real roots of an equation, ar- 
ranged in the order of their algebraic values ; then the equation may 
be represented as follows : 

(x — a)(x — h)(x^-c)(x — c?).. .. = 0. 

if we substitute h for a?, the first member will become 

(A— a)(^— 6)(Ar— c)(A— c?) .... 

Now if h be less than the least root, a, every factor will be neg- 
ative ; and the whole product will be positive or negative, according 
as the number of factors is even or odd. But the number of factors 
b equal to the degree of the equation, (437); hence^ 

1. — If a number lest than the least root be mbttitvJbed fir iLxtv. ati 

A* 
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equation, the result wxU he pontive when the equation is of an even 
degree, and negative when the equation is of an odd degree. 

Again, if A be greater tlian the greatest root, then eveiy factor will 
be positive, and consequently the whole product positiye. Hence.^ 

2. — If a number greater than the greatest root he substituted for 
z tn an equation^ the result wiU in aU cases be positive. 

Still again ; suppose A to be at first less than a, but afterward 
greater than a and less than b. This change in the value of A will 
change the sign of the factor (h — a), and consequently the sign of 
the whole product If in the next place h be made greater than b 
* but less than c, the sign of the product will be changed again, for 
the same reason as before. And in general, there must be a change 
of sign every time the variable A passes the value of a real root of 
the equation, and at no other time. Hence, 

3. — If when two numbers are substituted in succession for x, ui 
an equation, the results have contrary signs, tJiere must be at least one 
real root included between these numbers. 

It may be observed, also, that if one, three, five, or any odd warn' 
ber of roots be included between the two numbers substituted, the 
results will show a change of signs. But if an even number of roots 
be included, there will be no change of signs. 

4:tl3« If P denote tJie numerical value of the greatest negative 
coefficient in an equation, and n the number of terms which precede 
tlie first negative coefficieiit, then VP-|-1 will he a superior limit of 
the positive roots of this equation. 

Let x'^+Ax^'+Bx^^Ji- Cx^*+ .... + Tx+ ^= 0. (1) 

If we omit those positive terms, if any, which occur between a;"' and 
the first negative term, and then put — P for the coefficient of every 
other term after a;*, the first member of eq, (1) becomes 

a;"— (Px-^+Px-^-^'+.^.+Px+P) (2) 

Now it is evident that any value which, substituted for x, will 
give a positive result in (2) will give a positive result also in eq. 
(1). For, the sum of all the negative terms in (1) can not possibly 
be greater than the negative part of (2); besides, there may be one 
or more positive terms in (1) which are omitted in (2). 
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Dividing every term of (2) by a^, we obtain 

Make x = V-P+1 = **+!> where r is put in the p'ace of V-^ 
for the sake of simplicity. Bemembering that Fz=ii^y we have^ 

\ 04^ "^ ('•+1)"+* +.-..+ (,.+!)«-! + (^+17^; 

Summing the geometrioal series found in the parenthesis, by 
[300^ (-S')] the expre^ion becomes 

Now since — - is a proper fraction, and therefore less than 

unity, the value of (4) is positive. Moreover,' the negative terra, 

I j , must always be less than unity ; consequently, no value 

of r, however great it may be, wil> render (4) negative. Thus 
^e have shown that if we substitute for x the quantity "y/P + 1, oi 
-any greater value, the result will be positive in (3) ; the result will 
therefore be positive in (2), and also in equation (1). Hence, by 
(452, 2)i V-f* + l is a superior limit of the positive roots in any 
equation, which was to be proved. 

In applying the principle just established, the absolute term must 
be regarded as the coefficient of x* ; and if the equation is incom- 
plete, the deficient terms must be counted, in finding n. 

It should be observed also, that an equation having no negative 
term can have no positive roots. For, every positive number sub- 
stituted for X will render the first member positive. That is, no 
positive value of x can reduce the first member to zero. 

EXAMPLES. 

1. Find the superior limit of the positive roots of the equation 
aj*+6xM-2rc*— 14x«— 26x+10 = 0. 

Here n = 3 and P = 26» . Hence we have, in whole numberSi 

VP+1 = f 26+1 = 4, AnA. 
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2. Find the superior limit of the positiye roots of the equation 
a;*-|_5x«— 25x*— 12x+68 = 0. Ans. 6. 

3. Find the superior limit of the positiye roots of the equation 
«*— 6x*— 9x+12 = 0. Ans, 4. ^ 

4. Find the superior limit of the positive roots of the equation 
ic*+x"+8x— 8 = 0. * Ans. 3. • 

4S4* To determine the superior limit of the negatiye roots of 
an equation, numerically considered. 

Change the signs of the aUemate terms, countiftg the de/icieni 
terms when the equation is incomplete; then apply the preceding rule. 

For, according to (44^), the positiye roots in the new equation 
will be numerically the negative roots in the given equation 

EXAMPLES. 

1. Find the superior limit of the negative roots of the equation 
«• — 3x'-f5x-f7 = 0. Ans. ^7-|-l = 3, in whole numbers. 

2. Find the superior limit of the negative roots of the equation 
X*— 15x«— lOx+24 = 0. Ans. 6 

3. Find the superior limit of the negative roots of the equation 
a;*— 3x»+2x*+27x'— 4x'— 1 = 0. Ans, 4. 



LIMITING EQUATION. 

4:tl9« If there be one equation whose roots, taken in the ordei 
of their values, are intermediate between the roots of another, the 
former is said to be the limiting equation of the latter. 

i]:tlO« Any equation being given, its limiting equation m^y he 
/ormed by putting its first derived polynomial equal to zero. 

If a,b,Cj, , , ,ky I are the roots of the given equation X = 0, and 
a', b\ c', . . • . ^' are the roots of the derived polynomial X^ = 0, 
each set being arranged in the order of their values, then we are to 
ihow that all these roots, taken together, and arranged in the order 
of their values, will be as follows : 

a, a y Of f Cf c y » » » » A7, k , i. 

In both equations, put x = x'-|-t£, developing the terms, and ar* 
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ranging the results according to the ascending powers oi ii. Ob« 
serve that Xo is the fii*st derived polynomial of Xy^ ; hence, adopt- 
ing the same notation as in (436), we have, from the two oquations, 

* X = -T +^iW+ ^w«+ ^m'+ . . . . = 0, (1) 

2 2-3 

where, it will be observed, X^X ^^ X'^jetc, represent what X, Z,, 
X29 etc., become, when x' takes the place of x. 

Now suppose x' = r ; that is, x = r-|-w, r being any roo< 0/ the 
given equation. Then J7 = ; and as -Z' j, X^^, X^y now receive 
definite values, the values of X and X| may, or may not become 
zero by giving a particular value to u. '^ Dropping X' from (1), and 
^ctoring the result, we have 






(8) 



(4) 



where the different terms may be essentially positive or negative, 
according to the values of r and u, upon which they depend. 

Now, it is evident that by causing u to diminish numerically, each 
term after the first, in the parenthesis, may be made as small as we 
please ; and by making u sufficiently small, the sum of the terms 
containing u, in each parenthesis, may be made less than the first 
term X^;m which case the essential sign of the quantity in either 
parenthesis will depend upon the sign of ^|. Thus, when u is 
indefinitely small, the signs of the functions, Xand X,, will depend 
upon the signs of u (X,) and X,, respectively. Hence, when « 
is negative, X and X, will have opposite signs ; but when u is pos- 
itive, X and ^j will have the same signs. 

4LS7* Thus we have shown, that if we substitute in a given equa^ 
tion X = 0, and its first derived polynomial X , = 0, a quantity 
T — u, which is insensibly less than the root r, the results ioill have op- 
posite signs ; but if we svhstituie the quantity r-|-u, whith is insensibly 
greater than the root r, the results will have the same sign, 

4:98* Consider the quantity substituted in the two functions to 

be insensibly less than a, the least root of X c= Q^ wa!\\eX.\V»\Jws«s»»» 
35 
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till it is insensibly greater than a. In passing the root a, the fnno- 
tion X will change sign, (4tf3^ 3) ; hence the signs of the fiino- 
tions will be as follows : 

rxz^a—u + ^, _ -(., 

For J X = a — , or else -|-, * 

(x=a+w — — , + +. 

Now let the substituted quantity increase from x = a-(-» to 
X = b — 11, a value insensibly near tp b, the next root of ^= Ol 
According to the principle already established (jiS7), X and X^ 
must now have opposite supis. And since X can not have changed 
its sign during the change of x from a-\-u to b- — u, there must have 
been a change of sign in the function JC,. Hence^ by (jiS9^S) 
one root of X| = is found between a-{-u and b — u, or between a 
and b. In like manner, it can be shown that X| = has one root 
between b and c, one between c and d, and so on. Hence the prop- 
osition is proved. 

STURM'S THEOREM. 

4:99* The object of Sturm's Theorem is to determine the num 
her of the real roots of an equation, and likewise the places of these 
roots, or their initial figures when the roots are irrational. 

Note. — This diflOicult problem, which for a long time baffled the skill 
of mathematicians, was first solved by M. Sturm, his solution being sub- 
mitted to the French Academy in 1829. 

4:60« We have seen, (43tl), that the equal roots of an equa^ 
tion may always be found and suppressed. Now let 

X = x-'+^x— *+J?x— '+ Tx+U=0 

represent any equation having no equal roots, and X| = its first 
derived polynomial, or its limiting equation. 

We will now apply to the functions, X and X,, a process similar 
to that required for finding their greatest common divisor (109)> 
but with this modification, namely ; that we change the signs of the 
successive remainders^ and neither introduce nor refect a negative 
/actor J in preparing for division. 

Denote the successive remainders; with their signs changed^ by 
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R, R^, R.^,... .i?„-,, Rn* Since the given equation has no equal 
roots, there can be no common divisor between X and X|, (439) ; 
hence, if the process of division be continued sufficiently far, the 
last remainder, i2„, must be different from zerOy and independent o/Xs 

Now in the several functions, Xy X,, R, R^, ^29* * * •-^n-i? ^n^ 
let us substitute for x any number, as A, and having arranged the 
signs of the results in a row, note the number of variations of signs. 
Next substitute for x a number, A', greater than A, and again note 
the number of variations of signs. ' The difference in the number of 
variations of signSy resulting from the two suhstitutions, vriU he equal 
to the number of real roots comprised between h and h'. 

This is Sturm's Theorem, which we will now demonstrate. 

Let Q, $1, Qa* • • • • Qn^iJ Qn denote the quotients in the succes- 
sive divisions. Now in every case, the dividend will be equal to the 
product of the divisor and quotient, plus the true remainder, or 
minus the remainder with its sign changed. Hence, 

(1) X = X,Q — R\ 

(3) X^ = R Q, — R, 

(3) R =R,Q^ -i?^. (^, 

(4) R^ = R.^Q^ — i?3 



(n) R^^ = i?^, Q, — R^ 

From these equations, it follows, 

1. — If any number be substituted for x in the functions X, Xj, 
K, K,,. . . .Ha; f^ two of them can become zero ai the same time. 
For, if possible, let such a value of h be substituted for x as will 

• 

render X^ and R zero at the same time. Then the second equation 
of (A) will give /?, =0; whence, the third equation will become 
i?2 = ; and tracing the series through, we shall have, finally, 
R^ = 0, which is impossible. 

2. — If any one of the functions become zero by substituting a 
particular value for x, the adjacent functions wiH have contrary 
signs for the same value. 

For, suppose R , in the third equation to become zero ; then this 
equation will reduce to ^ =: — R^, That is, R and R^ have con- 
trary signs. 

Having established these principles, suppose the o^uanivt^ K^^\)k<:Sfik 
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b to bo substituted simultaneously in all tbe functions, to be a vari- 
able, changing by insensible degrees from a less to a greater value. 
As it passes any of the rooto, the function to which this root be- 
longs will reduce to zero, and change sign, (4:tl3. 3). 

Let p he & little less than a certain root of Rzj &i^d q a little 
greater than the same root, the two values being so taken, however, 
that no root o/* K| or B, shall he comprised between them. As h 
changes from |:> to ^, ^^ ^^^^ reduce to zero, and change sign. But 
neither R^ nor R^ will change sign; and since, according to the 
second principle, these functions have opposite signs when R^ = (k 
they must have opposite signs also when h =zp or h =:q, Noi^ 
when h =Pf the arrangement of signs must be 

R^ Rt^ R^ R^ Rt^ R^ 

+ ± — , or — dz- +1 

giving one variation and one permanence, whichever way the double 
sign be taken. When h=zq the signs must become ' 

R^ Rt^ R^ R^ R^ R^ 

+ T — , or — qi +5 

giving, as before, one variation and one permanence, so that fJie 
whole number of variations is neither increased nor diminished. 

This reasoning obviously applies to any function which is situated 
between two other functions. Hence, 

3. — Wlien h passes a root of any function intermediate between 
X and Bn , the number of variations of signs wUl not be altered. 

As the last function, 7?^, is independent of x, its sign will not be 
changed by any substitution for x. It follows, therefore, that if an^ 
change is produced in the number of variations of signSj it mu$t re 
sidtfrom the alternation of signs in the original function X. 

Let a,b,c,d, .... Z be the roots of X^ taken in the order of theii 
values. Then the roots of X, will be found, the first between a 
and by the second between b and c, and so on ; (4:58). The de- 
gree of X, is less by 1 than the degree of X; hence, if the degree 
of X is odd the degree of Xj will be even, and if the degree of X 
is even the degree of X,^will be odd. Now take h less than a; ac- 
cording to (4:52. 1), the signs of X and X, will be unlike, giving 
a variation. Let h increase till it is insensibly greater than a ; X 
will change sign, and the variation between X and Xj will be lost 
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Now let h increase till it is insensibly less than h. It will jass the 
first root of Xj, causing the signs of X and Xj to be again unlike; 
but by (3), this change in the sign of X^ will not alter the whole 
number of variations in the signs of the functions. Agson let h 
increase till it is insensibly greater than h ] X will again change sign, 
and another variation will be lost. In like manner it may be shown 
that the numher of variations will he diminished hy 1 every time h 
p7. ses a root of X; hence the truth of the theorem, 

4:61« If we substitute for x in the several functions ^ = — oo 
and h' = -\' oo, successively, we shall determine at once the whole 
number of real roots in the given equation. To ascertain the signs 
of the functions resulting from these substitutions, we require the 
following principle : 

If in any polynomial involving the descending powers of x, in- 
finity he suhstituted for x, the sign of the whole expression wUl cfc- 
pend upon the sign of tJie first term. 

Let ^x~+J?x*-*+(7x"^*+i>x*-'+^a;*-*+.... be the given 
polynomial. If a; = oo, then 

, BODE 

because every term in the second member is less than any assigna- 
ble quantity, or zero, (188, 2). Multiplying both members of (I) 
by cc*", we have 

Ax"^ > i?x~-*+ Cb*-'+2)x~-»+^a;*-*4. . . . • (2) 

That is, when a; = oo, the first term of the given polynomial is 
numerically greater than the sum of all the other terms. Hence 
the sign of the whole will be the same as the sign of the first term. 

4.63* In the application of Sturm's Theorem, we may always 
suppress any numerical factor in any of the functions X,, 7?, i?|, 
etc. \ for this will not affect the sign of the result. 

1. Given the equation a;'— Sx" — 12a;-|-24 = 0, to find the num 
ber and situation of the real roots. 

Suppressing monomial factors, wc have for the several functional 

X = »• — 3x* — 12x + 24, 

X, = X* — 2x — 4, 

R = X — % 

R, = 4. 
85* 



I 





2 « 


+, 


1 yamtion. 


+, 


1 « 


+, 


1 « 


+, 


« 
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SubstitatiDg in these functions x = — oo and x =-f-co sucoes* 
siyelj; we obtain the following resultSi in respect to signs : 

fa; = — 00, _ -I- _ ^, Svariatioiis. 

U = + oo, + + + +, _0 « 

Hence, the given equation has 3 real roots. 

Since the signs in the given equation present two variations and 
one permanence, two of the roots must be positive, and the othtr 
negative, (4.4.6). To ascertain the situation of the positive roots, 
let us substitute in the functions, a; = 0, a; = 1, a; = 2, etc., sue 
cessively, noting the variations of signs in the results. 

xssO, signs, -f- — — +> 2 variations. 
a: = l, « + 

x = 4, « _ + + 

x^b, " + + + 
Since one variation is lost in passing from x = 1 to rr = 2, and ona 
also in passing from a; = 4 to cc = 5, one positive root must be situ- 
ated between 1 and 2, and the other between 4 and 5. 

To ascertain the situation of the negative root, substitute a; = 0, 
X = — 1, X = — 2, etc^ ; the signs are as follows : 

xz=i 0, signs, + 
a: = -l, " + 
For ^ a; = —2, « + 
a; = — 3, « + 
a; = — 4, « — 

Hence, the negative root is situated between — 3 and — 4. The 
initial figures of the several roots will be 1, 4, and — 3. 

2. Given the equation, x*— 2x»— 7x'+10x+10 = 0, to find the 
number and situation of its real roots. 
In this example, we have 

X = aj*— 2x»— 7x*+10x+10, X, = 2x'— 3x*— 7a;+5, 
R = ITx*— 23x-45, i?, = 152x— 305, R^ = 524785. 

Let X = — oo; we have + — + — +» 4 variations. 
*' x=+oo; ** " + + + + +, " 
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— 


— 


+, 


2 « 


+ 


— 


+, 


2 « 


+ 


— 


+, 


2 " 


+ 


— 


+, 


8 « 



STURM 8 THEORBM. 



415 



Hence, the roots are all real. And since the signs of the given 
equation give 2 yariations and 2 permanences, two of the roots are 
positive and two are negative. To find the situation of the roots, 

Let X = 



X = 


; we have 


+ 


+ 


— 


— 


+, 


2 variations. 


X = 1] 


(( 


+ 


— 


— 


— 


+, 


2 


(( 


X = 2j 


it 


+ 


— 


— 


— 


+, 


2 


(C 


X = 3] 


<( 


+ 


+ 


+ 


+ 


+, 





ti 


X = -Ij 


(( 


— 


+ 


+ 


— 


+, 


3 


ii 


X = —2] 


tt 


— 


— 


+ 


— 


+, 


3 


It 


X = — 3j 


" u 


+ 


— 


+ 


— 


+, 


4 


u 



Hence, there are two roots situated between 2 and 3, one between 
and — 1, and one between — 2 and — 3. 

We wish now to find limits which will separate the two roots that 
lie between 2 and 3. Let us transform the given equation into 
another whose roots sJiaU he less hy 2. By (4.4.3), the operation 
will be as follows : 

_2 —7 +10 * +10(2 

+2 —14 — 8 



1 






—7 - 


-4, 


+ 


2 = 


Z* 


2 


+4 - 


- 6 


B 


^^ 




2 


— 3, 


-10 




2 


+8 


• 








4, 


+5 = 


2 








2 












6 


- 2.8 


* 









The transfonned equation is tliereforo • 

r=yM-6y'+5y— lOir+2 = 0. 

Now since the two positive roots of the original equation are found 
between 2 and 3, the two corresponding roots of the transformed 
equation must lie between and 1. The situation of these roots 
may be found from V alone, by trials as follows : 

Substitute y = 0, .1, .2, .3, .4, .5, .6, .7, .8. 

The signs of Fare + + + — +• 
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Henco, one root of V Kes between .2 and .3, and one between .7 
and .8. Consequently the initial figures of the two positive roots in 
the original equation, are 2.2 and 2.7. 

Note. — K we had found the initial figures of the two positive roots of 
F to be the same, we should have proceeded to transform F, and make 
similar trials with the result 

We are now prepared to find the roots of an equation to any de- 
gree of accuracy, by 

HORNER^S METHOD OF APPROXIMATIOK 

4:63. In the year 1819, W. G-. Horner Esq., an English math- 
ematician, published a most elegant and concise method of approxi- 
mating to the roots of a numerical equation of any degree. The 
process consists in a series of transformations, the roots of each suc- 
cessive equation being less than the roots of the preceding equation 
by the initial figures of the preceding roots. But in making the 
several transformations, the initial figures are obtained by trial 
division, as in square and cube root, and not by substitutions, as in 
the last article. 

464:. Let us take an equation in the general form, thus : 

X = x'^-^Ax'^^-\-Bj(r-*^ ■^Tx-^U=0 (1) 

Let r represent the initial figure or figures of one of the real roots 
of this equation, as found by Sturm's Theorem, or otherwise. Now 
let the equation be transformed into another whose roots shall bo 
less by r. Put x == r-\-y ; we shall have 

V = y"+^;v'»-'+i?>*—+ \- Ty^ U'=zO (2) 

In this equation y is supposed to represent a decimal, since r in- 
cludes at least the entire part of the required root. Hence, the 
terms containing the' higher powers of y are comparatively small ; 
neglecting these, we have, approximately, 

ry+I7'=0;ory = -^. 

Denote the first figure of this quotient by s ; put y = «+«. Trans- 
forming eq. (2) into another whose roots shall be less by «, we have 

V = «"•+ J["2'»-'+5"a"^«+ . . . . + T''z+ U" = 0. 
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Whence we have, as before, 

where t is another figure of the required root. This process may 
bo continued at pleasure, and we shall have, finally, 

X = r-|-«+<+etc. 

Hence, to solve a numerical equation of any degree, toe first find 
hy Sturm^s Theorem^ or otherwise^ the number of reed roofSj and 
also the first fiijure or fixjurei of each. We may then approximate* 
to the value of any root by the following 

Rule. I. Transform the given equation into anotJier whose roots 
shall be less hy the initial figure or figures of the required root, 

II. Divide the absolute term of the transformed equation by the 
penultimate coefficient, as a trial divisor, and write the first figure 
of the quotient as the next figure of the root sought, 

III. Transform the last equation into another whose roots shaU 
he less^than those of the previous equation hy tlie figure last found; 
and thus continue tiU the root he obtained to the required degree of 
accuracy. 

Notes. 1. The successive transformations required in obtaining any 
root may all be made in a single operation ; and for the sake of perspi- 
cuity, the coefficients obtained in each transformation may be marked or 
numbered. . 

2. If a trial figure of the root, obtained by any division, reduces the 
absolute term X', and the penultimate coefficient X'i,to the same sign, 
tills figure is not the true one, and must be diminished. 

3. To obtain the negative roots, it will be most convenient to change 
the signs of the alternate terms of the given equation, and find the 
positive roots of the result; these, with their signs changed, will be 
the negative roots required. 

4. — If the penultimate coefficient, 2*, should reduce to zero in the ope- 
ration, the next figure of the root may be obtained hy dividing t?ie absolute 
term, XT', by the coefficient which precedes T', and extracting the square rooi 
tf (he quoHcTit For, if T vanishes, we have, in the transformed equation. 



^^•-pi7' = 0;ory = ^-^ 



B' 
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EXAMPLES. 



1. Given a;* — 2x* — 20x — 40=0, to find the approximate value of afc 
Bj Storm's Theorem we find that this equation has only one 

real root, the initial figure being 6. We now obtain the decimal 

part, to 2 places, as follows : 





OFEKAnON. 




—2 


—20 


—40 6.28 


6 


24 


24 


+4 


+* 


(i> _16 


6 


60 
<«» 64 


13.448 


10 


«> —2.552 


6 


8.24 


t 


"> 16 


67.24 




0.2 


8.28 


( 


16.2 


«> 70.62 


«• 


.2 






16.4 




.2 







«> 16.6 

Explanation. — ^We first transform the given equation into an 
other whose roots are less by 6, using tho method of Synthetic Di- 
vision, explained in (443). The coefficients of the transformed 
equation are 16, 64 and — 16, marked (1) in the operation. Divid- 
ing the absolute term — 16, taken with the contrary sign, by the 
penultimate coefficient 64, we obtain .2, the next figure of the root. 

We next transform the equation whose coefficients are marked (1), 
into another whose roots are less by .2, the resulting coefficients be- 
ing marked (2). Dividing 2.652 by 70.52, we obtain .03, the next 
figure of the root. The operation may thus be continued till the 
root is obtained to any required degree of accuracy. 

2. Given a:*+x»— 30x'— 20x— 20 — 0, to find one value of x. 

By Sturm's Theorem we find the initial figures of the two real 
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roots to be 5 and — 5. Cliangmg tbe signs of the alternate terms 
of the equation, we obtain the decimal part of the negative root, bj 



the following 










OPERATION. 


> 


IV. 


m. 


IL 


I. 


1 -1 
5 


—30 

20 


+ 20 
— 50 


— 20 5.731574 
—150 


+4 
5 


—10 
45 


— 30 
175 


(D— 170.0000 
159.7071 


9 
5 


+35 

70 


<>>+145.000 
83.153 


<a>— 10.2929 
9.7727 


14 
5 


««> 106.00 
18.79 


228.153 
93.14Q 


<»>— .5202 
.3304 


"> 19.0 
0.7 


118.79 
14.28 


«> 821.302 
4.455 


<4)_.i898 
.1053 


19.7 

.7 


133.07 
14.77 


325.757 
4.474 


<«^— 245 
232 


20.4 

.7 


«' 147.84 
.65 


<•> 830.23 
.15 


<«> 13 
13 


21.1 

'' .7 


148.49 
.65 


830.38 
.15 





«' 21.8 


149.14 
.65 


"» 830.5 
.1 


' 




<»> 150. 


830.6 
.1 


i 




«> 381. 





<«> 33 Ans. —5.7315'; i. 

Explanation.— We proceed as in the preceding example tiJ we 
obtain the terms marked (2), in-the operation. Dividing 10.2929 by 
321.302, we obtain .03 for the next figure of the root. 

At this point we commence to apply decimal contractions, accord 
ing to the principles employed in the contracted method of cube 
root; (343). Let it be observed, that each contracted term wi 
ihe operation contaim one redundant Jigure cut (ft« rCgYo.. 



\ 



a/.. 
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Commencing with column IV, we Lave 21.8 X«03 = .65, which 
tdded to column III gives 148.49. Then 148.49 X-OS = 4.455, 
which added to column II gives 325.757. Then 325.757 X-OS = 
^.7727, which added to column I gives — .5202. Again adding .65 
to column III, we have 149.14. Then 149.14x.03 = 4.474, which 
added to column U gives 330.23, afler droppii-.g tme place. Again, 
adding .65 to column HI gives 150 aflcr dropping ttoo places. In 
like manner we continue till the work is finished. 

Note.— Observe, as a general rule^ to contract the several colunms, for 
each root figure, as follows : — Column I, place ; colunm II, 1 place ; 
column m, 2 places ; column IV, 8 places ; and so on. 

Find the real roots of the following equations : 



3. a;'+2x*— 23x— 70 = 0. 

4. ^a;«— x*+70aj— 300 = 0. 

5. ic'+a;*— 500 = 0. 

fe. »■— «•— 40X+108 = 0. 



7. »•— 4-c*— 24a:+48 = 0. 



8. a;*-|-x»+x*— aj— 500 = 0. 



Ans. 5.jJ^87253. 

Am. 3.7387936782. 

Am. 7.6172797559. 

.3792053825, 
Ans. ^ 4.5875359541, 

413367. 



Ans. 




9. x*--9x»— llx*— 20aj+4 = Am 



■{ 
•{ 



4.4604168201, 
.9296646474. 



10. «*— 12x«+12x— 3 = 0. 



Am, 



.1796840250, 
10.2586086356. 

2.8580833082. 
.6060183069, 
.4432769396, 
—3.9073785547. 



11. aj»_10x"+6x+l = 0. 



X— 3.0653157913, 

V -_ .6915762805, 
Ans. J — .1756747993, 

i .8795087084, 

V 3.0530581627. 
NOTE. — i^all solutions of the ex»*vvvjQ^ (^^^?- -wx^i^-Ytf* 4-on^'^a.i 
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